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1. Vibratory Response of Laterally Constrained Soils
Subjected to A Longitudinal Vibration

Yasufumi UMEHARA*

Synopsis

Laboratory tests, using the resonant column method, were conducted to evaluate the
dynamic properties of compacted silty clay under one dimensional condition. The vari-
ables considered were the initially applied static load, the vibration amplitude, the water
content and the height-diameter ratio.

The water content was found to affect appreciably the values of wave velocity and
constrained modulus, but its influence on the damping ratio was small. Although the
effect of stress conditions on the dynamic properties of soils was less significant compared
with that of water content, the trend toward the S shaped stress strain characteristics
was observed.

Wave velocities or constrained moduli could be uniquely determined independently of
height-diameter ratio, while the dissipative parameters are dependent on the height-
diameter ratio. From this observation, the validity of the assumed mechanical model

was discussed.

* Chief of Soil Investigations Section, Soil Division
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Vibratory Response of Laterally Constrained Soils Subjected to A Longitudinal Vibration

1. Introduction

The behavior and stability of a structure resting on or in the subsoil under a
dynamically loaded condition due to earthquake, blasting or vibratory machines have
been investigated as a soil-structure dynamic interaction problem. Such a mechanical
model as one degree of freedom system, two degree of freedom system or lumped mass
system is employed as a useful tool to analyse the responses of soil-structure system
to dynamic external forces. Prediction of the actual behavior of the soil-structure
system can be successfully performed by adopting proper parameters for soil proper-
ties. Although the introduction of the FEM techniques into the stress analysis of the
ground made it possible to take into account the real characteristics of the stress-
strain relation of a soil more reasonably, the accuracy of the solutions greatly depends
on the selection of the soil properties.

These significant advances made in the analysis of problems involving the dyna-
mic loading of soils require to evaluate the pertinent soil properties, usually in the
form of Young’s moduli, shear moduli or dissipative parameters for a practical purpose,
although it is quite questionable in a rigorous sense to represent the stress-strain
characteristics of real soils in term of such simple parameters because soils are in
general non-elastic, non-linear and non-isotropic. Some of these values may be evalu-
ated from the static test using a triaxial testing apparatus. It has been recognized,
however, that the dynamic moduli differ, to a great extent, from those involved in
static tests because of strain rate effect, repetition effect, etc. so that the moduli
obtained from dynamic tests must be used for the dynamic problems. For this reason,
various testing methods as described later have been proposed together with procedures
for interpretation of the experimental data.

In representing the stress strain relation by simple parameters, a strain depen-
dency is one of major reasons for discrepancy of real soils from ideal characteristics
of stress-strain relation. Some previous workers have tried to express pertinent soil
properties, mainly shear moduli by a function of strain level for practical purposes.
In this approach, critical soil properties are important and must be evaluated by some
laboratory test. Resonant column tests can be considered to be one of the best proce-
dures to evaluate the pertinent soil properties in the range of small strain.

For many problems on earthquake, shear stress-strain relation has been of a major
interest, because the ground motions are due primarily to the upward propogation of
shear waves from an underlying rock formation. Although compressive stress-strain
relation is of a secondary interest in this idealized earthquake, it will give some useful
information on the dynamic behavior of soils in some cases. For example, the aseismic
design for subaqueous tunnels requires to evaluate the Young’s moduli as well as shear
moduli. Apart from the earthquake problems, soil properties obtained in longitudinal
vibration will give some information on stress analysis in subgrades and base courses
for runways subjected to shock loading, and on the effect of vibration generating during
the performance of vibro-floatation method on the structures located at the construc-
tion site.

Young’s moduli of soils subjected to dynamic forces are quite difficult, however,
to be evaluated directly in the laboratory test because of lateral inertia effect associated
with Poisson’s ratio. Instead, constrained moduli can be directly evaluated by labora-
tory tests, provided the pure one dimensional condition can be satisfactrily simulated.

In this report, vibratory responses of the soil specimen constrained one dimension-
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ally to a longitudinal vibration were investigated, from which the pertinent parameters
for assumed mechanical model were computed. The effects of variables on these
values were investigated and validity of the assumed mechanical model was discussed
using the secondary data.

2. Previous studies on determination of dynamic properties of soils

2.1 Generals

A large number of theoretical approaches to the problem of stress wave propaga-
tion in solids have been developed on the basis of the knowledge of elasticity or visco-
elasticity, with essentially no experimental data to evaluate these theories. These were
originally concerned with the studies of ground motion during earthquake and later
involved the problems of shock induced stress wave propagation caused by other sources
of disturbance like blasting. Subsequent efforts were to evaluate the physical constants
such as elastic moduli, viscosity or Poisson’s ratio required for predicting the wave
propagation phenomena in soil media or vibration characteristics of the subsoil. The
available data include tests conducted on both sand and clay with a variety of con-
fining conditions varying from no lateral restraint to one-dimensional condition.

The experimental methods which have been used to determine the dynamic elastic
constants of soils may be divided into two general categories: those in which tests are
performed on a small sample of soils in laboratory and those in which tests are per-
formed in-situ or in simulated in-situ conditions. The former consists of the following
four types: free vibration method, resonant colimn method, wave propagation method
and direct measurement of stress strain relationship. The latter consists of the follow-
ing four types: seismic method (wave propagation method), elastic-half space method,
vibration table method and shock tube method.

2.2 Determination of dynamic properties of soils by laboratory testing
(1) Free vibration method

In this method, the mechanical behavior of the soil sample is.defined by the natural
period and logarithmic decrement of free vibration, which are generated by shutting
the driving power after setting a soil sample in a steady-state vibration, or applying
an impulsive force to a soil sample. Since the experimental technique for this type of
measurement is simple, this method is widely used for investigation of internal friction
of various solids including soil, especially suitable to perform tests on a solid with low
internal friction at relatively low frequencies.

Graft-Johnson” adopted this technique to measure the damping capacity and
elastic modulus of compacted Kaolinite. The impulsive force was applied to the
specimen of 1.4 inch in diameter and 3.5 inch long by dropping the rigid mass onto
the specimen. The specific damping capacity was calculated from the logarithmic de-
crement obtained from the decay curves for load and deflection. The elastic modulus
was also computed by using the expression for free longitudinal vibrations of a visco-
elastic bar which is fixed at an end and has a concentrated mass on the free end.

Hall and Richart®? used the vibration decay method to evaluate the effects of
compression, amplitude of vibration, degree of saturation and grain characteristics on
the numerical values of internal damping for four granular soil specimens of 1.59 inch
in diameter and 10.8 inch long. The measurements for damping were made by driv-
ing the specimen at the resonant frequency of the first mode of vibration then cutting
off the power and recording the decay with an oscilloscope camera. Corrections to
compensate for the added mass of the pick-up and driver were made in evaluating the
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logarithmic decrement from the decay curves.
(2) Resonant column method

The principle of this method is based on the fact that if an oscillating force,
whose amplitude is fixed but whose frequency can be varied, is applied to 2 mechanical
system, the amplitude of the resulting vibration becomes maximum at the resonant
frequency of the system. The value of the resonant frequency may be related to
elastic properties, while the shape of the resonant curve gives a measure of the dis-
sipative force. .

Iida and Ishimoto® ¥ are among the earliest workers who applied this method to
investigate the dynamic elastic properties of soils. The rectangular soil specimens of
4x5cm in cross section and 20 to 40 cm in initial height, which were placed upright on
the vibrating plate, were subjected to longitudinal steady-state vibrations or tortional
steady-state vibrations, where no lateral confinement was applied to the specimens.
The resonant curves were obtained on the basis of the ratio between the amplitude of
displacement on the top of the specimen and that of the vibrating plate. The modu-
lus of elasticity, E, and modulus of rigidity, G, were determined from the fundamental
resonant frequencies corresponding to both types of vibration. Further, the Poisson’s
ratio was also computed from the known relation between elastic constants.

