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Abstracts: Using the first perturbed vorticity equation, it is shown that the infinitesimal
vorticies in water are rapidly amplified when the surface progressive wave has the
density distribution of frequency spectrufn of surface profile in the form of E(f)~f*
(#>>5). This amplification of vortices does not exist if #<5. At n=>5, the logarithmic
infinity appears and may be physically considered as the equilibrium condition. This
result may be interpreted that, if #>5, some of the wave energy in the comcerned
part of the spectrum is transfered to the induced vortex motion.

An experiment was added to clarify this property of progressive random waves.
Wind waves are generated in a uni-directional air-water tunnel, and the wind is excl-
uded from the water surface in a midway. After some passage in a calm condition,
the effect of breaking disappears and the capillary waves bscome weak. At this
condition of stationary state, the decay of waves is examined. The result is agreeable

with the above-mentioned analytical consideration.
i. Introduction

An equilibrium condition
E(f)=Const. g*f*(n=~5) (1)

E(f): frequency spectrum of surface profile
£: acceleration of gravity
f: frequency ,
was pointed out by O. M. Phillips (1958, 1963) for the high frequemcy part of frequ-
ency spectrum of wind-generated waves. It is understood physically as the condition
that the energy given by wind to waves is balanced by the dissipation caused by the
surface instabilities of waves and g%~ is dimensionally correct. In field observations,
R. W. Burling (1959) and B. Kinsman (1961) showed that high frequency parts of
actually observed spectrum are very near to this epuilibrium - condition, and i their
cases 72 in (1) usually situates between 4.5 and 5.5.
The observation of ocean waves by floating buoy published by M. S. Longuet-
Higgins, D. E. Cartwright and N. D. Smith (1963) also shows that the relation (1)
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is considerably agreeable with the observed data. Our previous experiment (1963) of
an air-water tunnel shows that, in cases of short fetch and strong wind, » is greater
rather than 5, but even in these cases » becomes small and approaches to 5 at the
part of very high frequency. Accordingly, the relation (1) may be generally applica-
ble to wind-generated waves in cases when the wind is uni-directional and the genera-
ted waves has the directional spreading but has not so much reverse progressive
components.

2. The physical interpretation

We consider progressive waves in deep water. x axis is taken along the principal
direction of the progress of waves at the water surface. y axis is taken vertically to
x axis at the water sarface, and z axis is' taken to vertical to X (x, ¥) plane, upwards
positive, To simplify the problem the motion is assumed to be a stationary random
(real) process for X (x,y), and wave spectrum to spread symmetrically for x axis.
The reverse progressive components of waves are neglected.

We consider the Fourier-Stieltjes type expression of surface profile, and make
to correspond—K to wave number vector K. Therefore the surface profile may be
exrpressed

v:_l_(,ii) B :J' jcfex.lezeiICXeiE—Sgn(K. C) VTR t+e(03 (2)
E\ot fe=0 JJ
kL ke

s(-K)=—e(K), Ciite=Ck:,—ts
Here ¢ ; velocity potential of wave motion, %, : wave number for x direction (=
| K|cos#), ke : wave number for y direction (k.=|K|sin#), C : phase velocity vector
of actual components of progressive waves. In the present case, sgn(K.C)=+1 for
k>0, sgn(K.C)=—1 for j; <0,
The wave number vector K is related to the period of component wave as

2%

T =+ g K| (3)
The two-dimensional spectrum of wave profile is represented by
<p>=| [sadK (4)

and ¢(K) is related to Cipr, by Ckl..fzz:\/m
Frequency spectrum E(f) is given by
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and, at the present problem, the following relation is easily introduced.

ECS) s £ -
P(K) K|® K[ | K | K|® (6)
JWK_) |K_\”1'5 |K|—2 |K|—2.5 |K|—s
The velocity potential ¢ of this wave motion is given by
o= J?_T VERIOR : I8 ik Xpil-sgn(K.O) WH—:(K)J?I}(M €7y
o gn(K.C)VTK |
Ry ke

Accordingly, particle velocity [7,(zq, o, wy) by this wave motion is given by

“oz“‘g—izijsé(K)éK sgn(KJC‘g)rJ|K| Jr g1 Xgil—sgn (K. C) Vg KT t+eU0) g1 K\ 2
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e (9)
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Then we consider the vorticity equation in water, expressing the vorticity o (4, 7,¢)
and velocity U.

