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A Note on a Correction Factor for the Pressure of Progressive Waves
by Fumiyasu HiromoTo™*

Synopsis

In order to reveal the nature of a correction factor m for the wave pressures,
the effect of the nonlinearity of progressive waves on underwater pressuress was
investigated. The generalized equations for wave pressures were derived from
the wave theory of higher order approximation, and the magnitudes of harmonic
components of wave presuress were determined as the functions of wave characteristics.

The value of # estimated from the above analysis and measured in a wave tank
for regular trains of progressive waves does not exceed the value of 1.2~1.25 and
even becomes smaller than 1.0 if the ratio of water depth to wavelength is larger
than 0.1.

The actual values of the correction factor »# measured at coastline are 1.3~1.5,
however, Such the large values of s cannot be explained as due to the effect of
wave nonlinearity, The statistical characteristics of actual waves are considered to
govern the value of » greatly. The formation of bound waves by the interference
of surface waves is also mentioned as a contributory cause for the increase of the
value of n.

1. Introduction

In the field observation of sea waves, wave meters of underwater-pressure-type
are often used. The measured pressures are converted to wave heights with the
relationship of the small amplitude wave theory and with a correction factor #, which
is determined empirically:- The correction factor # is the ratio of the amplitude of
pressure fluctunation calculated from the wave height by using the small amplitude
wave theory to the actual amplitude |dp| of pressure fluctuation: i.e.

_ pgH cosh 2aS/L
"=Tdp] cosh 2md/I, (1

where L is a wavelength determined by the smnall amplitude wave theory.
According to the results of the various observations hitherto made in the feld,
the correction factor # is reported to have a value around 1.3~1.5. Concerning the
considerable disparity between the estimated and measured values of wave pressures,
the following two reasons can be considered; first, the actual waves which are es-
sentially nonlinear are approximated with the small amplitude waves, and second, the
random waves in the field are tentatively represented with significant waves. There-

fore, we need to investigate the effects of statistical properties of ocean waves as well

*) Research Engineer, Wave Laboratory, Hydraulics Division




as the effects of nonlinearity of waves. In this note, only the effect of nonlinearity
of sea waves upon the cbrrection factor # is éstilhateci. '

The precise estimation of this effect has still been left to the difficulty on account
of the insufficiency in the order of approximation in the expression for finite am-
plitude progressive waves, but several higher order wave theories have been recently
presented in succession. Accordingly, it became possible for us to make use of these
results for the problem of the relationship between the surface profile and under-

water pressure profile.

So, in this paper, first a general expression of wave pressure is derived from the
third order solution of velocity potential obtained by Skjelbreia. Based on this result,
the relationship between the pressure fluctuations and the wave properties such as
relative water depth and wave steepness are discussed. Next, a similar discussion is
made as to the surface elevations., Finally the magnitude of a correction factor for

the wave pressure which results from the nonlinearity of wave motion is estimated.

2. Pressure Fluctuation

Skjelbreia® has obtained the third order velocity potential of progressive waves
on the assumptions that the wave motion is irrotational and the fluid is inviscid and

incompressible. With the aid of Bernoulli’s equation, the general expression for wave

pressures can be obtained from the velocity potential as follows:

% =ﬁ‘laz, [ —%?\."Ail cosh 255+ { (AA+2344C)) cosh AS

—A3A4,, Az cosh 388 }cosﬂ + {2?\,2.:‘122 cosh 288 — Y4 )\.”Ai }cos 20

+{3?\5‘A33 cosh 385 —A24,, A, cosh 198} cos Sﬁ:l — ¢S +const. )]
in which § is wave number of 2x/L, 2=8a, and =8 (x— 1.

The co-ordinate system and description of the waves to be considered in this
note are shown in Fig. 1. The parameter 2 is related to the wave height H with

the following equation:

HL = b GitBy) @)

Furthermore, wave celerity C is expressed as:
— 2 2
BC* =C, (1+4#C,), C,=g tanh gd (4)

The coefficient Aj;, Ags, ..., B3a, C; are the functions of relative water depth
d/L; they are identical with those in the paper? of Skjelbreia and Hendrickson.
The constant in Eq. (2) should be determined from the surface condition, but it
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Fig. 1. Definition Sketch

is in principle identical with the constant in the second order approximation. Hence
reffering to the second order solution®’, the constant is found to be equal to (X4}
Bt Co* A* An® Consequently, if Eq. {2) is rewritten with I in Eq. (3} instead of 4,

the following result is obtained:

ng/fgsh Bd — pgy/isg@A (Po+p1 costl +pa cos 20 +ps cos 36) (5)
where: ng/Qciosh Bd A ( ) An (1—cosh 268) - (”H ) (cosh pd) £S
gH/%:jc);sh =11 (% ) (B — Cl)} cosh S~ (rf) Au cosh 385
PgH/Ocizsh Bd 2 ( f ) %i cosh 2854 (EH )Au
i oSk = 3("L-) G cosh 3pS- ("H) Az cosh S

