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1. An Analysis of the Hydraulic Transport of Solids
in Horizontal Pipelines

Tokuji YAaGr*
Tadasu OKUDE**
Shoji MIYAZAKI***
Akio KOREISHI**

Synopsis

A head loss equation in the hydraulic transport of solids in horizontal pipelines has
been developed theoretically assuming a flow model with both suspended solids and a
sliding bed. Based on an analysis of the experimental results, two factors in the theoreti-
cal equation, or an apparent friction factor and the spatial solid concentration, were
determined as a function of the flow parameter, ¢=[V2/gD(s—1)]+/Ca.

Two head loss parameters, ¢=(im—iw)/iwC and ¢*=(im—iw)/ing, were examined against
¢. While, theoretical and experimental discussions were devoted to the ratio of the solid
concentrations, ¢/C, and revealed that ¢ increased steeply in the range of ¢ less than,
approximately, 3. Considerations into the critical velocity made it possible to introduce
a dimensionless parameter, N, which is directly corresponding to a minimum head loss
point and therefore available for judging the flow regime.

The experiments were conducted with a 155.2mm pipe using sand of 0.91 mm in dia-
meter and gravel of 8.75mm, 27.5mm and 45 mm, and with a 100.3 mm pipe using sand
of 0.25 mm, 0.65mm and 1.28 mm and gravel of 7.0 mm. Besides these, the experimental
data collected in 1957 with a 80.7 mm pipe using sand of 0.75mm and gravel of 8.0 mm
were reexamined.

* Chief of the Hydraulic Transportation Laboratory, Machinery Division
** Member of the Hydraulic Transportation Laboratory, Machinery Division
*%k  Chief of the Sludge Treatment Laboratory, Marine Hydrodynamics Division
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An Analysis of the Hydraulic Transport of Solids in Horizontal Pipelines

1. Introduction

The recent remarkable enlargement of the scale of port and harbour works in our
country has brought a sharp increase in the volume of earth that must be dredged to
improve port areas and waterways, or that is required to construct reclaimed lands.® It
may be instructive to mention that the total amount of earth that must be removed to
make a new port in Kashima is estimated to be 120 million cubic meters, and that soil
in the quantity of 69 million cubic meters is required for creating an artificial port
island, being constructed in the Port of Kobe.®® It is also interesting to note that in
the ‘“Five-Year Plan for Port Improvement’ drafted in 1971, the amount of earth
necessary for making another 40,000-hectare reclaimed areas for industrial use was
predicted to reach into 3,300 million cubic meters.®

In order to convey such big amount of soil efficiently and economically within a
limited construction period, a very careful consideration has to be given to the selec-
tion of an optimum conveyance method at the time of planning. Use of dump-trucks,
motor-scrapers, belt-conveyors and hydraulic pipelines is the conventional but the most
popular method of conveying soil by land.*®® An application of the dredger-pipeline
system and the barge-line system is quite practical for transporting soil by sea.®@®®
Estimation and comparison of the transportation capability and of the cost of con-
struction of each method will be made from a pure technical viewpoint,* and an
optimum method will be determined finally after special attention should be given to
the social environment.

Whichever method we may adopt, the practical and reliable technical notes are
required for evaluating the method. As far as the hydraulic transport of solid ma-
terials by pipelines is concerned, the most important design requirement is to transport
the specified capacity of solid material continuously without clogging the line. To ac-
complish this, it is significant to predict head losses in the system with accuracy, or
to determine the optimum operation conditions represented by the flow velocity and
the concentration of solids, at which we can expect the maximum production at the
minimum power consumption.

Interest in the transportation of solid materials by fluids in pipelines has increased
in scope and volume as this means of transportation has a wide variety of application
in industry...... we may well say that one of the major applications of it exists in
dredging operations. '

Owing to its great potentialities, many investigators have devoted themselves ex-
clusively to a study of the solid-liquid mixture flows in pipes theoretically and experi-
mentally. The emphasis of their research has been on the prediction of the head loss
in pipes that is one of the major factors governing the system. Unfortunately, how-
ever, no generally accepted theory and equation to describe the head loss accurately
under various flow conditions has yet been established, for the flow mechanics of
solid-liquid mixtures is so complicated.

The Hydraulic Transportation Laboratory of the Port and Harbour Research Insti-
tute, Ministry of Transport, has been engaged in the study of multi-phase flows as
part of the hydraulic dredging studies. A series of laboratory experiments have been
conducted for the purpose of obtaining the more practical relation that predicts the
head loss in pipes in direct relation to dredging operations. In the experiments, we
have concentrated our effort on collecting as many data as possible for the wide range
of flow regime and on measuring the spatial concentration of solids in pipes.

—_ 7 —
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In this paper, an analysis of the pressure drop for settling mixtures in horizontal
pipes has been developed assuming a flow model with both suspended solids and a sliding
bed. A coefficient in the theoretical equation, which may be defined as an apparent
friction factor of solids in pipes, was determined by analyzing the experimental results.
This paper is also devoted to a discussion of the ratio of the solid concentrations (the
spatial solid concentration to the delivered one), of the critical velocity and of the soil
coefficient that has been proposed for dredging operations. In order to evaluate the
present study, the results were compared with those reported in the literature.

All experimental data totaling 2,213 points were compiled in the form of computer
cards and written in the computer magnetic tape. By using the computer and the curve
plotter on line, the calculated results were plotted directly on the diagram.

2. Theoretical Considerations

2.1 Assumption of a flow model
It is well known that the flow regimes or modes of transportation of solid-liquid
mixtures by pipelines are affected by the following variables to be of importance:
(a) Pipeline factors: (i) diameter; (ii) slope; (iii) material, including relative rough-
ness of pipe.

(b) Fluid factors: (i) density; (ii) viscosity; (iii) temperature.

(c) Solid particles factors: (i) density; (ii) particle size and particle size distribution ;
(iii) shape.

(d) System factors: (i) velocxty of flow; (i) concentratlon of solids; (iii) accelera-
tion of gravity.