Hardin and Richart® made an extensive study on the longitudinal and shear wave
velocities in granular soils such as Ottawa sand, crushed quartz sand, and crushed
quartz silt using the resonant column technique. The variables considered were the
confining pressure, the moisture content, void ratio, and grain characteristics of the
materials.

Hardin and Black® developed a tortional vibration apparatus which made it possible
to measure the shear modulus while independently controlling the axial load and con-
fining pressure on a cylindrical specimen of 3.5¢m in diameter and 8cm long. The
specimen was subjected to various static states of stress and then excited into tortional
vibration with the base of the specimen fixed and maximum amplitude of vibration
at the top. The excitation frequency was varied to obtain resonance as measured by
an accelerometer at the top of the specimen.

(3) Wave propagation method :

In this method, velocities of elastic waves propagating through solid media are
directly measured. The propagation velocities of elastic waves depend on elastic con-
stants and density of the solid, so that the elastic constants can be determined from
propagation velocities. If the solid is not perfectly elastic, some of the energy of the
stress waves is dissipated as it passes through the medium. The magnitude of this
attenuation may be correlated with the internal friction. Main advantages of this
method are that a single specimen can be used to cover a wide range of frequencies,
and that it is suitable to measure the internal friction because of less energy losses at
supports. On the other hand, the disadvantages of this method are that it is not
always easy to ensure that a particular type of wave is being generated, and that the
interpretation of the results obtained with pulses is often difficult, especially in dis-
persive media.

Lawrence, quoted by Whitman”, used the ultrasonic waves to investigate the wave
propagation velocity through sand. The sand specimen was confined by a metal ring
and some initial axial stress was applied through lucite end caps. The voltage out-
puts of the two barium titanate crystal were displayed on an osilloscope, and the pro-
pagation velocity was computed from the time lapse between the onset of the sent and
received signals.
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(4) Direct observation of stress-strain curves

The elastic constants and the internal friction could be obtained by making direct
measurements of stress and strain during the deformation process of the specimen.
By this method, the mechanical behaviour for a given stress cycle can be obtained
withcut making any assumption on the behavior of the specimen. At high rates of
loading, however, the experimental determination of the stress-strain relation involves
considerable difficulties, because of increasing inertia effect in the measuring apparatus
and specimen. The inertia of the specimen results in a non-uniform distribution of
stress along its length.

Some techniques to overcome the problems involved in stress strain measurements
are described by Kolsky®. In order to avoid the non-uniform distribution of stress,
the length of the specimen has to be sufficiently short compared with the length of
the pulse so that the difference in pressures on both ends can be neglected. However,
the treatment of radial motion will still remain as another problem.

Kondner® performed the vibratory uniaxial compression tests on the compacted
plastic clay specimen of 3 inch long and 1.5 inch in diameter. The dynamic forces
and the amplitude of motion of the upper load platen are measured by means of the
dynamometer and a piezoelectric type accelerometer, respectively. They computed the
complex modulus and loss tangent at a specified frequency, neglecting the inertia effect
of the specimen.

Weismann and Hart'® used a modlﬁed triaxial compression apparatus to determine
the hysteresis loop in the stress-strain curve during forced vibration of several gra-
nular soil samples. Chord moduli, dissipated energy per cycle, potential energy per
cycle were computed from the hysteresis loop, which was recorded by an X-Y recorder.

Taylor and Hughes!' employed a similar technique to that used by Weismann
and Hart to investigate the effects of amplitude and number of repetitions of loading
on the dynamic shear moduli and energy dissipation of cohesive soils.

Hatano and Watanabe!? performed the dynamic triaxial compression test on the
cylindrical specimen to obtain the dynamic and static moduli and Poisson’s ratio for
clay, sand and gravel. They measured the vertical deformation and horizontal defor-
mation, from which the secant moduli, Poisson’s ratio and overall volumetric strain
were computed. Furthermore, the physical constants for assumed mechanical model
were computed.

2.3 Prediction of dynamic elastic properties by tests performed under in-situ or simulated
in-situ conditions

Various workers have performed the dynamic tests to investigate dynamic pro-
perties of soils or dynamic behaviors of soil masses under in-situ or simulated in-situ
conditions. The testing methods adopted include the seismic method, elastic half-space

method, tests by a vibration table or shock tube, by which elastic properties including -

elastic moduli, Poissons’s ratio, wave propagation velocities and damping parameters
could be predicted directly or indirectly under some assumptions.

In seismic method, which uses the same principle as described in the laboratory
wave propagation method, a disturbance is induced at one point and the wave propa-
gation is picked up by a sensing device at another point at some distance away. The
disturbance may be a single impulse in which case the time for the waves to reach
the sensor is measured directly and the velocities are obtained by dividing distance by
time.

An impact on an homogeneous, isotropic and elastic medium generates three pri-
mary types of waves, i.e. dilatation, distortion and Rayleigh waves. The techniques
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to distinguish these three types of waves are rather difficult as discussed by Duke'?
and Shima'®. A simple method to measure only the shear wave velocity has been
devised and widely used for practical purposes.

Elastic half-space method is based on the theory that the elastic constants of soils
can be determined from the measurement of the dynamic response of a footing-soil
system. This method was originally developed by Reissner and later extended by
Sung'®. In this theory, a system consisting of an osillator-footing resting on soil is
considered to be the system of a rigid plate placed on a semi-infinite, homogeneous,
isotropic and elastic medium. Dynamic elastic constants can be estimated by measur-
ing the resonant frequency of the system with known dimensions.

In the vibration table method, the simulated in-situ condition is produced in the
box placed on the vibration table which is subjected to the forced vibration. The
elastic constants and dissipative parameters may be predicted by measuring the re-
sponse of simulated in-situ ground to the vibration of the vibration table. By this
method, the dynamic elastic properties of the simulated in-situ ground may be inves-
tigated, taking the inertia effect into consideration.

Arai, et al.’®, used a vibration table to investigate the characteristics of the sand
layer during vibration. A number of accelerometers are placed in the sand layer made
in the vibration box of 5m long, 1.5 m high and 1.5 m wide and acceleration responses
of each point in the sand layer to the table acceleration, whose amplitude was kept
constant for varied frequencies, were obtained. The modulus of rigidity and damping
constants of sand layers under various conditions were predicted by assuming the sand
layer to be subjected to shear vibration.

3. Restoration of one dimensional conditions

One dimensional condition is, in most cases, acceptable in laboratory testing since

a plane wave propagation is assumed in the transmission of body waves due to the
release of energy from an earthquake or blasting. Many previous workers have studied
one dimensional wave propagation phenomena to get some insight into three dimensional
phenomena. In the experiment under the one dimensional condition, conditions, in
the other two dimensions must also be controlled. Strain and pressure in the second
and third dimensions are usually controlled, either by maintaining zero strain or con-
stant pressure. The constant lateral pressure can be obtained by encasing the soil in
a rubber membrane or tube and applying external pressure or internal vacuum. This
type of approach was adopted by Selig'”, and others.
- The condition of zero lateral strain may be considered to simulate the actual con-
dition more reasonably as long as one dimensional wave propagation is assumed. Ac.
ceptable one dimensional column action may impose the following requirements on the
design of the tube confining the soil specimen;

1) high radial stiffness to prevent radial motion of the soil, and

2) low axial stiffness to allow the confined materials to follow the movement of

adjacent soil and not to retard the axial motion.

It is quite difficult, however, to find the techniques satisfying the above-mentioned
requirements rigorously as recognized by previous workers. As practical alternatives
to overcome this difficulty, some ideas have been presented to obtain the one-dimensional
condition with no or little lateral strain.

Heierli'® chose the one dimensional case in an attempt to investigate the funda-
mental phenomena of inelastic wave propagation. No assumption was made regarding
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the stress strain properties of the material or the behaviors of the end boundaries of
the soil column. In order to assure the use of the relevant properties for the calcu-
lations of wave propagation, the stress-strain relation must be measured under appro-
ximately the same condition as will occur in the actual wave propagation. To do this,
Heierli performed the dynamic oedometer test on a soil sample. This kind of test will
cause another problem of side friction, which prevents the vertical motion of the soil
sample and cause the non-uniform distribution of stresses throughout the sample at
any given time. To overcome this problem, Heierli used a sample height that was
only a small fraction (say, 1/10) of the wave length of the induced pressure.

