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1. Analysis of Edge Waves by Means of Empirical Eigenfunctions

Kazumasa Katon*

Synopsis

Edge waves, resonant waves trapped in the nearshore by refraction, are characterized by
the feature of the surface elevation which varies sinusoidally in the longshore direction and
decreases almost exponentially in the offshore direction. The edge waves have recently become
of major interest as the cause for the nearshore currents and the surf beats and the formation
of the rhythmic toporography. Since the edge waves would not exist indpendently but coexist
with incident waves, breaking waves, surf beats, standing waves and nearshore currents,
the data measured in the field will contain the effects of all these phenomena. Therefore it is
important to separate the components of the edge waves from the field data according to the
theories of the edge waves.

This report shows the existence of the standing edge waves by analyzing the longshore
variations of wave run-up fronts by means of empirical eigenfunctions. The longshore variations
of wave run-up fronts were measured by the aerophotographs at Sendai Beach, Japan, in 1979.
At the same time, the waves and the currents were also measured by eight wave staffs and
three electromagnetic currentmeters in the surf zone.

The main conclusions of this paper are as follows:

(1) By analyzing the longshore variations of wave run-up fronts by means of the empirical
eigenfunctions, the existence of the standing edge waves is demonstrated.

(2) These standing edge waves agree well with those of cutt-off mode predicted by Ball's
theory.

(3) An amplitude of the standing edge wave is inversely proportional to its wave number
(or frequency).

(4) These standing edge waves are also recognized in cross-spectra of current velocities in
the surf zone.

* Senior Research Engineer, Hydraulic Engineering Division
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Photo. 2

15h. Olm. 17s.

Typical aerophotographs of wave run-up fronts taken from a balloon lifting an altitude
of around 500 meters. It was just at a high tide on September 18. In these photographs,
it is noticed that the positions of wave run-up fronts on the foreshore vary in the long-
shore direction. In this paper, the longshore variations of wave run-up fronts are
analyzed by means of empirical eigenfunctions in order to detect the standing edge waves.






Analysis of Edge Waves by Means of Empirical Eigenfunctions

1. Introduction

Edge waves, resonant waves trapped in the nearshore by refraction, are
characterized by the feature of the surface elevation which varies sinusoidally
in the longshore direction and decreases almost exponentially in the offshore
direction. Generally speaking, the periods and the longshore wavelengths of
the edge waves of low mode are about 1-3 minutes and several hundreds
meters, respectively. Owing to the order of these scales, the edge waves have
recently become of major interest as the cause for the surf beats?, the gener-
ation of the rip currents® and the formation of the crescentic bars®> and beach
cusps”. But the attempts of investigating the relationships between the edge
waves and these phenomena are still hypothetical. And the hypotheses are
scarcely examined with the data of field observations.

The history of the theoretical treatments for the edge waves can be traced
back to Stokes®, in 1846, who obtained the solution of the edge wave of zero
mode at the beach of constant slope. It was not until about 100 years had passed
when this study began to be seriously taken up. Eckart, by means of the shallow
water theory, showed that a family of edge wave modes can exist at the beach of
constant slope”. Ursell® solved the small amplitude equations for the edge
waves at the beach of constant slope. Ball” used the shallow water wave
equations to calculate the form of the edge waves at the beach of exponential
profile. Guza & Bowen® derived the solution of the finite amplitude edge
waves to investigate the nonlinear effects. Various features of the edge waves
are revealed through these theoretical studies. A feature to be emphasized
among them is the existence of a critical frequency, the edge waves with
larger frequency than this are trapped in the nearshore zone. This critical
frequency is called the cut-off frequency. Ursell® suggested that the edge
waves of the cut-off frequency might be particularly strongly resonant. There-
fore, the discontinuous peaks corresponding to the cut-off frequencies exist in
the spectra of the waves in the surf zone. This means that the edge wave of
every cut-off frequency is amplified by the mechanism of the frequency selection
in the field.

The field observations for the edge waves began in the 1970s, being twenty
years behind the theories of Eckart and Ursell. Since the edge waves would
not exist independently but coexist with the incident waves, the breaking waves,
the surf beats, the standing waves®, the nearshore currents and so on, the data of
the surface fluctuations and currents measured in the field contain the effects of
all these phenomena. Therefore it is important to separate the components of
the edge waves from the field data according to the theories of the edge waves.

The previous method to separate the edge waves from the field data is to
examine, in the light of the edge waves theories, the phase relationship (see

— 13 —
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Table 1 Phase relationships between current velocity components (Huntley & Bowen*)

wave type offsﬁore vs longghore longghore vs ver?:)ical offs'liore vs ver':;cal
progressive gravity in phase quadrature quadrature
standing gravity quadrature quadrature in phase
progressive edge quadrature quadrature in phase
standing edge in phase in phase in phase

Table 1), the coherence and the characteristic of the decay of energy density
with the offshore distance, based on the spectral and cross-spectral analyses
of the surface fiuctuations or the current velocities measured at several points
in the surf zone. In this approach, however, the attention is paid only to the
one side of the characteristics of the edge waves. Another important side,
the water surface varying sinusoidally in the longshore direction, is still
remained to be observed in the field.

This report deals with a new observation method of paying attention to
the longshore variations of the wave run-up fronts on the foreshore, where
the amplitudes of the edge waves are maximum. The results of the empirical
eigenfunction analysis'®''" for the longshore variations of wave run-up fronts
show the existence of the standing edge waves near the large breakwater
prolonged normal to the shore. The previous method is also used to analyze
the current velocities measured simultaneously in the surf zone for comfirming
the existence of the standing edge waves.

2. Theory of edge waves and examples measured in the field

2.1 Theory of edge waves

Since the edge waves of low mode are the long period waves in the near-
shore zone, these waves can be considered to be shallow water waves. The
basic equations of shallow water waves are the equation of motion,

9w , 9l _
v of __
74‘9'5‘5— s (2)
and that of continuity,
il4 9 ¢4, 0 oy
»W-}_ P (hu)+ oy (bv)=0, (3)

where x is the coordinate perpendicular to the shoreline, increasing offshore
from zero at the shoreline, y is the coordinate parallel to the shoreline and x
and v are the velocity components in the offshore and the longshore directions.
And ¢ is the displacement of the free surface from the static equilibrium
position, % is the water depth and g is the acceleration of gravity. In order

— 14 —




Analysis of Edge Waves by Means of Empirical Eigenfunctions

to simplify the theoretical treatments, we assume that the shoreline is a strait
line and the beach profile is uniform in the longshore direction, depending
only on x.

Based on these assumptions, Eckart and Ball gave the theoretical solutions
of the edge waves on a beach of constant slope and on a beach of exponential
profile, respectively?'”. Here Ball’'s theory is shown.

The beach of exponential profile of the form

k=k,[1—exp(—ax)], 4
was selected by Ball. As the water surface configuration of the edge wave is
sinusoidal in the longshore direction, we put

{(x,y,t)=A(x) cos (ky—oat), (5)
for the edge wave propagating in the positive longshore direction, where & is
the longshore wave number and ¢ is the angular frequency. Integrating Eq.
(1) and Eq. (2) with respect to ¢ by substituting Eq. (5) into these equations,
we have
dA(x)

um—sm (ky—ot)—=< (6)
u=£a’£ cos (ky—ot)A(x). (7)
By using Eqs. (5), (6) and (7), Eq. (3) reduces to
oA@+1[LLBD K p)) 4 SIAD Db _,, (8)
Here we put
S=exp (—ax),
k=k,(1-95), 9
G(S)=A(),
then
d’ =akS, l
dA(x) dG(S)
& - S a5 (10)
diA(x) — QQdG(S) + 2szd G(s)
dx? das as: -

By substituting Eq. (10) into Eq. (8), we have

(1-S)s=ddG§§) +Qa- ZS)SdG(S)+[a) —A-S)mI1G(SH=0, D

where 0*=0%/gh,a® and m'=k*¢’. We also put G(S)=S°F(S),
then

— 5GP de(S)
a5 =pSP'F(S)+S —as

a’G _ p-2 - .dF(S) » A°F(S)
a5t =p(p—1)S**F(S)+2pS +S as
By using Eq. (12), Eq. (11) reduces to

12
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sv+2(1—s>ﬂ+s"+'{1+2p—2(p+1)5}%

dase
+S?{S(mn’ —p*—p) +p*+ ' —m?*}F=0. a3
If we put
Pt at—mt=0, (14
and divide Eq. (13) by S**!, we have ultimately
5(1—5)%‘;+{1+2p—2(p+1)5}%g——(p+p2—m2)F=o. (15)