%%+umw=@mw+w% (11)
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Inserting w=wy+ewy, U=Uy+eU; into (11), we obtain the first order perturbed

vorticity epuation
3“" +Uo P (w)=w.. 7 (U +v 7w a12)

V-U(]: y V.CUIZO

Here, as the initial condition, @y(£q, 70, {o) =0 is naturally assumed. In (12) the left
-hand side of equation means the change of the first perturbed vorticity w, along the
particle motion of wave, and the first term of the right hand side means the genera-
tion of vorticity and the second term shows the dissipation of vorticity by molecular
viscosity. At the initial time |w,! is considered to be very small. By this way, to
examine the development of ‘w;, we must investigate the behavior of w,.F(Uy).
‘That is-: concerned to £,
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We put the Fourier transform of u,, vy, wo, &1, 71, & in X (x, 3 plalie as Fi(K, 2)
(=1, 2, ----- , 6) respectively. From the condition of real stationary process, Fi(X,z)

=Fi(—K, z) (bar means the complex conjugate, and z is only combined to | K|.) is

consistent.
The Fourier transform of (13) is
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(14) and (15) are also transformed similatly. F.(K, z) is expressed by

o (X, D)= j IF, (K, e EXdK

and so from (8)

K, 2= \/¢(K) Sgn(KJg)ﬂK] Eyeil—sEn(K.O) Y R t+e(K)] gl K2
In a similar way,
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Using (18), the first term of (16) is
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Now we use the relation dK'=dk,’ dkg’—d(kl —bNd(ke—k)=d(E—K"), and (21) 1is
transformed to

’ SR—K) ~ gila—k)?
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Fig-1. Relation of K, X' and K—K'



Fig-1 shows the relation of three vectors (K, K/, K—K') of wave number. We con-
sider the cas when the frequency spectrum of wave is expressed by the f° law,
and so from (6)

SKO=A4K[* /) (O =0 PR

At the present problem, we set

FO=f(—=0H=f(0+x) @D
From (23)

V@(E~EKN)=A|K—K'|"/ (6" (25)

So the first integral of (22) becomes

A|E—K'T% @) + gilK—K'[cos®d
~'3(K—K") sgn((K—K).OVTE—K'|

R D |
(R—K)—=

. ¢l —sEn{(K—K).O) Vg R—R Tt +{E—~K) gl KK \2 g (K—K') (26)
putting K—K'=ye", r=| K—K’|, it becomes

AVFG) g icostd
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Integration of (27) concerned to ¢’ does not become zero when the sign of sgn((X—
K").C), the relation ¢(K—K')=—c(—(K—K")) and the relation of (24) are considered.
Integration of (27) concerned to r simply contains

D Ay g
= dr : 28
o+1)  A/67 @28

When 7 becomes zero, 5y becomes 0(r%), and so +/3y becomes 0(7).
Therefore (28) becomes

F (K, Z)J-

0(+2)
o(+1)

0(+2) A«/gz

0(+1)

R z)f dr~Fy(K, ) AV T i ‘loger (29)

It means that (27) contains the loganthmic infinity.
When (23) is presented by

p(K)=A% K|-f (&) ' &)

0(+2)

Then (i) if a >4, the above-mentioned integration contains }TL‘E - )(B>O), and the
0L+

order of infinity increases with the increase of @. (ii) if @< 4, the integration contains

0(+2)
‘ 7% loten
result from the second and the third terms of (16).

(B< 0), and so the imtegration becomes zero. We can also obtain the similar

If we take the Fourier transforms of (14) and (15), we can make the same co-
mputation by making use of (19) and (20) respectively, and the result is same. By
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this way we can find that the Fourier transforms of (13) (14) and (15) become dive-
rgent with the limiting boundary of the /3 representation of frequncy specctrum of
wave profile, and the order of divergence increases with the increase of » in the
representation E(f)~ f*(»==5). On the contrary, if #< 5, this divergence does not
occur,

The existence of this divergence means physically that the first perturbed vorti-
city en(&y, 71, §1) grows up with the wave motion when the no perturbed vorticity
o€, 9oy Lo) 18 considered to be zero, and the wave motion is irrotational originally.
Stilimore, as the no perturbed vorticity @, is assumed to be zero, the energy of this
first perturbed vorticity, which increases with time, should be supplied from the wave

motion.