Stoll and Ebeido'® investigated the wave propagation phenomena through the gra-
nular specimen by means of a shock tube technique. A cylindrical sand column of
12 inch or 24 inch long and 2-5/8 inch in diameter were confined laterally by a con-
tainer constructed of latex rubber reinforced by a spiral of steel wire. A dynamic
stress input was applied by an air impulse from a pneumatic shock tube, and stress
gages were imbedded at various positions in the specimen to measure wave velocities
and dynamic pressures. They reported that the stress-strain curve was S-shaped,
which was the most probable form of stress-strain curve for a constrained granular
media, as suggested by Whitman, et al.””, based on the result of rapid loading tests.

Stoll and Hess?® have performed the analytical investigation on transient wave
phenomena in a circular bar which is subjected to a frictionless elastic restraint on
the radial boundary. The theoretical results on a transient state of a bar due to a
shock-induced pressure were used to interpret the results from a certain type of ex-
perimental configuration, in particular, to assess the effects of radial motion in the ex-
periment. They reported that the radial inertia, warping, and other three dimensional
motion result in an oscillation with short  period superimposed to the basic wave
obtained from the rigorous one dimensional case. Further, they reported that these
effects depend on' the stiffness of the elastic shell relative to the confined materials,
and that a stiffer casing would give results more closely resembling the one dimensional
case. :

Seaman?” investigated the wave propagation phenomena in typical near surface
soils. Several dynamic tests on small samples of these soils were conducted in a la-
boratory compression tester. These results were used to develop the theoretical model
to predict the wave propagation results. For the wave propagation tests, Seaman’s
approach was to apply a pulse loading to a one dimensional column of soil. To obtain
the one dimensional condition, the soil tube was constructed of alternative rings of
aluminum and neoprene rubber. The aluminum rings provided a high radial stiffness
to prevent radial motion of the soil and rubber spacers reduced the axial stiffness of
the tube, which was made up in segments, each about 0.7 meters long.

As described above, some special shells were used to offer a stiff radial restraint
with a minimum of tangential traction, resulting in motions that are predominant in
the axial direction. This type of restraint was obtained by constructing the shell of
discrete rings or in the form of a helix with the rings or loops separated by a small
spacing.

It is rather difficult, however, to confirm whether or not the perfect, if possible,
or approximately perfect one dimensional motion can be produced by a technique to
restrain the radial motion of the specimen. A rigid casing can be used for a short
specimen, since a side friction effect may be considered negligible. In this case, as
assumed in the method of determining the dynamic properties by the direct measure-
ment of stress-strain relation, the assumption of the uniform distribution of stresses
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through the specimen may be valid, because no wave propagation takes place. In case
of a resonant column method, the wave propagation effect in a steady-state vibration
may be used for determination of dynamic properties, in which a longer specimen is
desirable to make the wave propagation effect eminent. Since the use of a rigid casing
causes a more serious side friction effect, an alternative method must be used to re-
strain the radial motion while reducing the side friction effect.

In Seaman’s method, these two requirements seem to be satisfied. As for the radial
stiffness of the casing to simulate a zero radial strain condition, the radial strain was
only 100 micro strain with an axial pressure of 102 psi, whlist the axial stiffness of
the casing was about 816 psi and was so small that the casing absorved less than 1
persent of the total applied force.

4. Mechanical representation of dynamic behaviours of soils subjected to a vibra-
tory loading

Soils are neither ideally elastic nor ideally plastic, and have a very complicated
nature, which can not be explained rigorously by already established mechanical models
such as the Hookian, Maxwell and Kelvin models. Ideally, a general constitutive re-
lationship, to describe both the static and dynamic response of sovils, should be based
on a rational physical system. When this approach is attempted, however, formidable
difficulties will take place. As a practical alternative, it is necessary to rely on a soil
model partly based on the physical nature of soil structure and partly based on the
observed phenomenological response.

From the phenomenological point of view, it is well known that the soils show
visco-elastic behaviours, which may be represented by some combinations of spring
and dash pot. Among them three types of models are often used, which are the Max-
well, Kelvin and Maxwell-Kelvin models. The simplest model is the Maxwell model
composed of spring and dash pot in series. The Kelvin model consists of spring and
dash pot in parallel, while the Maxwell-Kelvin model consists of a spring and Kelvin
model in series. The behaviours of these visco-elastic solids and the characteristics
of wave propagation through these solids are discussed in detail by Kolsky®.

To analyse the dynamic phenomena of laterally restrained soil specimen subjected
to a vibratory loading, the simple Kelvin model has been chosen as the first approxi-
mation as adopted by Yong, et al.??, This approach was also adopted by those who
investigated the ratios of input and output displacements of unconfined soil specimens.
In the present study, on the other hand, ratios of input and output stresses are inves-
tigated on laterally constrained soil specimens. :

To establish the basic relations for analysing the vibratory response of the soil
specimen, let it be assumed that each plane cross-section of the rod consisting of a
laterally restrained soil specimen remains plane during the motion, and that the stress
over it is uniform. The rod is assumed to be composed of visco-elastic solids repre-
sented by the Kelvin model, whose stress-strain relation is indicated in the form:

o=E.e+7¢ @D)

where E.: constrained modulus
7 : coefficient of solid viscosity
e: strain
The basic equation of motion of the rod for one dimensional vibration will be given
in the form:
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%u _ . 0% Fu
0o = B+ To; (2)

The initial and boundary conditions for free vibrations are given in the form:

u(x, 0)=0
u(0, t)=0 (3)
ou

W=0 at x=H

The boundary conditions for steady state forced vibrations can be given by

u(0, t)=0
o(H, t)=Ce'** 4)

where C is an amplitude of input stress and kept constant during vibration, and p is
a circular frequency of forced vibration.

Equation (2) can be solved under the associated initial and boundary conditions
by means of either Laplace transform technique or variable separation method. The
complete solution is shown in the Appendix. The term of free vibration disappears
very rapidly and only the term of steady state forced vibration is left.

The main interest at present is the magnitude of the output stress at the bottom
of the specimen caused by the input stress induced at the top of the specimen, especially
the ratio between input and output stresses, ¢: and co. These are given as follows:

a0, Y cos Zf:I{IiC;osh 2f2H. cos (pt+¢s) (5
golar= V2 — (6)
~/ cos 2f1H+ cosh 2f,H
¢s=tan " (tan f H tanh f,H) . 7))
AH| __#2-(2r=1) [T 1
fz;} (a(Z)ns)! 3 (= atama) 8

where ¢s: phase difference between input and output stresses
pln: frequency ratio; p is frequency of forced vibration and » is natural fre-
quency
hr,: damping ratio defined by ]1'=4F:r/775?E;.(2r_1)(r=1’ 2, 3eeeees ) 9
In the above derivation, the resonant frequency, f;, is given in the form:

£=E R v, i (10)

where V; is longitudinal wave velocity and defined by

Vi=y/- E an

The acceleration at the top of the specimen and the phase difference between input
stress and resulting acceleration are given respectively,
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HeeH= —ZCN/(ﬁH)2+ (sz)z'\/Sil’lz 2ﬁH+ sinh? 2f2H-ei(ﬂt+¢a) (12)
- oH(cos 2fiH+ cosh 2f.H)
_1f1Hsmh 2f2H cos 2f1H—foH sin 21 H cosh 2f,H (13)
o= " A Hsin 2f,H cosh 2/, H+f,Hsinh 2/;H cos 2/, H

Expressing Eq. (12) in a non-dimensional form,

Qﬂ= — 2'\/(le)2+(f2H)2 . «/sinz Z_ﬁH'f' Sil‘ll’l2 Zsz.e,‘(pH.%) (14)
C cos 2fyH+ cosh 2/;H