Equation (15) is the Gaussian differential equation, the solution of which is
provided by

_ oy e @ alat D (et k= DAB+D - (B+k—D
F=F(a.f;7:S)=1+% T e St (16)

and
a+B+1=2p+2
af=p*+p—m’ an
7=14+2p,

where F(a,B;7:S) is the hypergeometric function. Ball derived the finite series
expression of Eq. (16) by putting

' a=—mn, s
where » is a positive integer. Then the equations of
B=2p+1+=n as
and
m*=p+n)(p+n+1), 20
are valid.
The summary of the theory for the progressive edge wave is;
€(x,y,t)=A(x) cos (k,y—a.t), 21
A =a,exp (—pax) -F(—nn+2p+1;2p+1:exp(—ax)), 22)
p=(5) ~ailghoa’  (from Eq. 14) (23)
\
and ’
(%)2=(p+n)(p+n+1) (from Eq. 20), 24

where 7z is the modal number of the edge wave, a, is.the shoreline amplitude,
k. is the longshore wave number corresponding to the edge wave of #-th mode,
respectively. A pair of Egs. (23) and (24) is the dispersion relation with a
connecting parameter p. Figure 1 shows the dispersion curves predicted by
Eqgs. (23) and (24); the exponential parameter « and /%, are so chosen to fit
the beach profile at Sendai Beach, Japan (see Fig. 7 and Eq. 40).
For the standing edge wave, Egs. (5), (6) and (7) are replaced by
L%, y,)=A(x) sin k,y-sin o.t, (25)

¢ dA(x) (26)

u=-sin k,y-cos o
O "y "o dx

and

— 16 —
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SENDAI COAST |« J

1979.9.18. é\;’/
BEACH PROFILE h=ho(1-e9X)
400 ho=50m =N

a-003m* /S

300

L(m)

100

20 40 60
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Fig. 1 Dispersion curves of edge waves predicted
by Ball’s theory

v=g—k" cos k,Y+cos a,t- A(x). @0

The expressions for A(x), k. and ¢, for the standing edge wave are the same
with Eqs. (22), (23) and (24).

Ball’s solution shows a nearly similar tendency as Eckart’s one. An
interesting feature of Ball’s theory, however, is the prediction of the cut-off
periods, the edge wave with longer periods than this being nontrapped and
radiating energy away from the nearshore zone. According to Eq. (22), the
cut-off mode corresponds to p=0, then Eqs. (23) and (24) reduce to

k.=a/n(n+1) (cut-off wave number), (28)

d.=a~/n(nt1)gk, (cut-off angular frequency). 29
Equations (28) and (29) show that the cut-off wave number depends only on
« and the cut-off frequency depends on both « and k.. The dispersion relation
of the cut-off mode agrees with that of the shallow water waves on the hori-
zontal sea bed. Equations (28) and (29) are valid for 721, but the cut-off
mode for #=0 will be predicted if the Corioli’s force will be taken into account.

The hypergeometric functions with p=0 for the first seven mode are

n=1: F=1-2S, 30
n=2: F=1-65465%, @GD
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n=3: F=1-125+30S*—20S", (32
n=4: F=1-205+90S°—1405°+70S"*, (33
n=>5: F=1-305+2105°—5605°+630S*—2525°, (€1
n=6: F=1—428+42082—16808“+31508‘—277ZS”+924SS_, (35
n="7: F=1-565+7565*—4200S°+115505*—16632S"*

+120125°—3432S", (36)

where S=exp (—ax). These equations show that the water surface profiles
of the edge waves in the offshore direction depend only on «. Since the
longshore wavelength of edge waves also depend only on «, as previously
mentioned, ultimately the water surface profiles both in the longshore and
the offshore directions depend on the exponential parameter a.

FC-n,n+is1:e™)

) 50 100 150 200 250
k distance from shore 1ine (m)

Fig. 2 Hypergeometric functions for the first seven cut-off mode

The hypergeometric functions of the cut-off mode (p=0) are shown in
Fig. 2 by adjusting the value of each F being positive at the shoreline (S=1).
The distance from the shoreline with #=0.013 is also shown on the horizontal
axis. We can observe in this figure the following features of the edge waves.
The amplitude is maximum at the shoreline (S=1) and decreases with the
distance from the shoreline. But it gradually increéses again and recovers
the value at the shoreline as the distance further increases. The modal number
gives a number of zero crossings of the edge wave profile of each mode. The
location of $=0.5 corresponds to a node of the edge wave of every odd mode
and a anti-node of the edge wave of every even mode.

Figure 3 shows the three dimensional profile of the standing edge wave of
n=2 mode. The nodal lines which are kept in the same positions are
represented with thick solid lines.

The phase relationship between # and v is in quadrature (z/2 or 3z/2) for
the progressive edge waves according to Eqs. (6) and (7), while it is in phase
(0 or z) for the standing ones according to Eqs. (256) and (27). Depending
on this difference of phase relationship between the standing and the progressive
edge waves, whether the edge waves are the standing or the progressive ones
is determined by the cross-spectral analysis between # and v components.

— 18 —
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h
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Fig. 3 Three dimensional water surface profile of standing edge wave
of n=2 mode

VELOCITY AMPLITUDE DUE TO
STANDING EDGE WAVE (BALLS THEORY)

(n=2)
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Fig. 4 Maximum velocity vectors of standing
edge wave of #=2 mode

The velocity field of the standing edge waves will be more precisely
explained. Figure 4 shows the maximum velocity vectors of the standing edge
wave of n=2 mode at various points. The onshore-offshore velocity com-
ponent should be equal to zero at every antincde in the offshore direction and
on the nodal lines normal to the shoreline, according to Eq. (26). The longshore
velocity component should be equal to zero at every antinode in the longshore
direction and along the nodal lines parallel to the shoreline, according to Eq.
(27). Therefore, # and v components must be simultaneously equal to zero
at every point of interserection of nodal lines and at every antinode in
the sence of the three dimensions. At the other points, where both # and v
are not equal to zero, the phase relationship between these velocity components
is always in phase and the ratio of these velocity components is held constant

w

1
—_ 12 —
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for any time. That is, by using Egs. (26), (27) and (22), the ratio of # to
v is obtained as

%=B tank,y, 3D

where

S 14F
Vnn+1D F dS° (38

Then the ratio of # to v depends on a location, not on a time. Further, at
the points where the value of Eq. (37) is positive, the phase difference between
# and v is equal to zero, while at the other points it is equal to 180 degrees.
Figure 5 shows the spatial distribution of the phase difference for the edge
wave of #=2 mode, which looks like a distorted checker.

n=2 STANDING EDGE WAVE X
2]

OFFSHORE

® O
LONGSHORE ~ L/2
Fig. 5 Spatial distribution of phase relationship
for standing edge wave of #=2 mode. A
figure @ means that phase difference is
zero and © means that it is 180 degrees

The ratio of # to v at the shoreline (S=1) is derived by using Egs. (30)

~(36) as
Y| ——VuFDytan ky. (39

Equation (39) means that the ratio of # to v becomes smaller for the edge
waves of lower mode. Saying it differently, the longshore velocity component
(v) which induces the longshore transport of sediments becomes relatively
greater for the edge waves of lower mode. Then the edge waves of lower
mode seem to be more probable to build up the beach cusps.
2.2 Examples of edge waves measured in the field

The field observations of the edge waves were begun in the 1970s. In this
section, the edge waves observed by other researchers are explained with

— 20 —
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examples.

Probably Huntley & Bowen'® were the first to detect the edge waves in
the field. The observation was carried out in August, 1972 at the center of
Slapton Beach, South Devon, which was formed of a shingle ridge running in
a concave curve for more than 5 kilometers. The beach profile in the intertidal
zone was approximated by

k=7.05[1—exp(—0.0314x)].
The offshore (#) and the longshore (v) components of the current velocity
were measured by an electromagnetic currentmeter (E.M.C.) which was held
at 0.3 meter above the sea bed. By utilizing the shift of the shoreline due to
the change of the tide level, the measurements were repeated four times under
the different distances from the shoreline to the currentmeter. As the results
of cross-spectral analyses of four pairs of current data, a rather sharp peak
at about 0.1 Hz, about one half of the incident wave frequency, was acknowl-
edged in each of the spectra. The energy density at 0.1 Hz decreased expo-
nentially with the offshore distance, being in agreement with curve predicted
by Ball’s theory. Moreover, the phase relationship between # and v components
was found to be in phase. Then, they concluded that this energy peak was
caused by the standing edge wave. This edge wave was not the cut-off mode
but =0 mode. Besides, the oblique angle of approach of the incident waves
was about 10 degrees from the normal to the breaker line. And there were no
obvious variation in the longshore topography. '

Huntley'® measured the # and v components of the current velocities by
using three electromagnetic currentmeters, placed along a line normal to the
shoreline, at Hell’s Mouth Bay, England, in May, 1973. Measurements were
made at about 1 kilometer from the southern end of the beach of 5.57 kilometers
longshore length. Although there existed two longshore bars, the beach profile
could be approximated by

k=3.5[1—exp(—0.01x)].