The classification of ﬂow regimes differs slightly with each 1nvest1gator Fig. 1
is one of the classifications for a given liquid, solid material and pipe size, described
qualitatively only.”” There are four regimes; homogeneous flow, heterogeneous flow,
saltation and stationary bed flow. Heterogeneous flow defined here is a regime in which
all solid particles are in suspension, but the vertical solid concentration gradient is not

— T7 T T T T T T
o
- & |
g Flow with a Moving Bed,
i :.§ Saltation (with and 7
1 - ‘: without Suspension)
3
o F
2 T
‘-3
% B 3 Heterogeneous Flow
b with All Solids in
@ B Suspension
¥
!
-1z —
’I/I,//
14 1
/
[ ] 1 1 ! I ] 1 ] ] ]

Mean Flow Velocity V——

Fig.-1 Flow regimes for given fluid, solid and pipe size, qualitatively only™
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An Analysis of the Hydraulic Transport of Solids in Horizontal Pipelines

uniform. Flow by saltation and flow with a sliding bed are usually grouped together.
This is due to the fact that the solid particles on the surface of the sliding bed may
be picked up and conveyed further along the pipe by saltation. The flow behaviour
of these particles is unstable and they often cause irregularities (ripples and dunes),
which increase the head loss distinctively.

Heterogeneous flow is probably the most important regime of solids transportation
through pipelines because the amount of material transported per unit power consump-
tion may become maximum.” In the case of dredging, however, dredged materials
often contain coarse solid particles like gravel and shells in fine sand since a dredging
pump sucks up sea bottom materials excavated by a rotating cutter head and directly
delivers them to the discharge line. Then the flow mode which we should encounter
in this field is supposed to be saltation rather than heterogeneous flow, more strictly
speaking, it may be the flow in a transition zone between above two regimes. This
assumption can be justified by the fact that the rate of pipe abrasion is heavy at
about one-third of the bottom pipe boundary.

We shall consider a flow model with a sliding bed at the bottom, suspended parti-
cles in the middle and a pure liquid layer at the upper portion of the pipe, as shown
in Fig. 2. Observing this flow regime through a lucid pipe, we know, in most cases,
that the solid particles in suspension cause irregularities and that there exists the
difference in local flow velocities of solid particles both in suspension and in sliding.
However, we shall assume that the moving velocity of every particle is equal and that
they move horizontally only. We do not consider collisions among solid particles here.
The particles are uniform in size, shape (to be spheres) and density.

If=s——al —=11
uW uw
—_— ) _— '
0 038 0.0 ' '
oS58 =% 00~ =000 0O P
0 500 00 o= 00!
Jaeatonbatessdl S s Se oS
Actual Flow Model Flow

Fig.-2 A flow model with suspended solids and a sliding bed

2.2 An equation of motion of solids in a horizontal pipe

Probable forces that may act on a solid particle flowing in a horizontal pipe are:
(a) Drag force...... due to the slip velocity, or the difference of flow velocities between
solids and the fluid. It is usually given by

Tw e 2
Csas Zg (uw Zl-s)

in which a; is the projected area of a solid particle in the direction of flow, 7. is the
unit weight of fluid (water), g is the gravitational constant, u. and u, are the mean
flow velocity of water and of a solid particle, respectively, and C:is the drag coefficient
of a solid particle.

The drag coefficient, Cs, is known as a function of the particle Reynolds number,
Res, and expressed by Cs=*%/R.s, in which % and ¢ are the constants, of which numerical
values are given by Stokes’ Law, Allen’s Law and Newton’s Law of settling according

—_9 —
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to the separate ranges of R..®
(b) Friction resistance along the pipe...... which acts on a solid contacting with the
pipe boundary. Considering the buoyance on a solid in the fluid, it can be given by

gs(Ts - Tw) Us

in which &; is the sliding coefficient of friction between a solid and the pipe wall, 7s is
the unit weight of solid particle and vs is the volume of a particle.

(c¢) Gravity force...... which acts on a particle in the vertical direction and of which
magnitude is equal to the submerged weight of particle.

(d) Lift force...... caused by asymmetry of the pressure distribution over the surface
of a particle or by circulation around it.

(e) Forces due to collisions among solid particles...... caused by collisions among solid
particles resulting from the difference of their local flow velocities.

In this paper, however, we take no account of the forces in the vertical direction,
then those forces described at (c¢) to (e), owing to our convenient treatment.

Taking the X-axis in the direction of flow, the mean flow velocity of the mixture
is expressed by dX/dt=V and its acceleration by d2X/dt?*=dV|dt. Then, a general
equation of motion of Z solid particles presenting in a given space, between a length
of the horizontal pipe, 4L, may be given as follows:

Z(Ts —Tw)Us i‘{_

2 7= ZnDCsas—%—(ztw—us)z—ZnFSs(Ts—Tw)vs @.1n

in which »p and % are the coefficients of correction to consider the difference of drag
forces and that of friction forces on each particle, respectively. These coefficients of
correction must be introduced into the equation of motion because the available drag
coefficient, C;, is not obtained for a particle suffering interference of neighbouring
particles, but obtained for a single unbounded particle, and because all particles do
not always act on, at least contact with, the pipe boundary as a bed load.

If the flow is steady, the mean flow velocity of the two phases, u» and u, may
hold constant, i.e., dV/dt=0. Under this state, Eq. (2.1) becomes

ﬂDCsasg_;(uw—le)2=77FEs<Ts_Tw)’Us . (2.2)

The ‘‘steady-state’” drag coefficient of a solid particle, Cs, is defined by

Cd=2g(rs—g'w) Vs
TwUt as

2.3

in which v is the terminal settling velocity of a solid particle derived from the rela-
tion that the drag force acting on a particle falling at its terminal velocity, without
acceleration, in unbounded still water is equal to the submerged weight of particle.
As we assumed that the particle was a sphere with a diameter 4, combination of
Egs. (2.2) and (2.3) yields
Uo—ts_ [ wp Ca g (2.4)

Ut N Cs ¢

This theoretical approach is an application of the equation of motion developed
by Uematsu and Kano® in the paper on the pneumatic conveyance of granular solids.
Ayukawa and Ochi®® have also developed the similar approach but they assumed Cs

