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Contribution to the Bearing Capacity of SoilStratum  

Akio Naka眉e，場  

B．Sc．，DIC．   

SYNOPSIS  

InthestabilityanalysISOflowembankmentson ratherimpervioussoilstratum，  

the4＞＝O analysis can be used unless the constructionis slow．A design graph  

forlow embankmentsis compiled using circular slip surface by the4＞＝O analysi岳  

for the case when the undrained strength of soilincreaseslinearlywith depth．  

The same analysis is applied to the problem of the ultimate bearing capacity of 

long footing．Abriefdescriptionof Odenstad’s method fordesigninglowembank－  

mentsis giveninthe appendix．  

鯛 Soiland Structure Division，Port and Harbour TechnicalResearchInstitute，Ministry of   

Transporねti（】n．  
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§1．ImtrodtlCtiom  

In most practicalproblems，th声Stability of soilmasses against failure under  

their own weightorunderthe actionof appliedloads are examinedbythe method  

based on the principle oflimit design．The most generaldefinition of factorof  

Safety agalnSt COmplete failure，Which can be appliedirrespective of the failure  

？urface，isexpressedin termsof theproportion of the measured shear strength  

that must be mobilized toJuSt maintainlimitingequilibrium．The shearstrength  

parameters to which the factor of safetyis appliedin setting up the equations  

expresslng the conditionoflimiting equilibrium dependof whether theanalysisis  

carried outin terms of efEecti▼7e StreSS Or tOtalstress．  

TheproblemofbearlngCapaCityof soilstratum maybe rnost simplyillustrated  

in terms／of theconstructionof alowembankmentona saturated soft claystratum  

With a horizontalsurface．In this case the excess pore pressure set upln an  

element of clay beneath the embankment is given in terms of the pore pressure 

COe伍cients and theincrements of prlnCipalstresses．The pore pressurewi11have  

itsgreatestvalue at the end of construCtion，Unless construCtionisslow or the  

Clay contains permeablelayers，1ittledissipation of pore pressurewi1loccurduring  

the construCtion period．After construCtionis completed the pore pressure will  

decrease by dissipation，untilfinally the pore pressure corresponds ground water  

level．  

The factor of safety glVen by the efEective stressanalysis willthus show a  

minimumvalue at or near endof construCtion，a士ter whichitwillrise to thelong  

term equilibrium value．  

The use of the effectivestress method for the end o士construction case meanS  

that the porepressuremust bepredictedormeasuredin thefield．Asthisestimate  

invoIves an assumptionaboutthe stressdistribution andthe determination of pore  

pressure coe伍cients，itis usually avoidedby going directly to the¢＝O analysis  

Whichis applicable to the end of construction case with zero drainage．   

Ithasbeenshown（1）thatwhen asaturated soilisloaded tofailure，allowing  

no drainage to occur，itwillshow a strength c叫4）＝0．  

This value，Cu÷ざ，Willdepend on the mode of consolidation of soilbefore shear－  

ing（isotropicoranisotropic），andthe rateofchangeof cuwith themagnitudeof  

糖  ＿ タSin中′［忍－（1一足）月′］＋c′cos中′  
t、Il   

Vhere ク  

c／  

¢／  

疋  
A′  

1＋（2A′－1）s王n¢／  

COnSOlidation pressure  

COhesioninterceptin ternIS Of effective stress  

angle of shearing resistance in terms af effective stress 

principal strees ratio 

pore pressure coe氏cient at failure  

－ 3 一   
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Fig．－2．Situation consideredin the present paper・  