3. The experimental result

If the computational result in 2. is right and the effect is not so small, the pro-
gressive waves, which are originated by wind and have the .spectrum representation
of ECf)~f"(n>5) in the high frequency part, will show the rapid decay of sre-
ctrum intensity at the concerned part of spectrum. The results of our experiment
cleatly support this expectation. To take up only this effect, we must exclude the
wind influence on water surface and the effect of breaking as the surface instability.
When we can succeed to exclude the above two effects from the wave, the effect of
capillary wave also becomes small, The influence of viscosity is not eliminated from
the experiment, and so this effect is estimated by computation.

The experimental waterway is the same as the one mentioned in the reference of
T. Hamada (1963). The width is 150cm, and depth of water to bottom in this case
is taken to 15cm. Air flow touches the water surface at the air inlet and blows on water
for the length of 1,360cm and generates water waves. Then the air flow is excluded
from the water surface strictly. Section C-2, which is used to the meascrement of
frequency spectrum of waves is distant 965cm from the section of the exclusion of air
flow in the direction of wave progress. Section D), which is also rsed to the measu-
rement is distant 450.5cm from the Section C-2 in the same direction.

We measure the frequency spectrums of wave profile at both C-2 and D at the
stationary wave condition, and examine the' variation of the spectrtms. The distance
965cm between the section of exclusion of air flow and the section C-2 is taken to
exgjude the effect of surface breaking of waves. The number of revolution of blower
is taken to r.p.m. 300 and r.p.m. 400. The wind velocities by these rotation numbers
are shown in the reference of T. Hamada (1963). Though the air flow is excluded
from the water surface at the mid-way in the present case, and so the dynamical
condition is somewhat different from the case of the reference, the wind velccity may

.
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not be so different. Fig-2 and Fig-3 are photographic examples of waves at C-2 and

D, respectively Fig-2-1, Fig-3-1 correspond to r.p.m. 300 of blower, and Fig-2-2,
Fig-3-2 are r.p.m. 400 of blower. Dark streaks in water are the colouring mattet.

In such experiment of air-water tunnel, the homogenity of wave "iJroperties in the
lateral direction is usually a little broken (T. Hamada (1963)). So the measurement
of frequency spectrum was done at the centre and its both sides distant 50cm from
the centre. Three measurements of frequency spectrum at a point in a stationary
condition were made, Each measurement of wave profile needs two minutes, and
the x>~ freedom of spectrum by each measurement is N=36. Therefore the re-
presentative spectrum, which is the average of three measured spectrums for the same
point, has the freedom of 36%3, The spectrums which we used for the analysis were

the average of three representative spectrums taken from the centre and its both sides
in C-2 and D sections, respectively.

B oo

PDWEI"
om?-secz
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D
=
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1 2 4 6 810
F Y%
Fig-4. Spectrum intensity at C-2 and D {r.p.m. 300 of blower)
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Fig-4 and Fig-5 show the spectrums obtained in this way. Abscissa is taken to
the logarithm of wave frequncy fc/s, and ordinate is taken to the logarithm of the
power of frequency spectrum E{f)cm?®-sec.. Fig-4 corresponds to the case of r,pm. -
300 of blower. From this figure we can easily recognize the decay of power between
C-2 and D. Fig-5 corresponds to the case of r.p.m. 400 of blower, and the value of
power is greater than that of Fig-4. But the tendency of decay between C-2 and D
is same. In Fig-4 a straight line drawn along the high frequency part of spectrum
indicates E(f) ~f7%, and in Fig-5 it means E{f) ~ 8%, Accordingly each spectums
nave steeper gradient than E{ f) ~ % in the high frequency part, and the rapid decay
of spectrum intensity is expected in the same part.