Spectral analyses of each current component showed that the same energy
peaks existed at the four frequencies which were lower than that of incident
waves. Those four frequency of energy peaks satisfied the Ball’s cut-off mode
(Eq. 29) for n=1~4. And the decay of the velocity component of each mode
with the offshore distance agreed with those predicted by Ball’s theory. Since
the phase relationships between # and v components of each currentmeter
were in quadrature according to the cross-spectral analyses, these energy peaks
were considered to be due to the progressive edge waves. The amplitudes of
the longshore currents at the four peak frequencies were calculated from the
energy spectra and were nearly same for each other. Then it was concluded
that the amplitude of the edge wave of each mode was constant and showed
no consistent trend with the modal number.

— 2] —
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Sasaki & Horikawa'® measured the waves in the surf zone in August 29,
1976 at Ajigaura Beach, Japan. The average beach slope up to 2 meters depth
.is about 1/60. Eleven wave staffs were arrayed in an area that covered 200
meters alongshore and 140 meters offshore around a open pile pier. The water
surface fluctuations at these staffs were filmed with syncronized 16 mm motion-
picture cameras, Bolex H16-SBM, with the speed of one frame per one second.
As the results of cross-spectral analyses of these wave data, the several peaks
of energy spectra were found. At these peak frequencies, the phase relation-
ships and the coherences between each pair of two wave data were in phase
and high. They concluded that these energy peaks were caused by the standing
edge waves. And the locations of the nodal lines normal to the shoreline were
detected. Equation (29) for the cut-off frequency was applicable to these peak
frequencies for the edge waves of #=1~6 mode, by considering that ak, tends
to tanpB when %, tends to infinity. _

Holeman, Huntley & Bowen'®> measured the current velocities in the surf
zone by using three electromagnetic currentmeters at Martinique Beach, Canada,
in August, 1976. This beach had a fairly simple topography with an almost
linear profile of beach slope of 1/50. The slightly concaved shoreline of 2
kilometers length is terminated at one end by a headland and at the other by
a reef extending 250 meters offshore. A second reef divides the length of the
beach in the ratio 2:1. The three electromagnetic currentmeters were mounted
0.5 meter above the sea bed in the surf zone. Incident wave conditions varied
from calm to swell and wind waves generated by a hurricane during one
week observations. Throughout the storm the spectra of all three measure-
ments of # components were dominated by a strong 0.01 Hz peak which
remained constant in frequency despite significant changes in the incident
wave field. Cross-spectral analyses between the # components of the different
currentmeters clearly showed that the coherence was high and phase lag was
0+11 degrees at 0.01 Hz. The spectra of v components, however, did not show
the peak at 0.01 Hz clearly, because the positions of the currentmeters were
located near the points of zero longshore current predicted by the theory of
the edge waves. They concluded that this 0.01 Hz energy peak was caused
by the standing edge wave of #=1 mode, and the frequency selection mech-
anism did not depend on the offshore beach topography, or the cut-off mode,
but on the longshore topography with the headland and the reefs. Another
observation at this place, when the beach slope was changed to 1/20, also
revealed the existence of the standing edge wave of »=1 mode with the same
longshore wavelength as this one.

Huntley & Bowen® simultaneously measured the #, v and vertical com-
ponents of the current velocities by using three electromagnetic currentmeters
at a single location at Queensland Beach, Canada, in September, 1976. The
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Table 2 Examples of edge waves measured in the field

Study site Date Instruments Mode of edge waves
Huntley & Slapton Beach 1972.8. | one electromagnetic | standing
Bowen'®? currentmeter
Huntley'® Hell’s Mouth Bay | 1973.5. | three electromagnetic| progressive
currentmeters
Sasaki & Ajigaura Beach 1976.8. | 16mm motionpicture | standing
Horikawa!® cameras

Holman, Huntley | Martinique Beach | 1976.8. | three electromagnetic| standing
& Bowen'® currentmeters

Huntley & Bowen® | Queensland Beach | 1976.9. | three electromagnetic| standing
currentmeters

average beach slope around the measured point was about 1/13. As the results
of cross-spectral analyses of these velocity components, the sharp peak at
about one half of the incident wave frequency was found in each of the spectra.
Since at this frequency the phase relationship between each pair of these
velocity components was always in phase, this energy peak was considered to
be due to the subharmonic standing edge wave. And the offshore decay of
the amplitude of the velocity components, which were obtained by measuring
at different shoreline positions, agreed well with the theoretical trend of the
edge wave of zero mode. Towards the end of the measurement period, the
beach cusps began to be formed at the shoreline, whose longshore spacing
almost agreed with the one half of the longshore wavelength of the edge wave
predicted for zero mode.

The above examples of the field observations are summerized in Table 2.
In the past field observations for the edge waves, the wave profiles by 16 mm
motion-picture cameras or the current components by electromagnetic current-
meters were measured at several points in the surf zone. The method to
extract the edge waves from the data obtained were to examine the energy
peak frequency, the coherence, the phase relationship and the diminishing
characteristics of the energy peak with the offshore distance through the cross-
spectral analyses. But it was not explained clearly why the standing edge
waves existed at the center of the beach without definite boundaries and why
the progressive edge waves existed on the beach relatively near the boundaries,
such as the headland, in the longshore direction.

A review of these papers may give an impression that the edge waves
cannot be observed by the method other than those used in the past, mainly
by electromagnetic currentmeters. In the previous observations, the attentions
were mainly paid to the features of the edge waves along a line normal to the
" shoreline. The phase relationships between # and v of the edge waves are
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clear and the wave heights and the current velocities decrease with the offshore
distance. But the features of the edge waves which are more important than
onshore-offshore characteristics are that the amplitude of the edge wave is
maximum at the shoreline, as can be seen from the hypergeometric function
having the maximum value at the shoreline, and that the water surface eleva-
tion of the edge wave varies sinusoidally in the longshore direction. For the
edge waves have engineeringly become of major interest lately in connection
with the littoral topography and the nearshore currents. These important
features of the edge waves have been measured in the laboratory'®, but not
in the field to the author’s knowledge.

3. Field observation

3.1 Site of field observation (Sendai Beach)

The field observation was carried out at Sendai Beach during the periods
of September 18 to 20, 1979. This beach is located in the north end of a
bow-shape sandy coast of about 50 kilometers long facing to the Pacific Ocean,
and is adjacent to the south breakwater of Sendai Port (see Figs. 6 and 7 and
Photo. 1 in a frontispiece). The works of construction of the south breakwater
were begun in the spring of 1968 with dumping of the rubble stones. The
rubble mound breakwater of 400 meters long from the shoreline had been
constructed by the spring of 1970. After the south breakwater had been pro-
longed more than 400 meters and its structure was changed to the composite

Japan Sea

Investigated
Beach
(Sendai Beach)

Pacific Ocean

¢ 0 % 500km
U |

of

Fig. 6 Location of investigated beach

— 24 —




Analysis of Edge Waves by Means of Empirical Eigenfunctions

type, the beach at the base of the breakwater was seriously eroded localy due
to the concentration of energy of waves reflected by the breakwater'”. In
order to prevent the erosion, a wing breakwater of 80 meters long from the
bending corner of the breakwater was constructed with the concrete blocks
during the pericd of February, 1977 to February, 1979. This wing breakwater
is normal to the breakwater and is parallel to the shoreline. During the
construction of the wing breakwater, the concrete blocks and rubble stones
which were waste materials of the restoration works after the Sendai Earth-
quake on June 12, 1978 were put on the beach at the base of the breakwater
for the purpose of both disposal of these scraps and prevention of further
beach erosion.
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Fig. 7 Sea bottom topography of inv'estigated site relative to datum line
and measurement points of waves and current velocities