Thefactorof sa士etyagalllStfailure on theslipcircleisexpressed as  

ダ＝九重／九九  （1）  

Where肪is the restoring momellt due to the shearing resistance alol〕g thearc，  

and脆is the disturbing mornent due to weight of theembankment．  

The restoring moment is expressed as 

J．）  

脇＝旦∑（Rdβ）c，‘  
C  

（2）  

The valueof怖depepdson a shapeof the sector OCD and onthe shearstrength．  

Therefore the value of M，does not change by shifting the centre positionO  

horizontally．  

The disturbing moment Mdis writtellaS  

几釆z＝Ⅳ・ヱ  （3）  

Where Wis the weight of the embankment BEFC，and二ris the distance between  
O and centre of gravityof mass BEFC、For simplicityof allalysisitis assumed  

that a verticaltension crackwould developln thefi11abovethe point at which  

the failure surface emerges from the士oundation，aS Shownin Fig．2．As seell  

in thefigure，if the chordlength CDand the abscissae ofO arefixed，堀！isnot  

effected by change of slip circle．  

ReferrlngtOFig．3，forthreeslipcirclestherestorlngmOmentSOntheslipcircles  

Nos，1and2are equal，and thedisturbing moments ontheslipcirclesNos．1and3  

areequal．Thenifwefindtherelationshipbetween祐andtheshape of the sector，  

and also the relationship betweenMLt and geometryof thesector and the embanl【－  

ment，itwillbepossible toexamine thestability bycombiningthesetwomoments．   

InthefollowlngSeCtions，thesetwomomentsshallbestudiedseparately．Finally  

they shal1be combined to obtain the genetalsolution of thestability analysis．  

－ 5 －   
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肪）：：＝だ（co＋尾ヱ）属2dβ   

＝併＋勒OSβ－COSα）｝尺2dβ   

＝ヰ卯月（sinβ一触叫］ （5）  

where the angleβis measured from theverticallinethroughthe centre O．  

Thisexpression for the restoring momentis useful，in particular，in the case  

where the foundation soilhas diぽさrent shear strengthdistributions，e．g．in the  

case oftheverticalsand drAins．Thesecondterm of equation（5）representsthe  

partofthe moment due to theincrement of strength kz，and thetableofvalues  

Of（sine－eCOSα）has been published．（6）  

TherestoringmomentforthewholelengthofarcABCDE（Fig．4．）isobtairLed  

simplybysubstitutingel＝－αandO2去＋αintoequation（5）．Thenweobtainthe  

followlng eXPreSSion for the restorlng mOment，  

Mr＝2R2［coα＋kR（sinα－αCOSα）］  

＝2盲㌫［c。α＋尾（g一柳  

－．’Rsinα＝l，Rcosα＝h  

＝2烏g8孟［写＋忘－COtα］  

＝2鳥Z8・′（α，月■／g）  

where H＝Co／k（See Fig．4．），and  

肋間＝盲㌫［写＋去－COtα］  

（6）  

（7）   

Bycalculatingthevalueoff（α，H／l），WeCan examinetherelationshipbetween  

therestoring momentand thesectoranglefora glVen Chordlength，Valuesof  

f（α，月／l）are plotted against the angleαforvalues ofH／lon Fig．5．In this  

figurethe dashedlineisthelocusof theminimumvaluesoff（α，H／l）for each  

value of月／g．  

n （血即））＝0，  Theminimumvalueoff（α，H／l）isobtainedfromtheconditio  

whichgivestherelationship betweentheparameter月／landapgleα  

H 3cotα－2αCOt2α一α．COSeC2α  
Z  l－2αCOtα  

BytheaboveexpressiontheH／lvaluewhichgivestheminimumvalueoff（α，Hl）  

for any value ofαCan be calculated．Re＄ults of the calculation arelistedin  

Tablel．  

T＝「 7，＿   
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If cuis constantwith depth，i．e．k＝0，equation（6）can be written  

肪＝2g2co孟＝2月2αCo  

AIso the angleαat Which the restoring moment becomes mi11imum for a glVen  

Chordlength21is obtained by putting  

型生  
∂α  

Sinα－2αCOSα  
＝2（・og2   ＝0  

sin8α   

givingα＝1・165（rad・），Whichiswellknownin the4）＝O analysis・ 

minimum restorlng mOmentin this caseis expressed as  

，－且み．研一ね＝2．76～2c。  

This expressionisparticularlyusefulsinceitimmediatelydeterminestheminimum  

restorlng mOment Obtainable from anychosen chordlength ofslipcircle fora soil  

Of constant ct．withdepth．   

If co＝0・i：e・H＝0，equation（7）becornes  

伽0）＝孟（忘一C？tα）  

Themini中umValueoff（α，0）isl／3atα＝0・   

The dashedlinein Fig．5．implies thatiflis glVenforaknown tombination  
Of co and尾，the angleαWhichgives theminimumrestorlngmOment Can be readily  