The computed theoretical curves for stress response, phase differences, and non-
dimensional acceleration (amplitude) are shown in terms of frequency ratio for various
values of damping ratio in Figs. 1 and 2.
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Fig. 1 Theoretical Frequency Response and Phase Differences
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Fig. 2 Non-Dimensional Acceleration and Phase Differences
5. Experiment

5.1 Apparatus

The arrangement of the apparatus used in the present experiment is schematically
shown in Fig. 3. The vibrator, weighing 301b (13.26 kg), is suspended by two sets of
wire and balancing weight. The specimen is restrained with 1/4 in. (0.635 cm) thick
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Fig. 3 Schematic Diagram of Arrangement of Experimental Apparatus

aluminum rings. Aluminum top platen is connected to the vibrator with 3 in. (7.62
cm) long steel rod, and aluminum lower platen is fixed on the steel base plate.
(1) Loading apparatus

The static load, which is kept constant during vibration, is applied by adjusting
the difference in weight between the vibrator and balancing weight. A vibratory load
is given by an electro-magnetic vibration generator having a 25 1b (11.34kg) force
capacity. A frequency generator supplies AC current amplified by a power amplifier
to the driving coil attached to the armature of a vibration generator.

(2) Measuring equipments

Input and output stresses are measured with the aid of the Suffield piezo-electric
transducers mounted on the top and bottom platens. The piezo-electric transducer
responds very quickly to the instantaneous loading and picks up dynamic stresses.

This transducer is calibrated with a Kistler piezo-electric transducer of known
calibration. These two transducers are mounted on the bottom of a water tank covered
with a thin rubber membrane, to which the sinusoidally vibrating load is applied by
the above mentioned electro-magnetic vibration generator. Both transducers mounted
on the top and bottom platens are connected to the charge amplifier with low noise
cables.

The acceleration at the top of the specimen is measured by an accelerometer
attached to the top platen. Calibration of the transducer is also performed by exciting
it with a known vibration by the electro-magnetic vibration generator. The accelero-
meter is also connected to the charge amplifier with a low noise cable.

Kistler transisterised charge amplifiers are used with long input cables for measure-
ment up to:100,000 cps. Six-feet low noise cables from the installed transducer are
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used to avoid any noise and the obtained amplified signals are passed on to the osci-
loscope through coaxial cables.
5.2 Sample preparation .

The sample used for the experiment was a compacted silty clay called Grundite,
which is commercially available in an air dry state and has a liquid limit of 65% and
a plastic limit of 33%. The grain size distribution is shown in Fig. 4.
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Fig. 4 Grain Size Accumulation Curve

A certain amount of Grundite was mixed with a required amount of water and
cured for 24 hours in a vinyl pack. The soil specimen, enclosed with discrete alumi-
num rings of 1/4 in. high and separated by a pair of split rings of 1/8 in. high, was
made by compaction in a specially constructed compaction mold. The specimen was
then removed from the mold, weighed together with attachments, and left for 20 hours
before testing.

Diameter of cylindrical specimen was D=1.5 in. (3.81cm), and its height was
changed so as to obtain the height-diameter ratio of H/D=2, 4 and 8. Water content
of the specimen was found to be in the range of 18% to 40%.

5.3 Experimental technique

The specimen was placed between the upper and lower platens together with
necessary attachments. The lower platen was rigidly clamped to the base plate. The
upper platen was fixed to the electromagnetic vibration generator, the weight of which
being in equilibrium with the balancing weight. Then the upper platen was lowered
to the top of the specimen. All pairs of the split rings enclosing the specimen were
removed prior to loading so that the cylindrical specimen was to be confined with dis-
crete rings separated by a small spacing as shown in Fig. 5. This technique for con-
-fining specimen is similar to that adopted by Seaman?”, which is described in 3. A
specified static load was applied by removing a part of the balancing weights.

Application of the static load resulted in the occurrence of transient creep of the
specimen. When major part of the creep had been completed, a sinusoidally vibrating
stress was induced to the top of the specimen by oscillating the upper platen with the
rod fixed to the electro-magnetic vibration generator.

In order to avoid the transient dynamic effect, the measurement of stress and
acceleration was started after confirming a steady state of oscillation to have occurred
for a sufficiently long period. The measurement was performed of the following items:
the double amplitude of induced vibratory stress ¢:(=0p), which was monitored at the
top of the specimen; the double amplitude of resulting vibratory stress, go, which was
monitored at the bottom of the specimen; the double amplitude of acceleration, «,
which was resulted at the top of the specimen for maintanining the specified level of
input stress; phase difference between induced and resulted stresses (or input and
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Fig. 5 Specimen Confined with Aluminum Rings

output stresses), ¢s; phase difference between induced stress and resulted acceleration,
wa.

The oscillatory stresses were measured by means of Suffield stress transducers,
while the acceleration was measured by a quartz type of accelerometer. These signals
were amplified by charge amplifiers and viewed on a dual channel oscilloscope.

"~ In the course of the vibration, an amplitude of the induced vibratory stress was
kept constant, and a frequency was varied. As for the stress level, the following
combinations of static stress level, gs, and dynamic stress level, ¢o(=¢1), were chosen.

Static stress level, ¢s Dynamic stress level, gp
0.175 kg/cm? 0.031 kg/cm?
0.36 kg/cm? 0.031 kg/cm?
0.72 kg/cm? 0.012, 0.021 and 0.031 kg/cm?

6. Test results

6.1 Frequency response curves

According to a combination of stress levels, water content and height-diameter
ratio of specimen, 76 different cases were examined. In each of them, the stress re-
sponses were computed for varying frequencies. Based on these results, the freqency
response curves were obtained by assuming a visco-elastic model which has two

— 18 —



Vibratory Response of Laterally Constrained Soils Subjected to A Longitudinal Vibration

visco-elastic parameters. The most reasonable theoretical curve for the experimental
data were determined through a curve fitting procedure using a computor program.

In order to see an influence of the testing condition on the relation between stress
response and frequency, typical frequency response curves are shown in Figs. 6 through 12.

Fig. 6 shows the variation of frequency response curves with height-diameter ratio
HID for the case where the static and dynamic stress levels are os=0.175 kg/cm? and
0p=0.031 kg/cm? respectively, and water content is about 25%. As seen in the figure,
as the height-diameter ratio decreases, frequency response curves become flatter and
the resonant frequency increases.

OH/D =2 (W/C*259%)
XH/D =4 (W/Co25.2%)
AH/D =8 (W/C»254 %)

h=0.076

Oo/ O,

1 1
0 100 200 300 400 500 600 700 800 9200 IO'OO

FREQUENCY (CPS)
Fig. 6 Frequency Response (Influence of Height-Diameter Ratio)
ags5=0.175kg/cm?, ¢p=0.031 kg/cm?
Fig. 7 shows also an influence of the H/D value on the frequency response curve
7~

© H/D=2 (W/C=35.3%)
X H/D=4 (W/C=35.8%}
S H/D=8 (W/C:=34.4%)
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Fig. 7 Frequency Response (Influence of Height-Diameter Ratio)
0s=0. 36 kg/cm2, ¢p=0.031 kg/cm?
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for the case of ¢s=0.175kg/cm? and ¢p=0.031 kg/cm? and water content of about 35%.
Although a manner of variation of the response curves with height-diameter ratio is
similar to those shown in Fig. 6, it may be observed in this softer specimen that an
agreement of the experimental data with the above mentioned theoretical curves is

relatively poor.

Figs. 8 and 9 show the variation of frequency response curves with the static
stress level os for the case of water content of 25.4% and 30.9%, where H/D=4 and

ap=0.031 kg/cm?2.
creases as the static load increases.

Oo/Ov

From these figures, it may be said that the resonant frequency in-
However, the influence of water content on the

o 05:0,175 KG/CM?