Figure 7 shows the sea bottom topography of the investigated site relative
to the datum line as well as the shoreline during the measurements of the
edge waves. The topography was surveyed using a surveyor’s staff held by
frog-men in the surf zone, the level of which was read from the land and
the location of which was decided based on the angle data measured from two
points on the land. The real water depth in the surf zone, ignoring the effects
of a wave set-up and set-down, is the sum of figures in Fig. 7 and the tide
level above the datum. There is a longshore bar about 50 meters offshore
elongated from the south to the breakwater. Although the contours are not
shown for lack of surveyed data, this bar, in turn, extends offshore along the
breakwater as can be seen in Photo. 1 (in a frontispiece) with a light brown
tone. The water depth above the longshore bar becomes deeper gradually
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from the south towards the breakwater, and then shoals in front of the rubble
stone area. A trough is formed on the land side of the longshore bar. Paying
attention to the contours of 0 and 0.5 meter, this trough becomes deeper and
wider gradually from the area in front of the reference point No. 28 towards
the breakwater. Generally speaking, the contours are almost parallel to the

shoreline.
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Fig. 8 Sea bottom profile at the center of investigated site

~

Figure 8 ShOV‘;'S‘Ihe sea bottom profile at the center of the investigated site
along a solid line in Fig. 7. The sea bottom profile with the longshore bar
about 50 meters offshore from the shoreline can be approximated by

k=5.0[1—exp(—0.013x)], “o
as shown by a dashed line in Fig. 8. ‘
3.2 Measurements of waves and currents in the surf zone.

The observation for the edge waves was carried out for about one hour
around 15 o’clock on September, 18. It was just at a high tide with almost no
change of the tide 'Ievél of 1.52 meters above the datum line. Another observa-
tion was carried out at a low tide with the tide level of 0.64 meter on September,
19, but resulted in failures, because the wind velocity from the offshore became
too large after lifting a balloon and only several aerophotographs could be taken.

The offshore waves and wave direction were measured with the existing
ultra-sonic wave meter and ultra-sonic currentmeter at the depth of 20 meters
under the datum line.

. In order to measure the water surface fluctuations in the surf zone, eight
wave staffs were arrayed in approximately two parallel alignment to the shore-
line as shown in Fig. 7. The water surface fluctuations at these staff were
filmed with four 16 mm motion-picture cameras, Bolex H16-SMB, at one second
interval for the duration of about one hour. The set of shutter of the four
cameras were controled synchronously. After the films had been developed,
they were projected one by one frame on a screen, from which the levels of
the water surfaces were read with a scale. The measured data of the wave
profiles may have contained some errors owing to the following reasons:

(1) Since the distance from the cameras set above the shoreline to the
wave staffs were in the order of 60~80 meters, the graduations on the staffs
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can hardly be seen on the screen. Then, the levels of the water surfaces are
read with the scale by interpolating the distinct length of the wave staffs.

(2) The wave staffs were occasionally hidden by the wave crests.

(3) There were sprays of water due to the wave breaking.

(4) The wave staffs seemed to incline a little at the author’s glance
from the land. But angles of inclination of the wave staffs were not measured.

The Lagrangian velocity of currents in the surf zone were measured by
tracking twenty floats, which were released in the surf zone by frog-men. The
float has a shape of a rectangular parallelpiped of 1 meter long, 1 meter wide
and 0.8 meter high, and is made of canvas. The float is filled with the sea
water inside it. In order to provide the float with a small amount of buoyancy,
a soft urethane sheet of 1 meter long, 1 meter wide and 0.01 meter thick is
attached to the upper surface of the float. The float is colored in red, yellow
or green. This type of the float can move precisely with the currents without
riding on the waves in the surf zone. The positions of the floats were taken in a
series of aerophotographs by a Hasselblad 500EL motor-driven camera (60mm)
mounted on a balloon lifting at an altitude of around 500 meters from the
time 14 hours 24 minutes to 15 hours 22 minutes on September 18 (see Photo.
2-a,b,c in a frontispiece). The camera was triggered by a radio transmitter
from the ground at the intervals of about thirty seconds for initial 19 frames
and about sixty seconds for remaining 50 frames. These frames were projected
on a screen with adjustment of an optical axis of the camera being normal
to the screen by utilizing signals on the ground. The Lagrangian velocity
vectors of the surface currents were obtained by deviding the horizontal dist-
ance of the same float on the series of aerophotographs by the respective
photographing interval. ’

The two horizontal components of the Eulerian velocit§ were measured
by three electromagnetic currentmeters of two-component.type at the three
points indicated by A, B and C in Fig. 7. The three electromagnetic current-
meters were held at the elevations of 0.20 meter (A), 0.25 meter (B) and 0.23
meter (C) above the sea bed, respectively. The horizontal directions of the
fixation of these currentmeters were measured with a magnet compass in the
sea water. The data of these velocities were recorded on an analogue magnetic
tape and digitized at the interval of 0.1 second. Every ten consecutive digital
data were averaged to yield the smoothed data with the time interval of 1
second.

Further details of the investigated site and the method of observation
can be found elsewhere'®.

3.3 General features of waves and currents at the investigated site

The spectra of the offshore waves and of the waves at the points of No.

1 and No. 2 are shown in Fig. 9. A sampling interval of data is 4¢=1 second
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Fig. 9 Spectral densities of offshore waves and
of waves at points No. 1 and No. 2

and a number of data is N=2048. The equivalent degree of freedom with a
filter used for smoothing is #=8.9. For each of the spectrum the most prom-
inent peak occurs at about 0.13 Hz (periods 7.7 seconds). The peak energy
density of the waves at No. 2 is slightly greater than those of the offshore
waves and the waves at No. 1. This is because the point of No. 2 was located
at the seaward site of the surf zone as seen in Fig. 11, where the incident
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.Fig. 10 Wave crest lines and direction of offshore waves during observation
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waves become maximum in height. Another outstanding feature of these
spectra is that the energy densities of the waves at the points of both No. 1
and No. 2 are about ten times as much as that of the offshore waves at the
frequency lower than 0.05 Hz. From this feature, it is evident that the wave
energy of the low frequency is trapped in the investigated area.

The offshore wave direction which is shown with an open arrow in Fig.
10 was calculated with the following equation for the principal wave direction'®
by using two components of the horizontal velocity measured by the ultra-sonic
currentmeter at the depth of 20 meters under the datum line.

tan 20— 24 (41)

w—vt

Wave crest lines in the surf zone were read from the aerophotographs
on which the crest lines are clearly noticed, and are shown superimposingly
in Fig. 10. As seen in Fig. 10, the wave crest lines were almost parallel to
the shoreline. That is, the incidence angle of waves was almost normal to

the shoreline in the surf zone.
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Fig. 11 Spatial distribution of rate of white foams (read from
aerophotographs) and wave heights and periods

The white foams on the water surface are seen in the surf zone on all of
the aerophotographs. Figure 11 shows the spatial distribution of the rate of the
white foams in the surf zone. For example, the figure 4 in Fig. 11 means
that the white foams can be seen in 40 percent of all aerophotographs at such
point. As the white foams on the water surface are due to the wave breaking,
this figure is considered to be the spatial distribution of the rate of the wave
breaking. As can be seen in Fig. 11, the waves broke at the slightly landward

—_29 —



Kazumasa Katon

of the longshore bar. The rate of wave breaking decreased gradually in the
longshore direction towards the south breakwater, and finally increased a little
in front of the rubble stone area. This trend correspoded to the variation of
the water depth on the longshore bar except near the point No. 2, where the
rate of wave breaking was slightly large with the value of 20 percents.