— 10 —



An Analysis of the Hydraulic Transport of Solids in Horizontal Pipelines

=Cs as the flow of materials used in their experiment was in Newtonian region.
2.3 Pressure drop for settling mixtures

As shown in Fig. 2, we shall consider a length, 4L, of the horizontal pipe in which
a solid-water mixture is flowing steadily at the mean flow velocity, V, at that of solids,
us, and at that of water, u.. If the pressure of the flowing mixture decreases from p
to p—4dp between the two sections, I and II, the pressure differential, 4p, may be greater
than the pressure differential, 4p», to be caused in the case of water alone flowing in
the same section at the same mean flow velocity, V. This increase in the pressure
drop, dp—dpu, is directly related to the presence of solid particles in the fluid medium.
It can be considered as the excess pressure drop, d4ps, that was expended to convey
solids' from the sections I to II.

dps may consist of the two components; the pressure drop, 4ps, expended to
"transport the suspended particles and the pressure drop, 4pss, expended to convey the
sliding bed. This conception can be formularized as A

AP=APw+APs=APw+APss+APsf . (2~5)

If we can assume that the magnitude of forces necessary for transporting the sus-
pended solids is equal to that of drag forces acting on them, and that forces necessary
for conveying the sliding bed are equal to the friction forces between the sliding solids
and the pipe wall, the following equilibrium of forces may hold for the mixture in
this section:

1)A= APWA -+ Zs??DCsas‘%‘(uw _US)2+ Z/&-‘(Ts_rw) vs+ (P_ AP>A
or
AP= pr-f- '}T[ZSWDC.:CIS—%(UW —Zts)2+ Zfes(T:_ Tw) 'Usjl (2’6)

in which A is the cross-sectional area of pipe, and Z; and Z, are the number of parti-
cles in suspension and in sliding, respectively. It is impossible to know the moment-
ary numerical values of Z, and Z,, but the average ones may be obtained by

Zs=kAdLglvs and Z;=(1—k)A4Lg|vs ' @.7

in which ¢ is the spatial solid concentration (by volume) in the pipe, « is the ratio of
the number of particles in suspension to all particles presenting in the given space.
»p is the similar coefficient of correction as we considered in the previous section.
Eq. (2.6) does not include another coefficient of correction, »r, because in this case all
sliding solids act on the bottom of the pipe directly as a bed load.
Substitution of Eqgs. (2.2) and (2.7) into Eq. (2.6) yields

4p=4pu+[1+£(rr—1):(rs—10)gdL (2.8)
Introducing a new parameter, u#, which is defined by

p=[1+x(pr—1)]& 2.9
Eq. (2.8) becomes

Ap:de+#(Ta—Tw)qAL 2.10

— 11 —
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If all particles would flow as a bed load motion, the value of £ is equal to zero and
u# to &. This is the critical flow model. In actual flows, however, we seldom observe
such uniform sliding motion since there exists the difference in local flow velocities of
solid particles which usually have a wide particle size distribution. This means that u«
“should be treated not as a constant but as a function of pipeline, fluid, solid particles
and system parameters.

Eq. (2.9) shows that u« is dimensionless and equivalent to the coefficient of friction
between the moving solids in the flowing fluid and the pipe boundary. Then, it may
be called the ‘‘apparent friction factor’’ of solids in pipes. .

dp. represents the pipe friction loss for water alone, and then is given by the
Darcy-Weisbach formula as

=3 AL 1w
dpu=2u D g & (2.11) .

in which 4. is the friction factor of the pipeline for water and D is the diameter of
pipe.

The second term on the right-side of Eq. (2.10) can also be expressed with the
form of the Darcy-Weisbach formula. If we define the modified Froude number, Fp,
by

JON A 2.12
= D=1 (2.12)

in which s is the specific gravity of solid particles, or 7:/r», Eq. (2.10) can be rewritten
as

dp= (1+7":— —?%)pr (2.13)

The hydraulic gradient for mixture, i», will be derived from Eq. (2.13) as

. ¢ 2q .
1,,,_(1+ L2, | (2.14)
in which v is the hydraulic gradient for water, being derived from Eq. (2.11) as .
., e
zw—/lwgg—D (2.15)

3. Experimental System and Procedure

3.1 Experimental system _

The experimental systems used in the present study are shown in Figs. 3 and 4.

As seen in Fig. 3, by opening the feeder gate at the bottom of the sand feeder, the
solid material stocked in the hopper slides down on the chute into the sand well con-
tinuously, and is sucked up with water from an intake of the suction pipe set in the
well. The discharge pipe is flexible at the outlet and therefore the mixture can be led
either to the cyclone or to the measuring tank by changing its position. The mixture
discharged into the cyclone returns to the hopper directly, while the mixture led to
the measuring tank is discharged to the solids recovery bucket after measuring its
volume and weight. The capacity of the hopper is sufficiently large to store enough

— 12 —
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Fig.-3 Schematic description of experimental system with a 155mm pipe
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Fig.-4 Schematic description of experimental system with a 100mm pipe

volume of solids as we can adopt the experimental procedure described below.
The revolution of the pump is controllable.
of the side wall and the distance between the two taps was 4.0 meters.
differential was measured by means of the Hg-manometer.
The layout of the system shown in Fig. 4 is fundamentally the same as that of
Fig. 3, except that the length of the horizontal section was extended to 17 meters, and

— 13 —
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that the pipe of the test section can easily be changed with pipes with different sizes,
and that the weighing system was installed above the hopper to save much trouble
of recovering the solids delivered.

The revolution of the pump is controlable. The pressure taps are fixed on the
side wall spacing 10.0 meters. A set of magnetic flow-meter, density-meter and diffe-
rential pressure transducer were equipped with the system. All of their signals were
led to the amplifier and recorded by the oscillograph continuously.

The density-meter used -in the experiments is shown in Fig. 5, of which original
model had been used by Hasegawa et al.'V’ It has a floating pipe connected with fixed
ones with a pair of thin rubber sleeves. Stiffness of the rubber sleeve may sometimes
cause hysteresis, but if we are very carefull in chosing its quality this disadvantage
can be minimized. As one countermeasure to reduce its thickness, the static pressure
of the fluid in and out-side of the sleeve is balanced.