X 0s=0.36 KG/CM2

! ! ! { ! { 1 ! { { | | | | ! ]

100 200 300 400 500 600 700 800
FREQUENCY (CPS)

Fig. 8 Frequency Response (Influence of Static Stress)
H|D=4, ¢p=0.031 kg/cm?

o Os =0.175 KG/CM?
x Os =0.36 KG/CM?

& 0Os =0.72 KG/CM?

|
200 .
FREQUENCY (CPS)

Fig. 9 Frequency Response (Influence of Static Stress)
H|D=4,0p=0. 031 kg/cm? :
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peak value of stress ratio are rather complicated. For the case of water content of
25.4%, the higher the static load, the higher the peak value of stress ,ratio, whilst for
the case of water content of 30.9%, vice versa. This fact may suggest that, at some
value of water content, the peak value of stress ratio remains essentially unchanged
irrespective of a change in static load.

Figs. 10 through 12 show the variation of frequency response curves with water
content for the following three cases;

O W/C=256%
®W/C*279 %

AW/C=304 % o

*W/C=353% h=018

1 | 1 | 1 ! | | 1 { ] 1 1 | | [ | | 1 i
o 100 200 300 400 500 600 700 800 900 1000

FREQUENCY (CPS)

Fig. 10 Frequency Response (Influence of Water Content)
H|D=2, gs=0.36 kg/cm2, gp=0.031 kg/cm?

O W/C=236%
O W/C = 25.2%
XWC =279%
AWC = 309%
DW/C = 37.4%

O /01

o 100 200 300 400 500 600 700 800
FREQUENCY (CPS)

Fig. 11 Frequency Response (Influence of Water Content)
H|D=4, ¢s=0.175kg/cm?, gp=0.031 kg/cm?

— 2] —



Yasufumi UMEHARA

o W/C=254%
- X  W/C=31.4%
A W/C:=344 %

%/ O

: |
(¢} . 100 200 300
FREQUENCY (CPS)

"i?‘ig. 12 Frequency Response (Influence of Water Content)
H/D='8, 0s=0.72 kg/cm?, gp=0.031 kg/cm?

H|D as op
1D 2 0.36 kg/cm? . - 0.031 kg/cm?,
2) 4 0175 ~» 0.031 ~
3) 8 0.72 ” 0031 ~»

It can be said from these figures that both the resonant frequency and the peak value
of stress ratio decrease as water content increases. It should be noted, however, that,
in the case of H/D=4, the frequency response curves simply shift to the left without
any appreciable change in peak value of stress ratio as water content increases.

The frequency corresponding to the peak value on the frequency response curve
is the resonant frequency, which coupled with the shape of the frequency response
curve, leads to the determination of mechanical parameters for the assumed model.
All results computed are tabulated in Tables 1 and 2. Some factors governing these
mechanical parameters are examined mainly in relation to the variation of mechanical
parameters with water content in the following sections.

It should be noted that the change in water content leads to the change in density,
which affects the wave velocity. Thus it must be examined whether or not a signifi-
cant difference in density appears among specimens with the same water content, but
different height. Fig. 13 shows the relation between dry density and water content for
all the specimen used for the present experiment. The solid curve shows the result
of standard compaction test made with use of the shortest mold. It may be seen that
the dry density is determined solely by the water content irrespective of height-
diameter ratio. Explanation to this fact may be that, in the .course of compaction in
the sample preparation, the density of each has attained the limit value for a given
water content so that an additional compaction effort causes no further increase in
density.

6.2 Resonant frequency
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Fig. 13 Dry Density vs Water Content Relation for Tested Specimens

A resonant frequency of the specimen subjected to a vibratory loading is deter-
mined as the frequency which corresponds to the peak value of ratio between input
Figs. 14 and 15 show the influence of various factors on the re-

and output stresses.

lation between resonant frequency and water content.
From these figures it is clearly shown that the water content is an important factor
governing the resonant frequency. Although some scatters are observed in the plot,
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it may be generally said that the resonant frequency decreases as the water contnent
increases.

Stress conditions, in the range used in the present tests, seem to have some influ-
ence on the resonant frequency of the specimen. The specimen subjected to the higher
static load shows the higher resonant frequency as shown in Fig. 14. As for the dy-
namic stress level, the higher input stress amplitude seems to give the lower resonant
frequency.

6.3 Damping ratio

Determination of the damping ratio defined by Eq. (9) was performed by a best
curve fitting procedure as stated previously. The possible variation of damping ratio
for various testing conditions will be examined below.

In Fig. 16 is shown an influence of the height-diameter ratio on the variation of
damping ratio with water content for different levels of static load. Figs. 17 and 18
show an influence of stress condition on the variation of damping ratio with water
content. From these figures, the influence of various factors on values of the damping
ratio may be summarised as follows: 3
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(1) Water content...... Generally speaking, the damping ratio seems to increase as
water content increases. This trend, however, is not so remarkable except the case
of H/D=8, because of scatters in the data due to other factors such as, presumably,
non-uniformity of materials, incomplete constrained conditions at the bottom of the
specimen, and so on.
(2) Height-diameter ratio...... It may be generally said from Fig. 16, that the damping
ratio increases as the height-diameter ratio decreases, though an opposite tendency is
observed at the some water content range because of scatter in the data. If a soil
column is composed of the visco-elastic material as represented by the Kelvin model,
the damping ratio should be inversely proportional to the height of the specimen,
irrespective of other conditions. .Quantitative evaluation of influence of height-diameter
ratio on viscous parameter is referred to later. :
(3) Static stress level...... It seems that the damping ratio is not much affected by
the static stress level within the range in the present experiment, although consider-
able scatters are observed in case of H/D=2. :
(4) Dynamic stress level...... As shown in Fig. 18, the dynamic stress level seems to
have an appreciable influence on the damping ratio. It may be generally said that the
higher the dynamic stress level, the higher the damping ratio.
6.4 Longitudinal wave velocity

Longitudinal wave velocities can be obtained by the following theoretical expression

V=4Hf,|~/1—h? 1s)

where H is height of the specimen, f; is resonant frequency and A is damping ratio
for the fundamental mode.
In Fig. 19, values of longitudinal stress wave velocity obtained from the tests on
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the specimens having different height are plotted against water content for the case
of a static stress level of 0.175kg/cm? Although a slight scatter is observed in data,
it may be said that the wave velocity can be uniquely determined from the resonant
column tests on specimens with different height-diameter ratio.

The solid line in Fig. 19 is obtained by the least square method assuming a para-
bolic curve. Similar curves are for different static stress levels and they are shown
in Fig. 20 in order to get a clear picture regarding the influence of static stress level
on the variation of longitudinal wave velocities with water content. It will be seen in
the figure that the velocity of longitudinal stress wave increases as the static stress
level increases. This trend in the wave propagation phenomena is most likely seen
in a locking medium, in which the stress-strain curve shows a strain hardnening
characteristics.
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Fig. 20 Relation of V, and W/C

The influence of input stress amplitude on the variation of longitudinal wave velo-
cities with water content is indicated in Fig. 20 by plotting the data for three different
input stresses under a static stress level of 0.72kg/cm? It appears that the variation
of the longitudinal stress wave velocity with water content is not much affected by
the input stress amplitudes.

The next factor to be considered is the confining pressure. The theoretical study
on the behavior of elastic spheres in contact shows that a longitudinal wave velocity
varies with the 1/6 power of the normal stress?. Since the soils are greatly apart from
the ideal solid, it is necessary to find the wave velocities in real soils by experiments.
According to the studies on wave velocities in real soils, it is well known that a con-
fining pressure as well as void ratios is a governing factor to the magnitude of wave
velocities in granular soils. These results have been found by means of triaxial ap-
paratuses. . .