Then we estimate the effect of viscosity on wave motion. The wave is caused
by the uni-directional, steady continuous wind. Both sides of waterway are limited
to a constant width. Se at the stationary condition the effect of visous damping

0.001

Fig.-5 Spectrum intensity at C-2 and D (r.p.m. 400 of blower)



of frequency spectrum of waves can be estimated as follows;

/2 9.
EC(F)= j—x/zexP' {_ N 2F, sec _ Bk Feseca }

Zke, sinh ki coshkh+RR o 1 kh -
sinh 2k cosh kh
2k f
x4 (S, a)F¢=0 gtanh kh+khg sech? kh dex (31)
_ x/2 2nk f
ECS )F==0 - I —ﬁ/z4¢(f’ “)Fc=o gtanh kh-+Fkhgsech? kh da (32)

v: viscous coefficient (usually taken molecular viscosity), ¢,: phase velocity of com-
ponent wave, Fe: straight distance of the two considered sections, « : directional angle
of component wave (coincides with ¢ in 2.) -

In (31) the first term in exponent indicates the effect of bottom friction, and the
second term means the inner friction (concentrates near surface). Besides these two
terms, there is some viscous loss of side friction. -

To compute accurately (31) and (32), the directional function ¢(f, a)re=p should
be determined. But in our experiment this is not measured and the determination is
made by the following presumption. As stated in the reference of T. Hamada (1963),
when the depth of water to bottom is taken 50cm, the phase velocity of the wave,
which has the assumed frequency Fzero wp-cross in the Gaussian éssumption of random

waves, is agreeable with the average value of translation celerities of appeared wave

crests along the side wall at she same section. But in the present case of the water '

depth 15cm, these two celerities show the obvious difference and the average value of

translation celerities of appeared wave crests along the side wall is always larger.

Table-1 (all measurement was done under the direct wind action)

distance s

‘ggtfﬁ station | from air | T I?lcr)?v e?f £ zero o ¢ gt 1 oD
P inlet up-Cross —sec-! o
cm cm cm/sec | cm/sec ¢
15 B 975 400 2.70 57.7 84.7 1.46 47°
15 C 1875 400 2.12 72.9 100.1 1.37 43¢
15 D 2775 400 1.83 82.6 112. ¢ 1.36 42°
50 C 1875 400 1.95 79.9 81.6 1.02 iz2°

note ¢V : phase velocity of wave correspond to Fzero up-cross.

¢ : the average value of translation celerity of appeared
wave crest along the side wall.

Table-1 shows these relations. We can consider that the remarkable difference of
¢® and ¢ in Table-1 in the case of depth of water 15cm is caused by the angular
- spreading of random waves, and, in the reference of the value of sec 1@/, we
assume the intensity of ¢(f, «) as
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BCf ) =g:(f) ] < 50° |
=0 |« > 50° (33)
(33)shows that the intensity of ¢(f,a) is uniform for @« in |a|= 505, and in the outsi
de of |a]| =50° it becomes zero. Following to this assumption and putting sec a=1+
a?f2, (31) and (32) are easily computed,

Fig-6 and Fig-7 show [loge E(f))p—{loge E(f)]ce computed in this way and
the actually measured (loge E(f)Ip—{loge E(f)]ce. Fig-6 corresponds to r.p.m. 300
of blower and Fig-7 is for r.p.m. 400 of blower. In the computation viscosity v is
taken 0.0104 (which corresponds to the molecular viscosity at the mean temperature
of water through experiment) and 5%0.0104. The ratio of the numerical value of
the first and the second term iu exponent of (31) has the following tendency., The
ratio becomes nearly to 1 at f=2c¢/s, and increases about 10 at f=1.5¢/s, and falls into
about 1/18 at f=2. 5(:/3, when we take the value of v as 0.0104.

Many experiments which have been done up to the present day show that the
bovtom friction is greater than the estimation given by the effect of molecular visco-
sity, and so near f=1.5¢/s, the viscous damping should be supposed to approach poi-
nts 11 in Fig-6 and Fig-7. But actval decay of E{f) in the both figures indicates
that in the high frequncy part, where the bottom friction is very small, the viscous
damping due to molecular viscosity should be predominant. Points I is far away
from the measured values (points I0). On the contrary, points, I are agreeable with
the observed data in the part of 4.0~4.5¢c/s of f in Fig-6. If the effect of friction
of side walls is taken into the computation, the agreement may be more satisfactory.
In Fig-7, in the part of 3.4~3.6¢/s of f, the influence of the nonlinear effect (L. J.
Tick (1959)) of measured spectrums disturbs the agreement, but as the whole the same
tendency as that of Fig-6 may be perceived.