Table 3 Mean wave heights and periods and mean water depths in the surf zone
and at the offshore

number max. 1/10 1/3 mean water

of height | period | height | period | height | period | height | period d(etgt)h

waves | m) | () | (m) &) | (m) | (& | (m) ()
No. 1 475 1.19 10.4 0.82 8.3 0.63 8.1 0.39 6.3 1.41

No. 2 446 1.90 10.1 1.29 8.6 1.00 8.5 0.60 6.7 1.79

No. 3 431 1.74 6.2 1.25 8.2 0.95 8.2 0.58 7.0 1.69

No. 4 452 1.70 9.0 1.25 8.5 0.97 8.4 0.59 6.6 1.88

No. 6 494 1.10 5.6 0.63 8.9 0.49 8.2 0.31 6.1 2.21
No. 7 463 1.39 9.5 0.89 8.1 0.70 8.1 0.45 6.5 2.48
No. 8 445 1.48 8.3 0.9 -8.7 0.74 8.6 -| 0.47- 6.7 2.49

No. 9 420 | 1.34 8.2 | 1.02 8.8 | 0.81 8.7 | 0.52 7.1 | 2.40

offshore | 478 | 1 12 9.7 | 0.83 7.2. | 0.65 6.7 | 0.42 5.2 |21.52

waves

Both the significant wave heights and periods were calculated by the zero
up-crossing method by using 3600 data of the time interval of one second for
each point, and are shown in Fig. 11. Other mean wave heights and periods
as well as the mean water depth at the wave staffs are listed in Table 3. The
significant wave periods of all points were in the order of 8.1~8.7 seconds,
which was longer than that of the offshore waves, 6.7 seconds. The significant
wave heights at the points of No. 2, 3 and 4 were about 1.0 .meter and can be
considered to be the same heights with one another, because the data of waves
are subjected to the statistical variation and contain some errors, as was stated
previously. On the other hand, the significant wave heights at the point No.
1 was apparently lower than those at the points No. 2, 3 and 4. And the
significant wave heights at the point No. 6 was also lower than those at the
points No. 7, 8 and 9. This means that the points both No. 1 and 6 were
located in the area sheltered by the wing breakwater and the other points
were located in the area where the waves directly came from the open sea.
A boundary between these area is shown in Fig. 11 by a dash-dot line connecting
the tip of the wing breakwater and the reference point No. 24.

Figure 12 shows the velocity vectors of the surface currents measured by
tracking the floats. The magnitude of velocity is indicated with the length of
vector as shown in the legend. The floats were released at the point of south-
ern side of No. 4 at first and at the point offshore of No. 8 later. All of the
floats moved to the vicinity of the shoreline, gradually changing their directions
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Fig. 12 Nearshore current pattern behind wing breakwater

in clockwise, where they changed their direction such as towarding the south
breakwater. After that, the floats moved parallel to the shoreline inside a
zone between the shoreline and about 30 meters offshore. A longshore current
velocity was high with the maximum speed of 0.5 meter per second and the
average speed of 0.3 meter per second. According to the visual observation,
this fast currents always existed during the five days of field study.

In Fig. 12, the mean current velocities of the lower layer which were
measured by the three electromagnetic currentmeters are also shown at the
points A, B and C. The magnitude of the current velocities at these points
are indicated by figures beside each arrow, not following the legend. The
results of measuring the currents with the floats and by the electromagnetic
currentmeters indicate the existence of large clockwise circulation behind the
wing breakwater. This circulation was spreaded in the whole area which is
bounded by a dashdot line connecting the tip of the wing breakwater and the
shore in front of the reference point No. 28, as shown in Fig. 12.

No rip current was detected by tracking the floats in the investigated area.
But the author confirmed the existence of a rip current by the visual obser-
vation at the slightly right side of the reference point No. 29.

4. Examination of edge waves in the field

4.1 Wave run-up fronts

The amplitude of incoming waves is minimum at the shoreline because
of wave attenuation due to the wave breaking, the turbulence and the bottom
friction in the surf zone. On the other hand, the amplitude of the edge wave



Kazumasa Karton

is maximum there as can be seen from the hypergeometric function having
the maximum value at the shoreline. Thus, the effects of the edge waves are
expected to emerge noticeably in the run-up phenomena on the foreshore.

The typical examples of the aerophotographs are shown in Photo. 2 (in a
frontispiece). In these aerophotographs and the remaining ones, the positions of
wave run-up fronts are clearly noticed as the landward edges of narrow white
zones on the foreshore. And it is also noticed in the photographs that the
positions of wave run-up fronts vary in the longshore direction. If these
longshore variations were due to the edge waves, the edge waves are detected
in these phenomena.

Since the investigated site is adjacent to the south breakwater of Sendai
Port, the edge waves should be the standing ones. Then, from Eqgs. (22) and
(25) for the standing edge wave, the profile of edge wave in the longshore
direction' at the shoreline is described as

£(0,y,t)=A(0) sin k,y-sin g,¢, (42)

A(®=a,, (43)
where the subscript # denotes the modal number of the edge wave and «, is
the shoreline amplitude of the standing edge wave. Therefore, the horizontal
position of run-up front from the shoreline due to the standing edge wave is
described as

R.(y.)= ta‘:; 7 sin k.y-sin o.t, (44)

where R.(y,t) is the horizontal position of wave run-up front from the shoreline
and tan B is the slope of the foreshore. If the edge waves of various modes
and different periods coexist at the same time in the investigated site, the
position of wave run-up front which is a result of superposition of these edge
waves will vary randamly in the longshore direction at any given time. In
this case, an expression which may be able to describe the longshore variation
of wave run-up front is

_ a, . ’ . "
R(y,t)= ; anp sin (k,y+er) sin (e.t+e), (45)

where R(y,t) is the horizontal position of run-ui) front from the shoreline
due to the standing edge waves of various mode and e, and ¢, are phase lags
of a longshore location and a time, respectively.

Only the left hand side of Eq. (45), R(¥,t), is measurable in the series of
the aerophotographs. For the purpose of measuring the wave run-up fronts on
the foreshore from the aerophotographs, 37 measurement lines shown in Fig. 7
are set up with the longshore interval of 5 meters except for the rubble stone
area at the base of south breakwater. The measurement lines are normal to
a base line that connects two reference points No. 22 and 25 or No. 26 and 29.
As Huntley'® pointed out, it is difficult to find the shoreline which is the time
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mean position of wave run-up fronts. Therefore, the horizontal positions of
wave run-up fronts from the base line are read along the each measurement
line from the aerophotographs in the same manner as the case of float tracking.
A accuracy of measurement for reading positions is 0.5 meter. A number of
the aerophotographs to be utilize for this purpose is 66 out of 69, because the
foreshore is not taken enough in the three aerophotographs of remaining. After
that, a time-averaged position of run-up front was calculated on each measur-
ement line. And the positions of wave run-up fronts from the shoreline were
obtained by taking account of these time-averaged positions.

A dashed line in Fig. 7, which connects the time-averaged positions of
wave run-up fronts on the measurement lines, can be considered as the shore-
line during the observation. Since this shoreline is smooth in the longshore
direction, there exsisted neither a irregular nor a rhythmic topography on the
foreshore. As a matter of fact, the beach was smooth in the longshore direc-
tion as far as the author’s visual observation could be made. Therefore, the
longshore variation of wave run-up front dose not involve the effects of the
topography.

Since it was just at a high tide with almost no change of the tide level
when the observation was carried out, the characteristics of the edge waves
are concidered to be constant during the measurements®®.

4.2 Empirical eigenfunctions

Equation (45) is similar to the Fourier series expansion in the sense that
R(y,t), which is the only measurable value, is expressed by superimpose of
trigonometrical functions. But it is unknown whether the measured value
R(y,t) is immediately expanded in a series of the trigonometrical functions or
not. For it is impossible to know in advance whether the standing edge waves
do exist or not, and it may well be that other phenomena than the edge waves
contribute to the longshore variation of wave run-up front. If we assume the
other possible phenomena being independent and irrelevant each other, we can
use a generalized expression for R(y,t) as in the following by introducing
unknown orthgonal functions E,(y) in stead of the trigonometrical functions:

R(y,t)= ; C... E.(y), (46)
where
_ a, . 1"
C“"—_tan 7] sin (o.t+e). 47

Now, let the measument lines be numbered for 1 to #, in the longshore
direction and let the measurement time be numbered for 1 to n, in sequence
of measurement, where the longshore intervals and the time intervals of meas-
urements are not necessarily constant, respectively. And let R(y,t) denote
the horizontal position of wave run-up front on the y-th measurement line at
the ¢-th measurement time. Since R(w,t) is the horizontal position of wave
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run-up front from the time-averaged position, a equation of
R@W)—- 5 Ry.0=0, “8)
¢ t=1

is valid.
The longshore variation of wave run-up front at the 7~th measurement
time is expressed by the discontinuous values, which forms a vector
R,=(R{A,0),R2.,t), - JR(n,, )7, 49
where T is a transpose operator. If we express the unknown orthogonal func-
tions E,(y) by unknown orthogonal vectors e, of the discontinuous values, Eq.
(46) becomes
R‘=; C...oe,+e,(t=1~n,), (50)

where the vector e, contains not only the error in the measured values R, but
also the factors of small effects at the {~-th measurement time. The method
of estimating the model structure of Eq. (50) from the measured values R,
is called a factor analysis. The criterion of estimation of this model structure,
however, cannot be defined uniquely, because there are unknown values altogeth-
er in the right hand side of Eq. (50). Because of this, assuming e,=0 and the
number z varies from 1 to »,, Eq. (50) reduces to