Hardin and Richart® investigated the influence of confining pressure on both the
longitudinal wave velocity and the shear wave velocity in granular soils under various
conditions of density, grain size, gradation and water content. They found that the
velocities of both shear and compressive waves for the sands tested varied with appro-
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ximately the 1/4 power of confining pressure for high pressures, while for low pres-
sures, the variation was with a power of pressure slightly higher than 1/4. They
summarized the experimental results performed by various workers and showed that
the velocity of both shear and compressive waves may be a function of confining
pressure in the form

V=CoC2 16)

where C; varies in the range of 1/2 to 1/6.

The above mentioned findings are applicable only to granular soils, which are
comparatively closer to ideal solids satisfying the conditions considered in the Hertz’s
contact theory. For cohesive soils, however, much more deviation from ideal solids
may be expected. In the author’s knowledge, the influence of confining pressure on
wave velocities in cohesive soils has not been investigated in detail either experiment-
ally or theoretically, although Hardin and Black?® got the conclusion that, for normally
consolidated clays of low surface activity, the shearing wave velocity may be predicted
similarly by the equation in the form of Eq. (16), as long as the shearing strain am-
plitude is less than 1074

Although confining pressures can not be controlled in the present experiment,
static stresses initially applied to the specimen work as confining pressures through
the lateral confinement due to discrete rings with a small spacing. A value of the
confining pressure will be estimated, provided a relevant value of the Poisson’s ratio
could be assumed. '
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In Fig. 21, the relation between longitudinal wave velocities and static stress gs or
estimated confining pressures oc for different values of water content is illustrated for
the case of H/D=4 and ¢p=0.031 kg/cm2. The confining pressure is estimated by as-
suming a value of Poisson’s ratio of 1/3.

Solid lines connecting open circles in Fig. 21 show the relation between longitudinal
wave velocity and ¢s, whlist dased lines connecting solid circles show the relation
between longitudinal wave velocity and ¢c. Approximately linear relations between
wave velocity and gs or oc on the log-log plot give a C; value in Eq. (16) equal to 1/6
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for a higher water content range, and this value becomes smaller as water content
decreases. Therefore, an influence of static stress on the longitudinal wave velocity
depends on the water content, hence the compaction degree of the specimen.
6.5 Visco-elastic parameters
(1) Elastic modulus

The longitudinal wave velocity determined from the specimen height and resonant
frequency may be directly associated with the material property such as dynamic
elastic modulus in the form of

Ve=~"MJp , an

where M is the related modulus of elasticity and p is the density.

In the present experiment, the specimen may be considered to be in a constrained
state, thus it is the constained modulus that can be obtained directly from the wave
velocity. If the Poisson’s ratio is assumed, the Young’s modulus can be calculated
from the expression

p={t0U=2) p (18)

where E. is the constrained modulus of elasticity and v is the Poisson’s ratio.

The variation of elastic modulus E. with water content of the specimens having
different height-diameter ratios is illustrated in Fig. 22, for the case of ¢5=0.175 kg/cm?2.
It is shown that the elastic modulus may be determined independently of height-dia-
meter ratio of the specimen and that it increases as a water content decreases.

In Fig. 22, four solid lines are shown. The uppermost line passing through the
plots is determined by the least square method, which shows the variation of
constrained modulus of elasticity with water content for a specified stress condition.
The variations of Young’s modulus computed from the constrained modulus are also
shown by the lower three solid lines, which correspond to the Poisson’s ratios of 0.3,
0.35 and 0.4 respectively. Since the Poisson’s ratio may be expected to vary with water
content, the actual variation of Young’s modulus with water content may be represented
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by a line crossing these lines.

In an examination of the relation between elastic modulus and water content, some
investigators suggested the importance of the optimum water content or Atterberg’s
limits (LL and PL).

Wada® found that the Young’s modulus increased as water content increased up
to some value, beyond which the Young’s modulus decreased with the increase in
water content. And he concluded that it might be the optimum water content at which
the variation of elastic modulus with water content changed.

Krizek and Franklin® studied the mechanical behavior of a remolded Georgia
Kaolin under sinusoidally varying torsional deformations with strain amplitudes up to
about 1.5%. They obtained the dynamic complex modulus directly from the stress-
time record and examined an influence of water content over a range from 40% to
100%, the liquid limit being 53%. They reported that the complex shear modulus
decreased as water content increased, and that the greatest change in the rate of de-
crease appeared in the vicinity of the liquid limit of the material.

It has been shown that when samples are compacted by kneading action on the
wet side of optimum they tend to have a dispersed structure with relatively few strong
interparticle contacts, while on the dry side of optimum, samples have flocculated
structures with strong interparticle bonds.?” Therefore, the optimum water content
may have a significant bearing on the elastic modulus vs water content curves, since
the structure of soils changes remarkably in the either side of the optimum water
content?®.

In the present experiment, however, there seems to be no definite evidence that
the optimum water content has a special importance in the elastic modulus and water
content relation, though only a limitted number of tests have been made in the dry
side of the optimum water content.

As for the Atterberg limits of the material used in the present experiment, the
plots in Fig. 22 seem to show that the relation between elastic modulus and water
content changes somewhere in the vicinity of the plastic limit. It may be interpreted
that the constrained elastic modulus rapidly decreases with increase in water content
up to the plastic limit, beyond which the rate of decrease in the constrained modulus
gradually decreases. Then the variation of constrained modulus with water content
may be approximated more reasonably by the dashed line in Fig. 22. The dashed line
for the water content below the plastic limit is fitted, for the time being, by the least
square method. On the other hand, the dashed line segment for the water content ex-
ceeding the plastic limit is drawn by visual judgement.

It should be noted, however, the above mentioned interpretation is acceptable only
from practical point of view, since unlike the optimum water content, the Attergerg
limits, which are artificially specified, have no physical meaning to cause any change
in material properties.

Fig. 23 shows an influence of static stress level on the variation of constrained
elastic modulus with water content. Each of two straight lines with a breaking point
at the plastic limit was obtained for each level of static stress similarly as described
in relation to a dashed line in Fig. 22. Although considerable scatter in the plots, it
may be generally said that the constrained modulus for a particular value of water
content becomes larger as the static stress level increases. This may be associated
with the characteristics of the locking medium as stated previously.

In Fig. 24, the constrained elastic moduli obtained in the vibration under different
input stress levels are plotted against the water content for the case of static stress
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level of 0.72 kg/cm?. It will be seen in the figure that the dynamic stress level does
not seem to have an appreciable influence on the relation between the constrained
elastic modulus and water content. However, a slight tendency may be observed in
the range of water content equal to or exceeding the plastic limit, that the higher the
dynamic stress level, the lower the modulus. This tendency is more clearly shown in
relation to the strain dependency of constrained moduli as referred to later in Fig. 29.
This is, however, inconsistent with the typical trend observed in a locking medium.
For this point, there seems to be two possible ways in interpreting the experimental
data.

One is to regard the stress-strain relation during dynamic loading as actually linear
in this limited range of stress levels, and to attridute the minor variation of moduli
with an increasing dynamic stress level to the scatter in data.

The other is to attribute such phenomena to non-linear stress strain relation such
as S-shaped stress strain curve, with yielding for small stress changes and locking as
the stress change is increased further, as shown in Fig. 25. Initial hump is controlled

STRESS

DYNAMIC LOAD INGING CURVE
il START ING FROM PART IGULAR
INITI AL STRESS

,
#/=T————— STATIC LOAD ING CURVE

STRAIN
Fig. 25 Schematic Illustration of S-shoped Stress Strain Curve
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by the initial static strain and hence by the static stress. The formulation of a hypo-
thesis for S-shaped stress strain relation has been well described by Whitman and
Miller”. They used this hypothesis to explain the difference between the modulus
calculated from the elastic wave velocity and the modulus measured in a compression
test.

S-shaped stress strain curves are commonly observed during consolidation testing
of clays, where the large stiffness during the early stages of loading is attributed to
precompression or to the growth of bonds between particles. Such curves have also
been observed during reloading of sand specimens.

Seaman?” also investigated the wave propagation problem using this concept and
established the constitutive relation for static and dynamic loadings in the form

o0=Ae"+B[e®]" + [¢e® —1]e—ble/ew>~1) 19

where A, B, b are positive constants, ¢ is total strain and ¢ is static strain.