Based on the Eq. (5), the relationship between each harmonic component of
pressure fluctuations and wave properties such as relative water depth and wave
steepness were calculated and shown in Figs. 2 and 3. Figure 2 shows the relation-
ship at the bottom and Fig. 3 at the still water level. From these results it can be
seen that with the decrease of the relative water depth the fundamental component
becomes smaller while the second and third harmonics become larger, both at the
bottom and at the still water level. In the case of waves in comparatively deep
water, the fundamental component increases with the increase of H/L, but the trend is

reversed in the case of comparatively shallow water waves. In the case of wave pressures




at the bottom, for instance, the fundamental component increases when d/L>>0.15

and decreases when d/L<0.15 as the wave steepness increases; it does not depend

on H/L when d/L==0.15.
Comparing Fig. 2 with Fig. 3, we can sce that the second and third harmonies

in the wave pressure at the bottom are smaller than those at the still water level,

and thus pressure profiles at the bhottom approach to sinusoidal forms.
If we examine the effects of each harmonic component on the pressure prohles,

it is seen that the second harmonic components raise the pressure profiles at the
crests and troughs from the sinusoidal forms of the fundamental components and

lower the portions between the crests and troughs, because of p2>>0 in general. But
in the case of waves in comparative deep water where d/L is large, these effects of
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Fig. 2. (a) Fundamental and Second Harmonic Components of Wave Pressure at Bottom
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Fig. 2. (b) Third Harmonic Component of Wave Pressure at Bottom

the second harmonics are reversed near the bottom because of ps<0. The third
harmonics lower the crests and raise the troughs of the sinusoidal pressure forms at
the bottom because of pg<0. The amplitudes of third harmonics, however, are rel-
atively small, and there are no double-humped profiles which appear often in standing
waves, because the condition g—z_{)— . 1020, l.e, pr + 4p: + 9p3<0, is satisfied in no
case. Consequently the maximum pressure occurs always at the phase of a wave

crest.

3. Surface Elevation

The expression for the surface elevation obtained by Skjelbreia is

fyy=2 cosf+ A*By cos 20 +43Byy cos 30 (6)
The above expression is rewritten with Eq. (3) as:
% = % (A; cos 0+ A cos 20+ Ay cos 30) €D,
24 7% 24, _(rxH T 243 _(=HY
where. H —1—(—1’*) Bsa, H -—( L ) Baa. fT —( L ) BSS

®



The amplitudes of harmonic components calculated from Eq. (7) were compared
with the measured values® which were obtained by Goda in a wave channel (Fig. 4).
Generally the measured values agree closely with the theoretical curves, but the
discrepancy between the theory and experimental data increases in the range of small
relative depth. As already pointed out by other investigators, Eq. (7) seems not ap-
plicable to the finite amplitude waves in the range where 4/L is smaller than 1/7.

As shown in Fig. 4, the fundamental component of surface clevation decreases and
second harmonic and third harmonic increase with the decrease of d/L and with the

increase of H/L. The relative water depth d/L affects little the amplitude of each

harmonic component if d/L is larger than about 0.3.
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Fig. 3. Harmonic Components of Wave Pressure at Still Water Level
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4, Correction Factor for the Pressure

As described above, the pressure fluctuation and surface elevation are affected
considerably by the presence of higher order terms. Therefore, the pressure profile
estimated by the small amplitude wave theory must be considerably different from
the actual profile, and a correction factor # is expected to be remarkably affected by

the wave properties.

From Eq. (5) the amplitude of pressure fluctuation at the bottom becomes
iy e PEH T (xHY As _
R e = 74 [1+(F ) (-24m+3 7 Bu+Cy)] &)

From this expression the correction factor due to nonlinearity of wave is obtained
as:

= e [+ (—24a+3 42— BarC)]” ©

Figure 5 -shows the relationship between the wave properties represented with
H/L, and d/L, and the correction factor # calculated on the basis of Eq. (9), where L,
is a wave length in deep water. It is seen from Fig. 5 that the correction factor #
decreases with the increase of d/Ly and /L, when d/L; is larger than 0.1. In the
range of d/L, <0.1, the factor # increases greatly with the decrease of d/L,, but =
is larger in the steeper wave in contrast to the trend in the range of d/L,>>0.1. The
correction factor # is nearly equal to 1.0 at d/Le==0.1 without being affected by H/L,.

In Fig. 5 the data of a laboratory experiment® are also shown. Comparing them
with the theoretical values, it can be seen that the tendency of the observed values
are the same as that of calculated ones, but the observed values, as a whole, are

slightly larger than the calculated ones. Unfortunately, the number of experimental



data is rather small and the data are concentrated in the range of small relative
depth where the accuracy of the third order solution is not good. Figure 5 also
shows the experimental data on inclined beds (1/15~1/5) as well as Vthe data on the
horizontal bed. The values of the correction factor # obtained from the data on in-
clined beds are considerably larger than those obtained in horizontal bed, and # seems
to be strongly affected by the inclination of bed. This fact suggests that the large
value of # observed in the actual coastal area may be partly produced by the effect
of bottom inclination.

Both the calculated and experimental values shown in Fig. 5 indicate that the
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Fig. 5. Correction Factor n as a Function of wave Characteristics with
Experimental Data of Hamada et. al.

correction factor for the pressure due only to the nonliner properties of regular waves
1s 1.2~1.25 at most and becomes smaller than 1.0 if d/Lo>0.1. Therefore, the fact
that # measured in the actual shore is fairly large with the value of #=1.3~1.5 can-
not be explained by the nonlinearity of wave motion only, even if the influence of
the inclination of sea-bed is considered. The scatter of the correction factor n re-
ported by various observers at different observation sites can partly come from the
following situations; the value of # is affected by the statistical properties of ocean

waves which may vary with respect to the time and place of observations. Further,
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the existence of bounded waves generated by the interference of surface waves may
be a contributory cause for the increase of the value of #, since the value of »n of
standing waves is larger than that of progressive waves?.

The author wishes to express his thanks to Dr. Hisashi Mitsuyasu, the former
chief of wave laboratory (presently, assistant professor of Kyushu University) for his
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Messrs. Y. Abe, R. Sasage and S. Sudo.
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