L N

[l

Fig.-5 Density-meter

3.2 Experimental procedure

Firstly, the flow rate and the pressure drop were measured under transporting
water alone. Then, the feeder gate was opened and its opening area was adjusted
observing the flow behaviour through the lucid pipe and checking the values of the
spatial concentration of solids detected by the density-meter. Upon confirming that
the flow becomes steady, the flow rate, the sptial and delivered solid concentrations,

-and the pressure drop were measured at the same moment. The measurement was

repeated two times at a certain interval. Then, the feeder gate was closed and the
measurement for the flow of water alone was taken again. This procedure was
repeated many times changing the flow rate and the concentration.

The flow rate was mainly adjusted by controlling the revolutions of pump. In the
case of low revolutions, however, the pump was unable to suck up the materials in
the well. In this case, the opening area of a sluice valve adjacent to the pump was
controlled. Solid concentration could be changed by adjusting the opening area of the
feeder gate.

3.3 Materials transported

Materials transported are listed in Table 1. The terminal settling velocity of a
solid particle was measured in a 155.2mm lucid pipe in which still water was filled.
To consider a wall-effect on the falling velocity, correction was made by the following
equation.®

— 14 —
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An Analysis of the Hydraulic Transport of Solids in Horizontal Pipelines
v =vm/[1—(d[155. 2)1-5]

in which w is the free-settling velocity, or terminal settling velocity, of a single particle
and v is the observed value. Correction for a concentration-effect on the falling
velocity was not considered this time.

. The number of the experimental data reached into 914 points for the 155-mm pipe
experiment and into 614 points for the 100-mm pipe experiment. Besides these, additional
685 data points collected by Hasegawa et al.“"V with a 80mm pipe were reexamined.
All data were compiled in the form of computer cards and written in the computer
magnetic tape. Eliminating suspicious data, we had 1,656 available points for the
mixture flow.

Table-1 Solid particles and pipes used in the experiment

. Range of d v D Solid Conc.

Solids . . ¢ No. of Data
Transported Paritrxlclsmsllze in mm s in m/s|in mm c up to . after elimination
sand 0.5-1.5 0.91 2.63 0.123 0.24 0.29 275
gravel 7.5-10 8.75 2.70 0.397 155.2 0.28 0.38 212
gravel 25-30 27.5 2.65 0. 801 0.22 0.24 133
pebble 40-50 45 2.65 1.038 0.15 0.16 173
sand 0.18-0.42 0.25 2.67 0.034 0.11 0.12 41
sand 0.5-1.0 0.65 2.63 0.095 100.3 0.16 0.17 116
sand 1.0-2.0 1.28 2.63 0.150 0.22 0.27 148
gravel 5.0-10 7.0 2.70 0. 352 0.20 0.32 61
sand® 0.5-1.0 0.75 2.63 0.105 80.7 0.34  0.40 215
gravel 6.0-10 8.0 2.61 0. 379 0.30 0.31 282

(1) Galvanized steel pipe
(2) Data collected by Hasegawa et al.av

4. Analysis of Experimental Results

4.1 Head loss parameters, ¢ and g*
The head loss parameter, ¢, is a dimensionless variable usually defined by the
following expression :

im "‘iw

¢= iwC— : (4.1)

in which i» and i» are the hydraulic gradient for mixture and for water at the mean
flow velocity, V, respectively, and C is the concentration of solids delivered (by volume).

Properly speaking, the spatial solid concentration, ¢, should be used instead of the
delivered one because we are discussing the flow of mixture in pipes. However, the
delivered concentration has often been used for convenience. It is because the accurate
measurement of the spatial solid concentration is comparatively difficult on one hand,
but because the delivered one is not only measured easily but also reliable in accuracy
on the other. If we use the spatial solid concentration in Eq. (4.1) and express the
head loss parameter with ¢*, we shall obtain

im _l.w '
Fh= — (4.2)
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The theoretical head loss parameters, ¢, and ¢*, can be obtained from Eq. (2.14) as

4.3)

and

por=—t 2 | “d

The relationship which represents the flow properties of mixture must clearly
include effects of those parameters described in the previous section. Durand“? used
a term (V?/gD)A/Cas against ¢. Worster® took account of the specific gravity of solids
and adopted a term V?%[gD(s—1)], which is the similar parameter to Fp in Eq. (2.12).
By including an effect of the specific gravity of solids, the Durand’s term can be
modified as

V=5 Com o/ G @5

We have tried to use the both parameters, ¢ and Fp, against ¢, but found that the
former was more proper and universal in expressing the flow properties of mixture.
Validity of the parameter, ¢, is also confirmed by Terada et al.'¥

In order to examine the correlation between ¢ and ¢, all experimental data were
plotted on the logarithmic graph paper separately as shown in Figs. 6.1 to 6.10. Al-
though all data points seem to lay almost on a straight line, a distinguishable difference
can be seen in the gradient between the case for d less than 1.28mm and that for 4
greater than 7.0mm, in other words, between the case for sand and that for gravel.
This fact agrees well with the results of other investigators who proved the difference
was closely related to the particle size and that the criterion for distinguishing between
above two discussed cases might exist in 4 of, approximately, 2.0mm.

Dividing the range of particle size into two separate groups, or sand and gravel,
we obtained the summarized figures of ¢ versus ¢ relation as shown in Figs. 7.1 and
7.2. Although the comparative extent of the scatter of the data is observed, it can be
generally expressed with the equation of

p=Kom | (4.6)

The values of K and m of the present study were obtained by the least squares method
as Table 2. What is obvious from the comparison between Figs. 7.1 and 7.2 is that
in the range of ¢ less than, approximately, 3, the values of ¢ for sand are very close
to those for gravel. This may mean that once a stationary bed has been formed
the head loss in pipes will be affected only by the effevtive cross-sectional area of
pipe rather than by particle sizes.

Plotting the values of ¢* and ¢ in the same manner, we obtain Figs. 8.1 and 8.2.
The tendency of the correlation between the two parameters is quite similar to that
of ¢ versus ¢, except that the absolute values of ¢* are smaller than those of ¢ over
all range of ¢, especially in the range less than 3, where the depth of deposit seems
to increase and therefore the spatial solid concentration becomes much larger than the
delivered one. This point will be discussed in detail below.