Obtained．Fig．6．shows therelationshipbetween the parameterH／landtheangle  

αfor theminimum restorlng mOment．  

l  

1tmα＝1．16ら  

ー∞  

Figl－6・Relat革OnShipbetweenparamet巳rB／landangleαWhictlgivestheminimum  
valuebf′（α．月7J）．  

－ 9 －   
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AndfromFig．6．sector angleαOfthe circle which givestheminimumrestorlng  

momentisα＝0・98rad．＝56．2O．Thesesituations areillustratedin Fig．9．  

Mr＝ZkL3・f（αノ叫）  

Fig．－9．Change of restoring moment with sector angle for a given chordlength．  

2－3．Distnrbing molnent  

As mentionedin2－1the disturbing moment depends on the chordlength and  

the centre position of the slip circle．  

Let us consider the embankment where theloadintensityis q andlength of  

the sideslopeis x．The problemis to負nd the centre position of the slip circle  

which gives the maximum disturbing moment for agiven chordlength2l．For  

Simplicity of analysisitis assumed that a verticaltension crack would developin  

thefi11above the point atwhich thefailure surface emerges from the foundation．   

It is convenient to consider two cases with respect to the geometry of the 

embankment and the slip circle．  

Casel．一Thisis the situationwherethe chordlengthis smaller than the side  

Slope1ength，i．e．21≦3．  

Referring to Fig．10（a）itis evident that the maximum disturbing moment  

OCCurS When the both endsof slip circleareinside thesideslope．Andtheresult－  

ing maximum disturbing momentis therefore，  

脆＝z8  
（12）  

for the range of3－1≧y≧l，aS Shownin Fig．10（b），  

Case2．qThecasewhere thechordlengthislarger than thesideslopelength，  

－11－   
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The generalexpression for the minimum restoring momelltis written from  