If the hypothesis of S-shaped stress strain relation is applicable to the compacted
silty clay sample, the above-mentioned influence of both static and dynamic stress con-
ditions on the elastic modulus could be well explained. To confirm this, it may be
necessary to perform the vibratory test under the higher range of dynamic stresses.
(2) Coefficient of viscosity

As for the second parameter of the assumed mechanical model, the coefficient of
solid viscosity » may be computed by the expression

y=A4/n-~pE.-hH 20)

Figs. 26 and 27 show the variation of coefficient of solid viscosity with water con-
tent, in which the computed values of coefficient of solid viscosity are arranged to
indicate the influence of testing conditions. From these illustrations, the influences of
each factor on coefficient of solid viscosity are summarized as follows:
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(a) Height-diameter ratio...... The higher the height-diameter ratio, the higher the
coefficient of solid viscosity.

(b) Water content......Generally speaking, the coefficient of solid viscosity decreases
as water content increases. In the case of height-diameter ratio of 4, however, a dif-
ferent tendency may be observed at the dry side of the optimum water content, that
the peak value of coefficient of solid viscosity seems to appear in the vicinity of the
optimum water content.

(3) Estimation of strain

The above mentioned visco-elastic parameters were determined on the basis of the
linear visco-elastic model. Since the soil is actually non-linear and non-elastic, the
obtained visco-elastic parameters show the stress dependent characteristics even in a
very small stress range. Generally, the non-linearity of the materials may be better
investigated as strain dependent characteristics rather than as stress dependent char-
acteristics.

In the present test, the input stress whose amplitude is fixed at a specified level
causes a different strain because of the difference in compressibility owing to the
change in water content. To investigate the strain dependent characteristics of the
visco-elastic parameters, the strain amplitude |er| at the top of the specimen caused
by a specified input stress has been estimated by the following expression

ou ar ; V
eT:(_a‘;)’:H:Wempnﬂ) @n

where ogr=a specified input stress, E.=constrained modulus, y=coefficient of solid vis-
cosity and p=circular frequency.

Fig. 28 shows the variation of estimated strain amplitudes at resonance with water
content for various input stress levels. The order of estimated strain amplitudes at
the top is 107® to 107 in the range of the input stress used for the present tests. It
may be seen that the higher strain is required to maintain the specified input stress
at the top of the specimen for higher water content, and that the logarithm of strain
is proportional to the water content. '
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In Fig. 29, constrained moduli are plotted against these estimated strain ampli-
tudes, taking the water content as a parameter. Although the soil is considered to be
actually non-elastic and non-linear even in a small strain, it is convenient for practical
purposes to define the critical strain within which the soil can be treated as perfectly
linear-elastic. It is generally suggested that the critical strain can be considered to
be about 1075 to 1074. From Fig. 29, it may be observed that for lower water content
(say less than 30%), a strain required to maintain the specified level of input stress
is considered to be within the critical strain, while for higher water content (say more
than 30%), constrained moduli tend to show a strain softening characteristics.

7. Discussion

The method of determining the dynamic elastic constants from the resonant fre-
quency of a specimen subjected to a forced vibration was devised in the past. This
method has been recognized as a useful tool for a common laboratory procedure,
coupled with the recent improvements in testing apparatus and theories for analysis.
The originally used resonant column technique has been modified or extended not only
for practical use, but also for research. Regarding the technique for predicting dy-
namic properties from the experimental data obtained in a similar procedure, there
are three types of methods available.

The first is the method as adopted by lida and Ishimoto® and others, in which the
theoretical relation between height and resonant frequency makes it possible to esti-
mate the wave velocity or solid viscosity coefficient from the experimental data. In
this method, all that is required are relative values of amplitudes at frequencies ar-
round resonance. If one wishes to evaluate the effect of frequency on the dynamic
properties of soils, however, this method becomes inadequate, as suggested by Kondner?
and others. Besides this, it is necessary to perform the vibration tests on several
specimens of different length in order to determine the dynamic properties of one
sample. There is another problem that it is not so easy to fit the theoretical curve
to the experimental curve, because of probable scatters in the data, coupled with the
fact that it is quite difficult to make several specimens with the same conditions, es-
pecially for cohesive soils.

The second is the method in which the elastic parameter and viscous parameter
are predicted by fitting the theoretical curve for an assumed physical model to the
experimental frequency responses. In principle, only one specimen is required to
determine the physical constants for a specified sample.

Yong, et al.?” discussed the validity of the mathematical predictions based on the
Kelvin model. Although recognizing that the correspondence between the actually
measured values and those predicted from theory using the analytical model was ap-
preciated, they stressed that it would be dangerous to draw hasty conclusions in pre-
dicting wave propagation phenomena based on poorly posed problems and incomplete
postulation of boundary conditions, because the pressure wave input is not regular and
resonance was not generally encountered in the material in practice.

The third method is the amplitude ratio method, which was originally presented
by Lee?. In this method, a criterion of amplitude ratio, R, which is the ratio between
the displacement at the top and the bottom of the specimen, is used rather than the
maximum amplitude as in the case of the resonant column method.

Amplitude ratio is defined in the form
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I tan? (¢k) 2
R= [smh2 (7] +tanhz (€k) +tan? 0} : >

where
é=dimensionless frequency factor=pl/V
k=coefficient of damping=tan /2
[=length of specimen
V=wave velocity (shear or longitudinal)

By measuring amplitude ratio, R, and phase difference, 8, é¢ can be computed,
hence wave velocity and coefficient of damping, tan 6/2 can be computed for a known
length and given frequency. Although frequency dependency can be easily evaluated
in this method, it seems quite difficult to measure the phase difference very accurately.

Elastic parameters and viscous parameters can be obtained by means of either of
these three methods. It may be necessary to judge whether the variation of these
parameters with variables is based on the change in structures or physical nature of
materials, or based on the change in testing conditions. Further, it is necessary to
examine the validity of the physical model.

In the analysis of present experimental results, damping ratio, 2 and wave velo-
city, V, were predicted from the frequency responses by the best curve fitting proce-
dures and the variation of these values with variables such as height-diameter ratio,
water content, dynamic and static stress levels was investigated. Although only the
influence of height, among the variables mentioned above, was considered in the ana-
lytical treatment as a visco-elastic column, experimental results show that the influence
of height-diameter ratio still appeares in the viscous parameters, as if the material
properties of specimen had been changed with its length. This means that the physical
model as represented by the Kelvin model is inaccurate in rigorously simulating the
vibratory behavior of the soil specimen.

As a consequence of keeping the input stress amplitude constant for varying fre-
quency, an acceleration takes place, depending upon the frequency. The acceleration
at the top of the specimen can be computed in terms of the obtained damping ratio.
Fig. 30 shows the comparison between computed and measured accelerations (in double
amplitude). In the figure, only the variation due to the different height is visualized
for different stress conditions. There seems to be a general trend that the computed
acceleration corresponding to a damping ratio is higher than the measured acceleration.
The discrepancy of measured values from the computed values is greater, especially
for the shortest specimen with H/D=2. This may be partly due to approximate re-
presentation as a Kelvin model. In addition, it may be mainly because of experimental
difficulty in controlling the small stress amplitude and partly because of the lateral
inertia effect.

In the present studies, experimental data have been presented and discussed to
give some information on the dynamic behaviors of soils under one-dimensionlly con-
strained conditions. To clarify the dynamic behaviour of soils, further theoretical and
experimental studies are needed in various aspects, since the soils are far different
from the ideal solids. For example, Kondner® and Christensen and Wu?*® have con-
ducted the theoretical analyses on the vibratory behaviors of soils using the strain rate
dependent dissipative model.” Their experiments were in the form of dynamic com-
pression tests on soils. These studies have shown that the dissipative character of
certain clay soils is similar to that of the standard linear (3 Element) visco-elastic
model in the frequency range considered.
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Fig. 30 Measured Acceleration vs Calculated Acceleration

As for the experimental technique adopted, some comparative studies may be
needed prior to discussion on the validity of mechanical representation due to a simple
Kelvin model. Experimental studies are required on the basis of a force gage concept
so that the total force travelling through the soil is measured, in which stress equals
the force divided by the cross-sectional area of the column. By using a force gage,
one may eliminate the problem of over or under registration which is common with
stress gages.