It is possible to express the correlation with a single formula as we did for the ¢
versus ¢ relation. However, as indicated in Figs. 8.1 and 8.2, the best-fit equation had
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better be given for the separafe ranges of ¢, or ¢<and>3. If the general form of
this correlation is given by

gr=K'ym' 4.7
the values of K’ and m' were observed as Table 3.

Table-2 The values of K and m in ¢=K¢m

Kind of Material K m
sand 200 -2.10
gravel " 180 —-1.55

Table-3 The values of K’ and m’ in ¢*=K'¢m'

Kind of Material Range of ¢ K m/
sand ¢$<3 100 -1.55
¢>3 180 -2.09
gravel ¢<3 98 -~1.16
¢>3 138 —1.46

4.2 Apparent friction 'factor, Y7

The parameter, u#, which was defined by Eq. (2.9) and introduced in Eq. (2.8),
has a physical significance as a kind of coefficient of friction between solids and the
pipe wall when the solids are transported by fluids in pipes.

As seen in Eq. (2.9), it involves three variables; «, y» and &. As for the sliding
coefficient of friction, &, Kuzuhara®” and Terada®® measured its values for gravel
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in different methods. To know the values of x and »r is very difficult, probably im-
possible, because they are directly related to the flow condition and vary particularly
with the flow velocity and the concentration of solids just as the flow regime changes
with those parameters. This will mean that the resultant parameter, x, must be
treated as a function of the flow parameters.

The parameter, x, can be derived from either Eq. (4.3) or Eq. (4.4) as

In order to use the parameter, ¢, we multiply both members by +~/C; and substitute
Eqs. (4.5) and (4.7) into the above equation:

Y o SV (4.9)

The values of K’ and ' in Table 3 give us the relationship between (uld)v/Ci and
¢ as Fig. 9.

It is reasonable to think that « and % have values within the following ranges; 0
<k<1 and 0<7r<1. When « is zero or yr is unit, in other words, all solid particles
move as a sliding bed, the parameter, u, is equal to &, which is a maximum value of
# as far as Eq. (2.9) is concerned. In actual flows, however, there exists the difference
in local flow velocities of solid particles which causes friction forces among particles.

With a decrease of the mean flow velocity, the differential becomes conspicuous and
friction forces, or shear stresses, among particles increase, consequently, the values
of x become much greater than the ordinary sliding coefficient of friction. In this
study, the parameter is obtained from Eq. (4.9) and therefore it will be able to
include both effects of friction between solids and the pipe wall and of shear stresses
among particles.

While, with an increase of the mean flow velocity, the values of # increase gradu-
ally, resulting in an decrease of #. In the heterogeneous flow regime, solid particles
may contact with the pipe wall instantaneously, but as the flow is fully steady x may
approach to a constant value. In the present study, no such tendency can be seen
due to insufficient number of data in the heterogeneous flow regime.

Assuming that friction forces between solids and the pipe wall are equal to the
product of the coefficient of friction and the weight of solids in the pipe, and that the
same magnitude of forces as friction forces might act on the pipe as reaction forces,
Noda et al."” measured this reaction forces and calculated back the coefficient of fric-
tion, us, in their term.

The meaning of x and u. are almost the same and therefore we can compare both
values on the same level. The available data were collected with a 52.5mm stainless
steel pipe transporting two kinds of crushed rock (andesite) with ., sphere equivalent
diameter, of 3.5mm and of 6.9mm, with the specific gravity of 2.65. If we read the
values of 4w from Moody diagram for smooth pipes and assume that Cy is equal to
0.54 for the small material and to 0.50 for the large one, their data can be reproduced
as Fig. 9.

Although the values of u; for the material with d. of 3.5mm roughly agree with
the present study, those for the material with d, of 6.9mm deviate from our results.
This deviation may depend on the assumption of the values of Ca.

4.3 Ratio of the solid concentrations, q/C
The slip which occurs between solid particles and the liquid results in the spatial
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solid concentration in the pipe, ¢, being greater than the concentration of solids deli-
vered, C. As far as a solid-liquid mixture flows steadily without forming a stationary
bed, the difference between the above two concentrations is not so great. But to know
the ratio of ¢/C is sometimes very helpful for design purpose as well as for operation
of the system.

When a solid-liquid mixture flows steadily without dep051t the following relation-
ship should hold:

Us _L Uw __1_C .
—V = and v ————1__q (4.10)
Introducing a new function ¢, which is defined by
—./ 2 Ca Ut '
®o / 7 G £s Vv (4.1D)
we obtain the following equation after substituting Eqs. (4.10) and (4.11) into Eq. (2.4): .
_1-c_C
$o=7_ 7 g (4.12)
The above equation can be solved for ¢ as -

Po

e ETE

Then, »
F=ge ) () + ]
C - 2C % +/ 1 e + % (4.14)
The function ¢, cannot be obtained theoretically because it involves three unknown
variables; nr, 70 and Cs. But from Eq. (4.12) and the experimental data of ¢ and C,

we can suppose its form. In this study, it was considered with respect to the para-
meter, ¢, of which results are shown in Figs. 10.1 and 10.2.
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The experimental values are very scattered. It may be partly because the fiow
of settling mixtures is unstable and partly because the data of ¢ lack sufficient accuracy
compared with those of C. The largest cause for the error in the values of g is
effects of stiffness of the rubber sleeves.