equation（11）by using a new parameter7l＝l／x，  

肌貯血＝2肋a（A＋慧）  （15）  

Asmentioned previously，A and Bare dependenton therange of H／lvalue，i．e．  

H／71XCOnSidered．And the maximum disturbingmomentisexpressedfrom equa－  

tions（12）alld（14），aS  

脇貯瓜＝号ヴ乃8が  
1  

≧7ヱ＞0  

＝号ヱ2（乃2一基）7王≧÷  

The generalexpression for thefactor ofsafety，therefore，becomes；  

2胡・ヱ3・（A＋慧）   
F＝  

ワ  
曾・が・∬2  

（A＋慧），÷≧”＞0  
3ゑ  ‾‾ ・ヱ：・   

ヴ  
（18〉  

2・烏・が・エ3・（A＋慧）   

ダ＝   

旦  
A＋  

〃．ミ■  4ゑ  
＝－ニ■・ヱ・刀3・   

ヴ  

1  

・・い：・   （19）   

From equation（18）itis obvious that the factor of safety becomes minimum  

When nis equaltol／2．The same value of factor of safetyis also obtained from  

equation（19）bysubstituting n＝1／2．Thereforetherequiredanswerwillbeobtained  

byinvestigating equation（19）for n valueslarger thanl／2．  

By differentiating equation（19）with respect to n we get  

aF 4烏   
【 ＝＝－ ● ヱ：・ 、 

－、ご・‡・  去（12Aが一3Aチト2β雲）  （2。）  
（刀2一志）2  

Thus the minimum value of factor of safety can be obtained by substitutinginto  

equation（19〉thevaluen＝n。Whichsatisfiestheconditionthat，  

12Aが－3A刀－2月＝0  （21）  

It must beiemembered thatthe constants AAndB depend on the valueof the  

parameter H／l＝H／nx．ThereforeaftersoIvingequation（21）forvarious values of  

EL／x，itis necessary to examillethe range Of parameter H／nox．  

－13＿   
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Table－2（b）  

＝＿＿＝ 0，2～0，8 A＝0．446 β＝1．480  
g 乃0∬  

12  豊＝霊彗（0・446＋誓・冨）  

aF 4尾  乃  
・誹・352が－1・338乃－2・96≡）   

＝‘∬■ 
戸＝訂  

慧＝芝・（芸）  

Table－2（C）  

空≡＿旦＿≧0．8 A＝0．526 β＝1．380  
g 乃0ヱ：  

旦  」打  ∫  〃  
ヱ：   2．76ざ    刀0  豊   CD   乃8エ   否   ∫   
2 0   0．804   6．532   9．014   0．901  1．3め  0．7246   

3．0   0．887   8．796   8．092   1．225   0．920  1．0870   

4．0   0．955  11．018   7．607   1．518   0．690  1．4493   

5．0   1．016  13．203   7．288   1．783   0．552  1．8116   

6．0   1．068  15．367   7．069   2．035   0．460  2．1739   

8．0   1．157  19．656   6．781   2．505   0．345  2．8986   

10   1．237  23．904   6．598   2．929   0．276  3．6232   

15   1．396  34．407   6．331   3．893   0．184  5．4348   

芝＝荒（．0・526＋誓・≡）  
∂ダ 4丘  

・左（6・3127；a－1・578乃－2・76冨）  
＝－か 
諒盲中二育  

慧＝豊・■（芸）  

in the丘gure thereisscattering of plotted poir】tS．Itis caused by the factthat  

threestraightlinesare used to represent thef（α，H／l），nlnVS H／lrelationship．  
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Fig．－14．Relationship between parameters杓／c。  

and D／Hfor the criticalslip circle．  

Now wecan seethatifvaluesof co，k，・q and F are given，the geometry of  

the side slope and the most criticalslip circle can beobtained as follows；   

（a）the side slopelengthェfrom Fig．13．   

（b）the chordlength2l＝2noヱ■Of the circle from Fig．12：   

（C）the depth of the circle from Fig．14．   

If depthof thesoilstratumconsideredislessthanDwhichisgiven byFig．14，  

above mentioned calculation does not hold anylonger．In such a case wemust  

useadifEerenttypeofanalysis considering a squeezlng phenomenaor theequation  

Of earth pressure as done by MeyerllOf（7）and Odenstad．（4）  

2－6．Examples   

（A）Find the factor ofsafety of an embankment against a circular slip failure．  

Conditions are givenin．Fig．15（a）．  

9＝（3仇）×（1．8リma）＝5．4ソm2  

月■＝1．0／0．15＝6．67刑  

ヱ＝9研  

エ／月■＝9／6．67＝1．35  

From Fig．13，Fb／co value corresponding to E／H＝1．35isgiven as8．8．Therefore  

ダ＝8t8＝8・8×1・0×＝1・63  
ヴ  

ュ19－   
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Referring to Fig．15（b）the disturbing momentis  