In the both figures the positions of peak of spectrums and the range of frequency
in which E(f) ~ f7-% (Fig-6) and E(f)~ %% (Fig-7) are marked. In the marked
range values of points I are far greater than those of points I. The maximum of
of the difference amounts to more than ten times of the values of points I, and it
means that the actual decay of E(f) is remarkably greater than that given by (31)
in the concerned part of frequency spectrum. The difference of values of points 1T
and points I is shown in Fig-8. In this figure the difference decreases with the incre-
ase of frequency. This accords with the experimental fact that » approaches to 5 with
the increase of frequency in the expression of E(f) ~f".

By this way we can find experimentally that the energy of progressive waves in
the part of spectrum expression E(f)~f" (n>>5) decreases conspicuously, and this
phenomenon supports the analysis in 2. .

In the computation in 2, we used the relation in deep water t=4a%f2/g. The
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Fig-8 The difference of values of points HI to valuss of points I
experiment was done in water of finite depth, and in (31) (32) we used the shallow
water theory, The ratio of % given by 4=*f%/g to % by shallow water theory for the
same [ 1s estimated 0.905 for f =1.50c/s, 0.985 for f =2.00¢/s and 0.999 for f=2.5)

¢/s, and so the difference induced by this approximation is not so effective in the pre-
sent consideration.

4. Conclusion

In the two-dimensional stationary random process of progressive waves, if » is
gréater than 5 in the frequency spectrum (E(f)~ f~" of surface profile, the
perturbed vortex motion is induced by the wave motion of the concerned part of the
spectrum, and some of the wave energy in the same part of the spectrum is transfered
to the induced vortex motion.

If # is smaller than 5, this phenomenon does not occur. The f % law gives the
limiting boundary of this instability.

The experiment to support this theoretical estimation was added and the result
is agreeable with the theory, The instability by this theoretical estimation may have
an important influence on the development of wind waves and the decay of wind

generated swells,

The author is grateful to Mr. H. Kato and Mr. A. Shibayama for their helps in
the experiment.
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Appendix

In the case when the water depth to the bottom is finite, the relation of wave

number and its period is generally expressed by

O _

T =+~'g|K|tanh | K|k (1
Accordingly, in the case of very shallow water,

2% —

T | K |v/ gh (2)

We treat the probi‘é‘m in very shallow water in this appendix. Using (2), (2) in the
text is modifie_d to

1700\ [ (Chu i Xl ~sm(KO) KIVgR £+ |
37w-'g( i )z=0_ﬂ_u£J‘w o [ (3)
kL k2 [
e(—K)=—eE), Crube=C-pr b
and ‘
__2nf _ ~ah _
|K |= gk’ df__z,r_dk G=|KD (4)
Accordingly the expression w_hich corresponds to (6) in the text is
ECH [t f* /3 [t f* ]
¢ (K) |K[-2  |K|® | K|-* | K|® | K |8 (5)

Ve® K[ K IKI/‘2 |K|-2s [ K|®
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Using the same method of computation as in the text, ¢(K)=AZ K| f () gives the
logarithmic infinity as same as ¢ (K)~|K/|* in deep water. So the equilibrium

condition in the case of very shallow water is

E(f)~g1"2h512f‘2 (6)

But it rust be noticed that, in the computations of the terms of Cl%’4, §1a—81?‘, 5163—?
+p aatfﬂ P(K) ~|K[® gives the logarithmic infinity, and so {; Seems weak in the

presenc case.

In the case of very shallow water, the bottom friction is effective to the decrease
of wave motion, and so (6) will be modified by this effect. But (6) indicates that,
even in the case of very shallow water, if # is greater than 2 in the spectrum expre-
ssion E(f)~ f~", the induced vortex motion is generated by the wave motion
concerned, and that some of the wave energy is transfered to the vortex motion.
This phenomenon is clearly discriminated from the generation of vortices from the
bottom boundary layer, and may be influential to the development of wind waves in

very shallow water.
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