The correlation between ¢, and ¢ is quite similar for both cases; for sand and for
gravel. If we can express it with an equation in the form of

po=1.3 g1 (4.15)

substitution of Eq. (4.15) into Eq. (4.14) yields the ratio of the solid concentrations,
¢/C, against ¢. In this paper, however, we only show one of the results for gravel as
the correlation between ¢/C and a term (/2)[V? gD(s—1)], which is shown in Fig. 11,
in order to compare our results with those of Worster and Denny, and of Ayukawa.“?®

"The marked points in the figure are obtained from the direct fraction of measured
values of ¢ and C. Although some problems may be involved in Eq. (4.15), we may
well conclude that Eqs. (4.14) and (4.15) are available for acquiring information con-

cerning ¢/C.
—_ 23 —
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Ayukawa and Ochi®® did not measured the concentration of solids in the pipe,
but they derived an equation for predicting the ratio, ¢/C, which is given by

—g—=z/[<1—m)+~/““<1—¢A)2+4cw] (4.16-a)

in which ¢4 is a function obtained experimentally as
©a=[0.90 &(d|D) %77 F;~2.72]'/a (4.16-b)

F; is the particle Froude number defined by Vi gd(s—1). (We transformed their for-
mula using our terms.)

The calculated values of ¢/C by the above Ayukawa’s equation are plotted together
with the result of Worster and Denny for a given condition, i.e., §=0.697 for gravel,“®
A»=0.022 for galvanized steel pipe and C=20%. as shown in Fig. 11.

3.0 T T T T T
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Fig.-12 Comparison of ¢/C
At low velocities, the result of the present study is greatest in the three. Although
only an average line is plotted, the result of Worster and Denny falls between that

of Ayukawa’s equation on one hand and that of the present study on the other. At
high velocities, the values of ¢/C calculated by Eq. (4.14) approach gradually to unit,
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which means that, at much more high velocities, there is no slip between solid particles
and the fluid carrier. But such a range of flow is beyond the scope of this research.
Every curve has a similar tendency in the range of (4/2)[V?gD(s—1)] less than, ap-
proximately, 0.03, where they increase steeply. This may mean that with the formation
of deposit the difference of the two solid concentrations becomes conspicuous. The value
of (Au/2)IV?gD(s—1)]=0.03 is nearly corresponding to ¢=3.

We can also obtain the ratio of the solid concentrations, ¢/C, as a fraction of ¢
and ¢*, or from Eqgs. (4.6) and (4.7). Fig. 12 gives the comparison between the cal-
culated values of ¢/C by Eq. (4.14) and those obtained from the fraction, ¢/¢*. Con-
sidering the extent of the scatter of the data collected, we may tolerate the difference.
4.4 Evaluation of the head loss equations i

The results of the present study should be evaluated as compared with those of
other investigators, for our experimental conditions are limited.

Most representative equations to describe the head loss in horizontal pipes for
heterogeneous flow are, at the present, the Durand-Condolios relation® and the Newitt
et al. relation®. The Durand-Condolios relation is given by

Im—1lw

- _ Ve
$o="r7 _KD[gD(s—l)

Vil " | 4.17)

Durand and Condolios did not give the numerical values of the constant, Kp, but many
investigators have examined their data with Eq. (4.17) and reported the different
values of Kp, being equal to 81, or 121, or 150.@® @D e

Newitt et al. gave Eq. (4.18) for suspension flow, or

gu=""t 21,2006 - D5 £ (4.18)
If it can be rewritten as
_ V2 _1-3/2
¢n=Kn [g—m«/cd] (4.19)

the coefficient, Ky, is a function of a particle diameter, d, pipe size, D, and particle
drag coefficient, Cs. The calculated values of Ky for sandy materials used in the
present experiments changed from 93 to 150, having an average value of 121.

Zandi and Govatos®® collected over 2,500 data points from many different sources
and investigated the validity of the head loss equations proposed by Durand and Con-
dolios, Newitt et al. and Worster. Although they found that the Durand-Condolios
relation, with Kp=81 in Eq. (4.17), was capable of predicting the head loss for the
heterogeneous flow most accurately, they proposed the more reasonable relations by
dividing the values of ¢ into the two separate ranges, or

Cfor ¢<10: ¢z=i’”i"(§”=280.o @193 (4.20-2)
for ¢>10: ¢z=6.3 035 (4.20-b)

To compare the present results with above discussed relations, all of them are
plotted together in Figs. 13.1 and 13.2, which give the relationship between ¢ and ¢,
and ¢* and ¢, respectively. ’

It is obvious from the figures that our results fall between the Durand-Condnlios
relation on one hand and the Zandi-Govatos relation on the other, and therefore they
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are very close to the Bonnington’s result.®?
From Eqs. (2.14) and (4.9), the theoretical head loss can be expressed by Eq.
(4.21), or

in=(L+qK'¢™ )iu (4.21)

If the concentration of solids delivered, C, is given, we can compute the value of ¢
by Egs. (4.13) and (4.15), and then predict the head loss, is, by Eq. (4.21). While, we
can also predict the head loss by Eq. (4.6). Figs. 14.1 and 14.3 show the comparison
between the two predicted values. The difference of both values are remarkable at
low velocities, but at high velocities there is no problem in using either equation for
predicting the head loss. It is obvious from the figures that Eq. (4.21) with g of Eq.
(4.13) is capable of predicting the head loss more accurately than Eq. (4.6). The re-
lationship between V and i» with concentration, g, as parameter are given as Figs.
14.2 and 14.4, in which the solid curves are predicted by Eq. (4.7).
4.5 Critical Velocities .

The term ‘“‘critical velocity’’ is sometimes ambiguous as it is used without defini-
tion. Some investigators use it as the velocity which distinguishes heterogeneous flow
from flow with a moving bed, i.e., the velocity at which some of the suspended parti-
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cles begin to settle and move along the bottom pipe boundary. If the flow velocity
decreases below the above criterion, the thichening of the sliding bed grows and the

differential of local flow velocities of solid particles becomes conspicuous resulting in
* the formation of a deposit on the bottom of the pipe. Some investigators take the
stand that the critical velocity is this velocity corresponding to the onset of the for-
mation of a stationary bed.

It is very difficult, however, to identify a velocity at which the solid particles
closest to the bottom pipe boundary transit from suspension to sliding, or sliding to
deposit. Therefore, as far as the critical velocity is concerned, it seems to be advan-
tageous to adopt the velocity corresponding to a minimum point on a head loss versus
-velocity curve of constant concentration of solids. This definition is quite reasonable
not only from a viewpoint of economic operation of the system but also from a view-
point of simplification in computing the values.

From Eq. (4.21).