R=J C..e. (51)

This new model structure can be easily estimated by a principal component
analysis as follows. '
At first, by using the measured values (R,) we have to calculate a sym-

metric correlation matrix A which is formed with the elements

L3 RG.O-RGLD. (52)

Ry Ny =1

(Z“=

“The matrix A possesses a set of eigenvalues 2, and a set of corresponding
eigenvectors e, which are defined by a matrix equation, .
Ae,=2.e,, (n=1~mn,). (53)
This equation has to be solved numerically by employing an electronic com-
puter to yield 2, and e, with the matrix algebra. Since the matrix A is a real
symmetric one, '
2,20
and 67y
€,e,=0,,;
should hold, where §,, is the usual Kronecker delta. The e, in Eq. (53) corr-
esponds to the e, in Eq. (51). As the orthogonal function e, can be empirically
estimated by Egs. (52) and (53) by using the measured value (R,), this e, is
called the empirical eigenfunction'®'?,
By premultiplying Eq. (51) by e?, we have

Ry
e:R,=3 C, ele,
m=1
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= g Cm.tan.::
B=1

=Cn, (55)
The scalar coefficient C,.. can be evaluated by this process. Ultimately, the
model structure of Eq. (51) can be estimated only from the measured value
R,.
In the principle component analysis, 2 contribution rate is defined by

B[ 3 s (56

as the criterion of the magnitude of 4,.
4.3 Analysis of wave run-up fronts by means of empirical eigenfunctions

The empirical eigenfunctions have been computed by the method discribed
above for the longshore variations of wave run-up fronts at Sendai Beach. As
a number of the measurement lines is 37 (=#»,) and that of the measurement
times is 66 (=#n.), a total number of data is 2442 (=n,xn,). As should be
expected, 37 sets of eigenvalues (4,) and eigenvectors (e,) are obtained as a
result of analysis. Table 4 shows the resultant values of eugenvalues (2,),
contribution rates and accumulation rates of contribution for =1 to 20, and
the sum of these values for »=21 to 37. This analysis, however, contains the
errors and the small effects because of putting ¢,=0 in Eq. (50). Therefore,

Table 4 Eigenvalues, contribution rates and accumulation
rates of contribution

w | ewemane | combilos | aemizion rele
1 4.266 50.70 50.70
2 2.181 25.92 76.61
3 0.722 8.58 85.19
4 0.358 4.25 89.45
5 0.218 2.59 92.04
6 0.177 2.10 94.14
7 0.093 1.11 95.25
8 0.072 0.86 96.10
9 0.066 0.78 96. 89

10 0.053 0.63 97.52

11 0.044 0.52 98.04

12 0.034 0.40 98. 44

13 0.025 0.30 98.74

14 0.023 0.27 99.01

15 0.014 0.17 99.18

16 0.009 0.11 99.29

17 0.009 0.11 99.39

18 0.007 0.08 99.48

19 0.0056 0.07 99.55

20 0.005 0.05 99.61

21~37 0.033 0.39 100.00
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Fig. 13 Empirical eigenfunctions of e,~e,

those the contribution rates smaller than 1%, as a temporary standard, have
to be discarded from the results.

The eigenvalues and eigenvectors of remaining are i,~1, and e,~e,, and
the accumulation rate of contribution is 95.25%. These eigenfunctions (e,~
e;) are shown in Fig. 13. The features of this figure are as follows:

(1) Each eigenfunction except e, and e, varies sinusoidally in the long-
shore direction. Even e, and e,, the wavelengths of which are long, can be
considered to be parts of the sinusoidal variations.

(2) If each eigenfunction is extrapolated to the south breakwater through
the rubble stone area as denoted by a dashed line in Fig. 13, the phase of
each eigenfunction becomes nearly that of antinode at the south breakwater.

From these features of the eigenfunctions, it is concluded that the long-
shore variation of wave run-up front at Sendai Beach is formed by overlapping
of many standing waves of different wavelengths with their antinodes positioned
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Table 5 Eigenvalues, contribution rates, longshore wavelengths and
periods for standing edge waves of #=1 to 7 modes

n 2, sggrét;/:;ion wavelength(m) | wave period (s)
1 4.266 50.7 420 60.0
2 2.181 25.9 260 37.1
3 0.722 8.6 162 23.1
4 0.358 4.3 115 16.4
5 0.218 2.6 90 12.9
6 0.177 2.1 82.5 11.8
7 0.093 1.1 58.5 8.4

o (]
o} Balls theory 7
" kp=2 Yn(nel)
’_“c i x=0.013 g
S 6
S [ 5
| :
005} 4
! 3
e
S r::]
0

01 2345678
Vnin»ﬂ

Fig. 14 Relation between longshore wave
numbers and modal numbers for
edge waves of cut-off mode

at the south breakwater. But it is open to question whether these standing
waves are the edge waves or not.

The longshore wavelengths of these standing waves may be estimated as
shown in Fig. 13. For e, e, and e,, the wavelengths of which are long, either
a quarter or a half of wavelength is read, while for e, and e, the mean wave-
lengths are calculated, respectively. The resultant wavelengths are listed in
the third colum in Table 5. On the other hand, a wave number of the edge wave
of #-th mode can be predicted by Eq. (28). By assuming the eigenfunction e,
corresponds to the standing edge wave of #-th mode, the wave number £.(=2z/L,)
obtained from Fig. 13 are plotted against +/#(%+1) as in Fig. 14 to examine the
relation of Eq. (28). A solid line in this figure indicates Eq. (28) with «=0.013
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which is the exponential coefficient of the beach profile at the investigated site
(see Eq. 40). Because the plotted data agree well with the solid line based on
Ball’s theory, it is concluded that the eigenfunction e, corresponds to the cut-
off mode of the standing edge wave of n-th mode.

Mention is made here for the value of &, which is smaller than the trend
of whole data. As seen in Fig. 13, e, has a large positive value at the left
hand end. The eigenfunction e; may have been affected by e, which has a
positive value at the left hand end.

By using C,., calculated by Eq. (55), it is possible in principle to examine
the time variation of the empirical eigenfunction'®:*", Since the physical
meaning of C,, in this analysis is represented by Eq. (47), C,. is expected to
vary sinusoidally with respect to time. In the present study, however, we
cannot examine the time variations of the empirical eigenfunctions by means
of C, ., because the time interval of measurement is long. From Egs. (28)
and (29) for the dispersion relation for the standing edge wave of cut-off mode,
we have 4 .
T.=L./ gk, (7
where T, is the period and L, is the longshore wavelength of the standing
edge wave of n-th mode. The period of each standing edge wave which is
calculated by using Eq. (57) with the wavelength read from Fig. 13 is shorter
than 60 seconds as shown in the fourth column in Table 5. On the other hand,
the interval of photographing is about 60 seconds for two-third of the whole
data. That is to say, the measuring interval is longer than the periods of
each standing edge wave.

We may assume here that all of photographing were carried out randomly
for the phase of the standing edge waves, although the period of the standing
edge wave of »=1 mode almost agrees with the photographing interval. Here,
let us rewrite the subscript ¢ by p in the ascending order of magnitude of the
absolute value of C, . for each modal number. That is,

0=[Cil==SIC,IS1C ] == Cheel. (58
After these operation has been done for the coefficients, the time series data
of C,,. is shuffled. For the newly defined coefficients, a equation of

|Cpl =g sin {5+ =3} =L (59)
is valid for each modal number in place of Eq. (47). Then, we have
IC" ol (ta ﬁ)Z}sm {2 n;( _—)} (60>
By premultlplying Eq. (53) by e; and by using Eq. (55), we have '
n(efe)=etAe,=—1 3 (eIR)(eTR)=—1 =3 G (61)
P t=1 nyn, =1

From Eqs. (60) and (61), we have
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1=, _ 1 = . 33 a, 2
2"_11,,71, Z G nn, p=.|c“"’| —n,,n‘(tanﬁ) ’ (62

Therefore, the relation between the amplitude of the edge wave and the eigen-
value is obtained as

a,=tan B ﬁ% - (63)

Table 6 Resultant amplitudes of standing
edge waves of n=1 to 7 modes

modal number | resultant amplitude (m)

1 2.73

1.95

1.12

0.79

0.62

0.56

N[ olal el w]| N

0.40

With values of tan B8=1/6.5, n,xn,=2442 and every eigenvalue listed in the
first colum in Table 5, the amplitude of the standing edge wave of each mode
was estimated and is listed in Table 6. The author’s visual observations do
not support these resultant values of the amplitudes which are apparently too
large. The effect of incoming waves riding on the edge waves can be con-
sidered as one of causes for these large values. Although the amplitude of
incoming waves is minimum at the shoreline because of wave attenuation in
the surf zone, the energy of incoming waves is still left and is consumed in
forcing the water to run up on the foreshore in the end. The remaining
energy of incoming waves at the crests of the edge wave is greater than that
at the troughs, because the water depth at the former is deeper than that at
the later. Therefore, it is considered that the run-up phenomena due to the
edge waves are exaggerated by the remaining energy of incoming waves.
Because of this, the numerical values of the coefficient of Eq. (63) is not
employed in the subsequent discussion.