In the present studies, the specimen was alternatively restrained with alumium
rings in small spacing. The spacing and weight of aluminum rings may influence
evaluated parameters. Effects of these items on the parameters must be investigated
on the basis of experimental approach rather than on the basis of theoretical approach,
which only makes the problem complicated, because of additional introduction of un-
known parameters.

8. Summary and conclusions

A vibrational characteristics of a compacted clay subjected to a longitudinal vi-
bration has been examined by means of the resonant column technique. The specimen
was laterally confined with the shells of discrete rings separated by a small spacing,
which allowed the vertical motion while preventing the lateral deformation. To avoid
the difficulty in the data interpretation associated with the coupling between the driving
system and the specimen, stress transducers for measuring both input and output
stresses were mounted both on the upper and lower platen in contact with the specimen.
The frequency response of base stress to induced top stress was obtained and analysed
under the assumption that the soil specimen was composed of visco-elastic materials
represented by the Kelvin model. The visco-elastic parameters were obtained by the
best curve fitting procedures, and their variation with testing conditions including water
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content, height-diameter ratio of the specimen, dynamic stress level and static stress
level was investigated. Consequently, the following facts were found:

1. Although the damping ratio is only slightly affected by water content, the
damping ratio increases as water content increases. The preload level gives almost
no influence on the value of damping ratio, whlist the increase in dynamic stress level
gives rise to a slight increase in the damping ratio.

2. The propagation velocity of longitudinal stress wave is obtained independently
of height-diameter ratio of the laterally constrained specimen. Hence, the constrained
modulus of elasticity and Young’s modulus are found to be independent of height-
diameter ratio.

3. Both longitudinal wave velocities and elastic parameters are notably influenced
by water content and they decrease rapidly as water content increases. The variation
of elastic parameters with water content plotted on the semi-log scale seems to be ap-
proximated by two straight lines with a breaking point in the vicinity of the plastic
limit.

4. The higher preload levels give the higher wave velocities, hence higher elastic
parameters. Although these values are not affected so much by the dynamic stress
level, there is a tendency that, in the higher range of water content, the elastic para-
meters and velocities of longitudinal wave decrease as the dynamic stress level increases.
These phenomena, which are inconsistent with the general characteristics in static de-
formation of laterally constrained soil specimens, can be explained only by the S-
shaped stress strain relation, unless the minor variations can be attributed to the
scatter in the data. .

5. The computed value of coefficient of solid viscosity is appreciably affected by
each variable of height-diameter ratio, water content, preload level and dynamic stress
level. Among them, a considerable influence of height-diameter ratio may suggest that
it is actually required to represent the vibratory behavior by means of more compli-
cated mechanical models. However elastic parameters can be determined independently
of height-diameter ratio irrespective of the influence of solid viscosity, because the
apparent resistance due to solid viscosity seems to be rather small compared with the
restoring force in the range of strain used for the present experiment.
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List of symbols

C =stress amplitude
A, B,b=experimental constants
C;, C;=experimental constants

D =diameter

E =Young’s modulus

E. =constrained modulus of elasticity

fr =resonant frequency

H =height of specimen

hy =damping ratio of r-order

h =damping ratio of the fundamental mode
i =(=1)V2

k =tan ¢/2=coefficient of damping

l =length of specimen

M =related modulus of elasticity

n =undamped natural circular frequency
? =circular frequency of forced vibration
R =amplitude ratio

t =time

u =displacement

i =acceleration

\%4 =related wave velocity

V,  =longitudinal wave velocity

x =cartesian co-ordinate

W/C =water content

a =acceleration

B =phase difference

e =axial strain, total strain

e®  =static strain

é =gtrain rate

er =strain at top of specimen

0 =mass density

¢=pl/V=dimensionless frequency factor
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i =coefficient of solid viscosity
o =axial stress
ac =confining pressure

op, os=dynamic and static stresses
o1, oo =input and output stresses

&s =phase difference between input and output stresses
$a =phase difference between input stress and resulting acceleration
v =Poisson’s ratio
0 =phase difference
7} =phase difference
Appendix

If one assumes that the soil column is composed of visco-elastic materials as re-
presented by the Kelvin model having a stress-strain relation in the form

_ . Ou 0%u
o=Eetné=E—5 +1 55 (1)

The basic equation of motion for longitudinal vibration excited one-dimensionally is
given by

u _ . 0 u
Vo= Lz + a7 (2)

, where p: density
E.: constrained modulus of elasticity
7. coefficient of solid viscosity
u: displacement at x (origin of the z-axis is taken at the bottom of the column)
Putting u=Ae®“*~*" for free vibration, in which the initial and boundary conditions
are given by

u(x, 0)=0
u(0, )=0
Ou

—ax—=0 ‘at xz=H

(3

and substituting into Eq. (2), then the particular solution can be obtained in the form

_1f?,
u=Ae 2 cos (w,t—¢) sinfx 4
or=~E]p + f2=0f[20)? (5)

, where f=2r—1)/2H for r=1, 2, 3, ......
A=arbitrary constant
¢=phase difference
w,=damped natural circular frequency
The stress at any place in a column is obtained by Egs. (1) and (4). The stress
in a free vibration decreases very rapidly as time lapses.
Next, consider the steady-state forced vibration under the boundary conditions
following :
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u(0, £)=0

6
o(H, t)=Ce? (6

» where C is amplitude of input stress and kept constant during vibration, and p is a
circular frequency in forced vibration.
Put the particular solution of Eq. (2) in the form

u=CD(x)e"‘ (7)
E. .,
o I

The boundary conditions given in Eq. (6) may be rewritten in the form

Put i=

L/ 2
%0 2% and n

D=0 at x=0
d . . (8)
72—(15+z77p)=1 at x=H }

Substituting Eq. (7) into Eq. (2) and solving under the boundary conditions in Eq.
(8), the stress at the bottom can be given by

c int
O D= h—a” (9)

, where

P H=_’T£2r2—_1) ) (5) / (1+4(§)2hﬂ)% . / %(1+1/‘/ 1+4(£)2h,2) (10)

n

= () (e [T B

and A, is a damping ratio and defined by

A

hy == (2r—1)my/(4H\/pE.) az)

Separating the Eq. (9) into the real and imaginary parts,

0(0, H=C|Q + (F\+iF)e

=CIQ + ¥R+ Fyeiot+9s) 13)
¢s=tan ' Fy/ Fi=tan"'(—tan f; H tanh f,H) : (14)

, where 1=cos f1H cosh f,H
F,=—sin fiH sinh L H 15)

Q=%(cos 2fiH+ cosh 2/>,H)

The response of input and output stress is given by
IO'Ol/IO'[I =1/Q . ’\/F12+F22

- V2
" &/ cos 2/iH+ cosh 2f,H (16)
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Differenciating « with ¢ twice, acceleration at the top of the specimen is given in the
form

. __ C (Hh—ifpH-sin (h—ifdH .,
i(H, t)= o C(Z)S(f1—‘l:fz)H 2 e’ an

Separating Eq. (17) into the real and imaginary parts, we obtain

W(H, ) =§0—C@«/ (FH)TF (fHED™ Sin%2 fLiH+ sinh?2 f3H - eitbutéo as)
, which is expressed in the non-dimensional form following
il — SV B (/5 2f HA S 2H - 6t (19)

, where ¢. is phase difference between induced stress and resulted acceleration and
given in the form

¢a=tan ' (foH sin 2fi H+f,H sinh 2f,H)|(f>H sinh 2f,H—f1H sin 2/1H) 20

Y
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