- Aw S;l ’ m
lm—T'\/a(‘/J"'qK‘r/) ) (4.22)

Differentiating i» with respect to V and equating din/dV to zero, the critical value, ¢,
or the critical velocity, V., corresponding to a minimum head loss point is obtained
as follows:

2 - .
¢c=—DJ(/;c_—D«/Cd=[—qK'(m'-I-l)]"”’"' (4.23)

The relationship between ¢. and ¢ is given as Fig. 15.
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Fig.-15 Critical point, ¢, versus concentration of solids, ¢ or C

Although there is no problem for practical use, we must note, according to the
present analysis, that the head loss versus flow velocity curve of constant concentra-
tion may have two minimum points, as shown in Figs. 14.2 and 14.4. One minimum
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point exists in the range of ¢ <3 and the other in ¢>3. The latter may, generally speak-
ing, correspond to the critical velocity, but how should we explain the former? If
only we express the ¢*—¢ relation with a single equation as we did for the ¢—¢ rela-
tion, there occurs no such problem and we might miss it. Temporally, as we can find
no substantial reason to justify or deny this result, we dare show it here.

By substituting the values of K’ and m' in Table 3 into Eq. (4.23), the critical
velocity and the resultant minimum head loss can be predicted for a given solid
material, pipe size and concentration of solids.

As for critical velocities, Durand“? proposed a dimensionless parameter, F., defined
by Vilv/2gD(s—1), in which V. is the “limit deposit velocity”’ in his term. This Vi
is said to correspond fairly accurately to the minimum head loss point for each velocity-
head loss curve. Graf et al.®® also obtained the similar parameter based on the
dimensionless analysis.

Expressing the left-side of Eq. (4.23) with the Durand’s parameter, F., we obtain
Fig. 16 as the relationship between F. and particle diameter, d, with concentration, q,
as parameter. At low concentrations, the results of the present study agree well with
those of Graf. et. al., who have analyzed the data collected by Gibert, but at high
concentrations, the present results agree with those of Durand for uniform material.
The figure also shows that there appears a peak on each line of low concentrations but
that with an increase of the concentration a peak disappears and the critical velocities
are almost independent of the particle size.

2.0 T T T ! I
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c=15 %

¢ ----- Present Study
0.5 — Durand g E E E E -
7" Gibert e of = 0
~ @ © N =
| | ] | | | 1
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Fig.-16 Critical velocity versus particle diameter
If Eq. (4.23) can be rewritten as
¢'c-m'_ i ’ —
=——=—K'(m'+1)=N. 4.24)

q
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N:. is the characteristic number capable of indicating a critical point on a velocity
versus head loss curve of constant concentration. The present study gives N.=196
and m'=-2.09 for sand, and N.=63 and m'=—1.46 for gravel.

Zandi and Govatos® proposed a dimensionless I-number for classification of the
regime of flow, which has a form of

_ Ci _ ¢ :
Nr DD (4.25)

and concluded that the value of N;=40 might be taken as the upper limit of the
transition between saltation to heterogeneous flow.

Babcock and Shaw®® suggested that the value of N;=10 might be more reasonable
for the division of the heterogeneous flow from flow with moving bed.

Larsen® also discussed the Zandi and Govats proposal suggesting a minor sim-
plification of the values of constant and exponent in Eq. (4.21), i.e., ¢2=316 ¢2 for ¢
<10, and ¢z=6.8 ¢~'¢ for ¢>10. In his discussion, he proposed the introduction of a
modified J-number, N;=¢?/C, for describing the flow condition, and gave N;=316 as a
criterion.

Fig. 15 also shows the comparison between ¢. and C of above discussed relations.
It reveals that within the range of concentration in practical operations the Zandi-
Govatos criterion is greater than that of the present study but the difference is not
so great. A criterion suggested by Babcock and Shaw may have smaller values com-
pared with other results discussed here. Zandi’s N has a simpler form than N. given
by Eq. (4.24), but the latter is derived mathematically.

4.6 Correlation with the soil coefficient, 8

In dredging operations, evaluation of the performance of dredging pump is very
important. Upon determing its principal dimensions, special attention wil be given to
the total head, the flow rate and the power required. The total head is closely related
to the length of discharge pipeline, in other words, to the total head loss in the
system, and the flow rate to the critical velocity.

Usually, dredging materials to be transported in pipes have a wide distribution of
particle size. But, at present, little is known about the transportation of nonuniform
materials, and it is no exaggeration to say that the flow velocity of mixture sometimes
determined by experience of engineers.

For the purpose of predicting the head loss for soil-water mixture in pipes, we
have practically used the following relation:

1m=[1+B(Tm/Tw—1)] 1w (4-26)

in which 7. is the unit weight of mixture and B is the parameter to consider an effect
of the kind of dredging materials on the head loss, then it is called the soil coefficient. ?®

Hasegawa et al.“? conducted laboratory experiments to investigate the variation
of the values of 8 and found that they became almost constant in the heterogeneous
flow regime but they have increasing values for the flow with a moving bed. The
practical values of 8 were obtained by their extensive field tests for cutter suction
dredgers and given as Table 4.

The parameter, (, can be obtained mathematically from previous equations as

_ w—ie K
B_iw(rmlrw—l)_s—

o . 420
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Table-4 The soil coefficient, 83, after Hasegawa et al.(2®

Flow Velocity of Watér . . .
required, Vyp in m/s B Kind of Dredging Material
2.5 2 mud
3.5 3 fine sand
4.5 4 coarse sand; sand containing small gravel
5.5 5 gravel

At present, the values of B corresponding to ¢. are important. Then, substituting Eq.
(4.23) into Eq. (4.27), we obtain

1 —1
s—1 m'+1

1
B.= q (4.28)
in which B. is the critical value of 8 corresponding to ¢..

We learn from their paper®® that an average pipe size and concentration of solids,
at that time, were 500mm in diameter and 10%, respectively. Then, if we take ¢=
0.10, A. will be computed as 5.6 for sand and as 13.2 for gravel. These values are
greater than those given in Table 4, and its difference is remarkable for gravel. It
is, we may suppose, dependent on the fact that soils described in Table 4 were
classified from a viewpoint of dredging operations and therefore they are not so
uniform as the materials used in the laboratory experiments. This may be illustrated
more clearly by the following examples:

In the case of coarse sand with the specific gravity of 2.65, the required flow
velocity of water, V., is read as 4.5 m/s and the soil coefficient, B, as 4. If it is
transported in a 500 mm pipe with concentration of 10%, the flow velocity of the
mixture, V, results in 3.75 m/s according to Eq. (10) in their paper, which is
corresponding to F:=0.93. This value agrees with the result of limit deposit velocity
for nonuniform material given by Durand and Condolios.