Next, let us examine the relation between the eigenvalues and the wave
numbers of the standing edge waves, which are listed in Table 4. Figure 15
shows a plot of square root of eigenvalues (4/2.) versus the wave numbers.
Since the data are plotted well on a solid line, the following relation is obtained

2, =0.0344;". (64)
From Eqgs. (63) and (64) by dropping the term of the coefficient, we have
a, o<k, (65)

or by using Eq. (57),
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a,oco;’. (66)
Therefore, it becomes clear that the amplitude of the standing edge wave at
the investigated site is inversely proportional to its wave number (or fre-
quency).

This result of Eq. (65) or (66) is different from the result of the field
observation by Huntley'” who concluded that the shoreline amplitude of the
edge wave was constant and showed no consistent trend with the modal number.
The edge waves observed by Huntley were, as previously mentioned, the prog-
ressive ones at the beach 1 kilometer apart from the headland, while the edge
waves of the present study are the standing ones which exist near the rubble
mound breakwater of Sendai Port. It is comnsidered that the standing edge
waves are formed as .a result of reflection of the progressive edge waves by
the breakwater. Then, the reflection of the edge waves at the breakwater is
examined in order to explain the difference between the results of the present
study and Huntley’s one.

30
=1 N
[ J
2\
10 N\
[J
3N
‘\'
&c 4 \.‘
5
AN
3
0.2 T

0.01 kn (=2an) 0.1

Fig. 15 Relation between eigenvalues and longshore
wave numbers

Since the reflection coefficient of this breakwater is unknown, another
experimental result by Tanimoto et al.?* of a breakwater armored with wave
dissipating concrete blocks which is somewhat structually similar to the break-
water in question is shown in Fig. 16. In this figure, the values of B,,/L of
the edge waves are also plotted on the horizontal axis. In this calculation,
the wavelengths of the edge waves listed in the third colum in Table 5 are used
and the value of B,, is assumed to be 6 meters which is read from the
aerophotographs. The reflection coefficients of the edge waves of high mode
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Fig. 16 Reflection coefficient of breakwater
armored with wave dissipating
concrete blocks (Tanimoto et al. %)

are about (0.4~0.5. Although the data of the edge waves of low mode are
plotted beneath the scope of the experimental result, it is expected from the
feature of the experimental result that the reflection coefficients of the edge
waves of low mode are nearly 1.0. Therefore, the energy of the edge waves
of high mode is more dissipated by the breakwater than that of low mode.
As the result, the amplitude of edge wave decreases with the decrease of the
wavelength, or with the increase of the wave number.

Equation (59) suggests that |C,,,| is a trigonometrical function of p. In
order to examine this feature of |C, ,|, let |C, ,| be standardized by |C, ,| as

o Bic.,l
lCn.p =,—"_;—'|Cn.p|' (67)
|
40 ,
o D=1 *
x N=2 &
a n=~2 B
30 + D=
n=5§ *»
v n=8 o&gﬁ
o n=7 "25-

25

P 50
Fig. 17 |C; | for each modal aumber
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Figure 17 shows |C;,,|. for each modal number. As seen from Fig. 17, the
evey increasing trend :'of |C.,»| with p is independent on the modal number #,
but depends on p. That is to say, it can be considered that the time variation
of C,,. is statistically. same for each other. Fig. 17, however, unexpectedly
shows that |C,,,| is not apparently the trigonometrical function of p. The
causes which lead to the problem are considered as follows:

(1) Itisin horizontal position that the wave run-up front is measured.

(2) The beach slope of foreshore is not exactly.constant.

(3) The run-up phenomena is considered to contain the effect of incoming

\E’ SENDAI COAST \¥‘Orln 100m 200m
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|

Fig. 18 Positions of nodal lines for standing edge waves of #=1 to 6 modes at Sendai Beach
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waves as previously mentioned.

(4) The theoretical treatment of the boundary at the shoreline is not
definite in the theory of the edge waves.

But these causes were not examined in detail and are remained to study in
future to determine the amplitude of the edge waves.

Through the above analysis, it becomes clear that the standing edge waves
which correspond to the cut-off mode predicted by Bail’s theory exist at the
investigated beach. Then, the ncdal lines of the standing edge wave of each
mode should exist in both the offshore and the longshore directions. The
positions of nodal lines parallel to the shoreline are determined by the
offshore distance from the shoreline (x) with which the hypergeometric function
(Eq. 22) equals to be zero, and a number of these lines is as same as the
modal number. On the other hand, those normal to the shoreline can be
hardly determined from the previous field observations with the electromagnetic
currentmeters. In the present analysis by means of the empirical eigenfunc-
tions, however, the positions of ncdal lines normal to the shoreline are easily
determined by drawing strait lines normal to the shoreline passing the points
of zero crossings of the empirical eigenfunctions in Fig. 13. For the points
of zero crossings of the eigenfunctions correspond to the nodes of the standing
edge waves at the shoreline. Figure 18 shows the nodal lines for =1 to 6
mode, which are obtained in the way described above. In this figure, the
positions of the wave staffs (black circle 1~4, 6~9) and the electromagnetic
currentmeters (open circle A~C) are also plotted.

4.4 Cross-spectral analyses of current velosities in the surf zone

In order to confirm the existence of the standing edge waves which is
cleared by the analysis of the empirical eigenfunctions, the cross-spectral
analyses have been done for the offshore and the longshore components of the
current velosities at the points A, B and C. A sampling interval of data is
4t=1 second and a number of data is N=4096 (about 68 minutes). The
equivalent degree of freedom with a filter used for smoothing is »=16.

(1) Relation between U and V at the point C

Figure 19 shows the result of cross-spectral analysis between the velocity
components of the offshore (U;) and the longshore (V,) directions at the poiat
C. The arrows in Fig. 19 denote the frequencies of the standing edge waves
of cut-off modes which are obtained by means of the empirical eigenfunctions
(see Table 5). Both the spectral peaks and the coherences of U, versus V.
are recognized to be high at the frequencies denoted by the arrows with =
1,4,5 and 6. At the frequency indicated by n=2, however, the coherence is
too low in spite of the energy density of U, being high enough. And at the
frequency indicated by n=3, the spectral peaks are not sufficiently recognized
and the coherence is very low.
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Fig. 19 Spectiral densities, coherence and phase difference between
offshore and longshore components of current velocity at
‘ point C

These features of the result of cross-spectral analysis have to be examined
by taking into consideration the relative positions of the point C and the
nodal lines of the standing edge waves which are shown for n=1~6 modes
in Fig. 19, and also by taking into consideration the phase relationship between
the two components of velocity which is shown for =2 mode in Fig. 4.

According to Fig. 18, the point C was located near the nodal line of the
standing edge wave of #=1 mode, but it was apart from both the points of
intersection of the nodal lines and antinodes in the sence of the three dimen-
sions. Because of this, Fig. 19 indicates that there exist the peaks of energy
densities of the two velocity components and the coherence between these
components is high at the frequency corresponding to =1 mode. As can be
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easily predicted from Fig. 18, the phase difference between the two components
of current velocity is 180 degrees for n=1 mode at the point C. This feature
is confirmed in Fig. 19, since the phase difference is nearly equal to 180 de-
grees at the frequency indicated by n=1.