While, in the case of gravel with the specific gravity of 2.65, V,» is read as 5.5m/s
and B as 5. If it is transported at the similar flow condition, V will be computed as
4.43 m/s, which is corresponding to Fr=1.10. This value is also close to the previous
Durand-Condolios result for nonuniform material. '

5. Conclusions

The conclusions that may be drawn from this study are summarized as follows;
1 By introducing an apparent friction factor, a theoretical analysis of the pressure
drop for settling mixtures has been developed.
2 The head loss parameter, ¢, was examined against the flow parameter, ¢, and two
independent relationships were obtained for sand and for gravel.” The difference was
observed between the constant and the exponent in the head loss equation of the
present study and those of Durand and Condolios, or those of Zandi and Govatos. But
the result for gravel was very close to that of Bonnington.
3 Another form of the head loss parameter, ¢¥ which includes the spatial solid
concentration, g, instead of the delivered one, C, was discussed with respect to the
parameter, ¢. Although the relationship has a similar tendency to the ¢—¢ relation,
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the best-fit equation should be given for the two separate ranges of ¢, or ¢ <and> 3.
It is because this regime is closely related to the formation of deposit in pipes.

5 At low velocities, values of the apparent friction factor are greater than an ordinary
sliding coefficient of friction between solid and the pipe wall because of shear stresses
among solid particles in moving bed. With an increase of the flow velocity, they
decrease sharply.

6 The ratio of the solid concentrations, ¢/C, has been derived semi-theoretically. It is
almost constant at high velocities, but increases steeply for values of ¢ less than,
especially, 3, which is corresponding to the formation of the stationary bed.

7 The critical velocity, which is defined as the velocity corresponding to a minimum
head loss point, agrees with the result of Graf et al. at low concentrations, but at high
concentrations it is close to the Durand’s limit deposit velocity for uniform material.

8 A characteristic number, N., available for judging the flow regime is proposed by -

Eq. (4.24). A minor disadvantage in using it is that the form is a little complicated
compared with the I-number proposed by Zandi and Govatos. But the former was
derived mathematically and directly corresponds to a minimum head loss point.
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Appendix I.—Notation
The following symbols have been used in this paper:

a;s =projected area of a solid particle in the direction of flow;
A  =cross-sectional area of pipe;
C =concentration of solids delivered (by volume);

C: =steady-state drag coefficient of a solid particle, defined by Eq. (2.3);
drag coefficient of a solid particle;

particle diameter at dso;

D  =pipe diameter;

F; =particle Found number defined by V/v/gd(s—1);

Fp =modified Froude number defined by V?gD(s—1), or Eq. (2.12);

F. =parameter defined by Durand as Vi/+/2gD(s—1);

s
(]

g =gravitational constant;

im =hydraulic gradient for mixture;
7w =hydraulic gradient for water;

k =constant;

K =constant in Eq. (4.6);

Kp =constant in the Durand-Condolios relation, or Eq. (4.17);
Ky =constant in the Newitt et al. relation, or Eq. (4.19);

K’ =constant in Eq. (4.7); .

4L =a given length of the horizontal pipe;

m  =exponent in Eq. (4.6);
m’ =exponent in Eq. (4.7);
N. =characteristic number capable of indicating a critical point on a flow velocity
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versus head loss curve of constant concentration, defined by Eq. (4.24);
N:  =I-number proposed by Zandi and Govatos, or Eq. (4.25);
P  =pressure in the pipe;
dp =pressure drop in the pipe;
4ps =excess pressure drop due to the presence of solid particles;
dpss =excess pressure drop expended to transport the suspended solids;
4p,s =excess pressure drop expended to convey the sliding bed;
dpn =pressure drop for water alone;

q =spatial solid concentration (by volume);

R.s =particle Reynolds number:

s =gpecific gravity of solid particles;

t =time;

us =mean flow velocity of solid phase;

u» =mean flow velocity of liquid phase;

vs  =volume of a solid particle;

vt =terminal settling velocity of a solid particle in still water;

V' =mean flow velocity of mixture;

V. =critical velocity corresponding to a minimum head loss point;
V. =limit deposit velocity defined by Durand;

Z  =number of solid particles in a given space;

Zs =number of solid particles in sliding in a given space;

Zs; =number of solid particles in suspension in a given space;

B =s0il coefficient;

B:  =critical soil coefficient corresponding to V.;

=  =unit weight of mixture;

v« =unit weight of solid particles;

7w =unit weight of water;

€ =exponent ;

K =ratio of the number of suspended solid particles to all particles in a given space;
4w =Darcy-Weisbach friction factor for water;

§s  =sliding coefficient of friction between a solid particle and the pipe wall;

7o, pr=coefficient of correction introduced in Eq. (2.1);

o =apparent friction factor defined by Eq. (2.9);

¢a =Ayukawa’s function given by Eq. (4. 16-b);

¢y  =function defined by Eq. (4.11);

1) =head loss parameter defined by (im—iv)/7.C:

¢* =head loss parameter defined by Gn—1iw)ling;

#o  =theoretical head loss parameter defined by Eq. (4.3);
¢o* =theoretical head loss parameter defined by Eq. (4.4);

¢p =head loss parameter in the Durand-Condolios relation, or Eq. (4.17);

¢v  =head loss parameter in the Newitt et al. relation, or Eq. (4.18);

¢z =head loss parameter in the Zandi-Govatos relation, or Eq. (4.20);

¢ =flow parameter defined by Eq. (4.5); and

¢.  =critical value of the flow parameter corresponding to a minimum head loss point.
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