For the standing edge wave of #=2 mode, the point C was located at the
antinode in the sense of the three dimensions as shown in Fig. 18. This
means that both the offshore and the longshore components of current velocity
due to the standing edge waves of #=2 mode become zero as seen in Fig. 4.
Therefore, the coherence should not be high and the phase relationship should
not be in phase at the frequency indicated by #=2. The low coherence and
the unmatched phase relationship at this frequency are materialized as dem-
onstrated in Fig. 19, though the spectral density of U, holds a relatively high
value.

For the standing edge wave of »=3 mode, point C was located at the point
of intersection on the modal lines, where both the offshore and the longshore
components of current velocity due to this wave are also equal to zero as can
be easily supposed from Fig. 4. Therefore, the energy densities of both the
components of current velocity should be low, the coherence low and the phase
relationship not in phase. These are confirmed at the frequency indicated by
n=3 in Fig. 19. )

For the standing edge wave of n=4 mode, the point C was located apart
from both the points of intersection of the nodal lines and the antinodes.
Because of this, at the frequency a little higher than that indicated by n=4
in Fig. 19, the coherence is high and the phase difference is almost equal to
180 degrees. The energy density of U, is, however, unexpectedly higher than
that of V.. The location of the point C is not near the nodal line parallel to
the shoreline but near that normal to the shoreline. At this relative position,
the longshore component of current velocity (V) is expected to be greater
than the offshore one. The reasons for this contradiction are not known.

- The accuracy of drawing the nodal line normal to the shoreline might not be
so good, because the point of the node at the shoreline is not so clear for the
eigenfunction of e, in Fig. 13.

For the standing edge waves of #=5 and 6 modes, the point C was located
near the point of intersection of nodal lines (for »=5) and the antinode (for
n=6), respectively. Under these conditions, the coherences should not be essen-
tially high in the same reason as for »=2 and 3. The high coherences,
however, are recognized at the frequencies indicated by #=>5 and 6 in Fig. 19.
Moreover, the peaks of energy densities exist and the phase relationships are
almost in phase at these frequencies. These contradictions can be explained
as follows. Almost all energy of the edge wave concentrates inside the area
with the distance equivalent of about one longshore wavelength of the edge
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wave from the shoreline. This area gradually becomes narrower with the
increase of the modal number of the edge wave. Therefore, the edge wave
of higher mode is affected more significantly by the sea bottom topography
with the longshore bar. Because of this, the error due to the approximation
of the beach profile by Eq. (40) becomes to be noticeable with the increase of
‘the modal number, and as a necessary consequence the positions of the nodal
lines parallel to the shoreline determined by using Eq. (22) might have differ-
ed from the actual ones.

Thus, the features of Fig. 19 are well explained by the theory of the
standing edge waves. But the phase difference continuously decreases with
the frequency higher than 0.06Hz. The same tendency was mnoticed in the
results of cross-spectral analyses by Huntley & Bowen*. The cause of this
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Fig. 20 Spectral densities, coherence and phase difference between
offshore and longshore components of current velocity at
point B
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phenomenon is still unexplained.
(2) Relation between U and V at the point B

Figure 20 shows the result of cross-spectral analysis between the offshore
(Us) and the longshore (V;) components of the current velocity at the point
B. At the frequency described by z=1, the energy densities are large and
the coherence is high, but the phase relationship is not in phase. At the
fréquency for larger modes than this, there is nothing to be explained clearly.

According to the whole current pattern in the investigated area which is
shown in Fig. 12, the longshore current changes its direction to the offshore
direction near the point B. In the physical sense, the point B is located inside
the zone of currents similar with rip feeder currents, where the magnitude
relationships of two components of current velocity usually differ from those
predicted by the theory of the edge waves as pointed out by Chappell &
Wright*. Because of this, it is considered that the phenomena due to the
standing edge waves do not sufficiently appear in the cross-spectral analysis.
Also in this case, the phase difference continuously decreases with the fre-
quency higher than 0.01Hz.

(3) Relation between the offshore velocities of the points B and C

Figure 21 shows the result of cross-spectral analysis between the offshore
componerits of current velocities at the points B (U;) and C (U;). At the
frequency of every modal number except #=3, the coherence is clearly high
and the phase difference is almost zero degree. According to Fig. 18, both
tho points B and C were located near the positions of intersections of nodal
lines for the standing edge wave of #=3 mode. Then, the coherence at the
frequency described by n=3 is not high. At another frequency denoted by
an arrow with a asterisk (*), the energy densities of both the offshore compo-
nents of current velocities are large and the coherence is high. This is,
however, considered to be due to the incoming waves since the phase relation-
ship differs from that of the standing edge wave.

Since the point A was located near the rather complicated boundary with
the wing breakwater, the standing edge waves are not noticed clearly in the
result of cross-spectral analysis between two components of current velocity
at this point.

(4) Relation between surface fluctuations

According to Fig. 18, the wave staffs of No. 1 to No. 4 were located approx-
imately along the nodal line parallel to the shoreline for every odd mode.
All the staffs were located along or near the nodal lines for #=4 to 6 modes.
Those of No. 6, No. 7 and No. 9 were located approximately along the nodal
line and those of No. 3, No. 4, No. 8 and No. 9 were located near the nodal
line for =2 mode. That is to say, the many staffs were unfortunately located
along or near the nodal lines of every mode. Under these conditions, the

—_ A7 —



Kazumasa KaTon

peaks of spectral densities of surface fluctuations due to the standing edge
waves hardly appear in the spectra of waves at these points. And the data
of surface fluctuations read from the 16mm films contain some errors due to
the several reasons as previously mentioned. Because of this, the enough
results to indicate the existence of the standing edge waves have not been
obtained through the cross-spectral analyses of pairs of these wave data.
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Fig. 21 Spectral densities, coherence and phase difference between
offshore components of current velocities at points B and C

4.5 Some features related to standing edge waves

In the investigated area, there was the longshore current with the large
‘clockwise circulation as shown in Fig. 12. This longshore current was too
strong to form the rhythmic topographies such as the cresentic bars in the
sea bed and the cusps on the foreshore as pointed out by Huntley & Bowen'®.
But the longshore bar was formed in parallel with the shoreline about 50
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meters offshore from the shoreline as shown in Fig. 7. As seen in Fig. 2,
the node of the standing edge wave of every odd mode and the antinode of
every even mode concentrate in this place.

Bowen & Inman® suggest that the rip currents will occur at the antinodes
of the standing edge wave. No rip current was detected by tracking the floats
in the investigated area. But the author visually confirmed it at the slightly
right hand side of the reference point No. 29, where the phase of the standing
edge wave of =1 mode will become that of the antinode if the empirical
eigenfunction of e, will be extrapolated in the longshore direction beyond the
reference point No. 29.

Bowen & Inman® also suggest that the height of incoming waves becomes
higher due to the interaction with the standing edge wave at the antinode of
the later. The wave measurement point of No. 2 was located nearly at the
antinode of the standing edge wave of #=2 mode as seen in Fig. 18. At this
point, the rate of wave breaking was slightly larger than that of around.
These may be items of evidence which support the idea of Bowen & Inman.

5. Conclusions

The field observation was carried out in order to detect the edge waves
at Sendal Beach, Japan. The longshore variations of wave run-up fronts on
the foreshore were read from the aerophotographs. And the waves and cur-
rents velocities in the surf zone were measured at the same time.

By analyzing the longshore variations of wave run-up fronts on the fore-
shore by means of the empirical eigenfunctions, the existence of the standing
edge waves is demonstrated. The longshore wave numbers of these standing
edge waves agree well with those of cut-off mode predicted by Ball’s theory.
Moreover, it is shown that the amplitude of the standing edge wave is in-
versely proportional to its wave number (or its frequency).

The positions of nodal lines of these standing edge waves are determined.
Those parallel to the shoreline are determined by the offshore distance from
the shoreline with which the hypergeometric function becomes to be zero,
while those normal to the shoreline are determined by drawing the straight
lines normal to the shoreline passing the points of zero-crossings of the empir-
ical eigenfunctions.

The cross-spectral nanlyses are conducted for pairs of two components of
current velocities measured simultaneously in the surf zone. In these cross-
spectra, it is recognized that at the particular frequencies the energy densities
are large, the coherence is high and the phase relationship is in phase. These
frequencies correspond to those of the standing edge waves of cut-off modes
which are predicted from Ball’'s theory by using the longshore wavelengths
of the empirical eigenfunctions. But there exist the standing edge waves of
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particular modes at the frequencies of which these important features are not
clearly recognized in the cross-spectra. In these cases, the measurement points
are located at, or near, the point of intersections of the nodal lines or the an-
tinodes of the standing edge waves of particular modes.
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