脇＝9×5・25×（18・6一等）＋警×9×（13・35一撃）  
＝1，289いm／m  

∴ ダ＝〟，／〟d＝1，911／1，289＝1．49  

Therefore the erroris O．7％in the unsafe side．  

Note：The resultsof numericalcomputations performed asa checkshowed that  

the psssible error was about±3％．  

§3．Comp8．rison of Odenstad’s metIlOd and tIle metIledin tIle preSent paper  

These two methods have been derived by the same sort of analysIS，i．e．by  

the4）＝O analysis using thecircularslipsurface．Onlydifferenceisin theassulned  

Shape Of the embankment shoulder．Odenstad’s method gives the section of an  

embankmentwith the verticalcutat theshoulder，heigllt Of which corl・eSpOnds  

to th寧loadintensity of5．52co／F．  

At arstlet us consider the case where c。is zero，and aloadintensity of em－  

bankmentis q．   

In Odenstad’s method，When q／co tends to bein負nitein the case ofin負nite  

depthofsoilstratum，theparameterJ｛／qtends tobel．。・is themeasureof the  

angle of asideslopeandcan be expressedasq／xin termsofthemethod described  

in the presentpaper・Then we get，uSinggeneralexpressionof k／Fintead ofk，  

尾／αF＝1 ∴ ♂＝尾／ダ  

J＝如  ・・エ＝紳＝ダ  

This expression for二ごisidenticalwith equation（23）．  

Now numericalexamples shallbe shown．Letit be assumed that height of a  

proposed embankmentis5m，the unitweight of embankment materialisl．8t／〃13．  

Table－4 ComparisonofOdenstad’smethodand  

the method in the present paper 

（n） Bリt値met加dinthel⊃reSent f〉apeP  

（b） Bg鮒eDd・enSta（rS metho止  

Fig．16．Key sketch for the comparison of  

Odenstad，s method and themethod  

in the present paper．  
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For the condition of criticalequilibrium，M，＝Md，then we have  

2如－み）功3（A十β苦）  

タ＝‡岩（A＋β冨）   

Introducing a new parameter t＝y／b，equation（28）is written as，  

（28）  

f2（Aよ＋β珂∂）  
♪＝烏・∂・  

才一1  

土2（A£十βク乃）  
＝烏・∂・  

（29）  
土－1  

Where m＝H／b and t＞1．   

The minimum valueofpis obtained from the condition that  

賢一【2A畔β椚－3A）才一2叫＝0  
戸  （30）  

For t＝1＋and t→∞，thep value becomesinfinite as seen from equation（29），then  

thep value becomes minimum for the t value whichis given by  
！ 

≠＝－（β∽－3A）±  －3A）2＋  

（3A一β椚）＋ノ   （31）  （3A一βm）2＋  

f＞1   

The calculation proceeds as follows；  

（a）Evaluate equation（31）by substituting various values of m＝H／b for the  

three cases of the combination of the constants A and B．  

（b）Sustitute the t valueinto equatiDn（29），Which gives the ultimate bearing  

CapaCity as a ratio to the value of kb．  

These calculations are tabulatedin Table5．  

Values of t and parameterP／kb  

o．2≦竺≦0．8              ‾ f  

Table－5  

0≦≦0．2  ‾ ‾  
f  

ガ
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汀
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Finally wemayexpresstheparameterp／起bbyfoliowingiinearequationsp；  

泄＝3・68＋5・52，即≧0・8   

＝2・25＋6・64・即≦0・8  

（32）  

Tllerefol’e We have the cxpressions for the ultimate bearlng CapaCity；  

♪＝3．68舶＋5．52長方  

＝1．84比＋5．52co  印⊥≧ 

♪＝2．25斤み＋6．94ん打   

（33）  

＝1．13丘エ＋6．94co  印エ≦0．4  （34）   

Whcn the sllear Strengthis constant with depth，i．e．k＝O and H becomes  

infinite，the ultimate beal’ing capacityis written from equations（33）as，  

ク＝5．52co  

This value of the bearlng CapaCity factor coincides with the we11known value．  

When cois zero，i．e．H＝0，We have from equation（34）  

ク＝1．13比   

Nowlet・・uS・COnsider tlle deptllOf a soilstratum for which equations（33）and  

（34）are valid．   

Referrlng tO Fig．17，the depth of the slip circle Dis  

β＝月（1－COSα）  

1－COSα  
＝ツ  
sin a: 

1－COSα  
n仏＝ツ／2ム   alld  

sinα   

For the criticalslip circle，the value of y／bis shown corl・espnding to the  

Value of H／binTable5・On the other hand angleαfor the criticalslipJCircle  

TableL6  Calculati（n Of depthOf the criticalslip circle  

（1）from Table5  

（2）from Fig．6  

土空   
（3）＝意云慧   
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Therefore above calculationis valid．   

Depth ofthe criticalcircleis glVen by Fig．20・  

月／エ＝15／4．4＝3．41，β／エ＝0．59  

ヱ）＝0．59・エ＝0．59×4．4＝2．6アブZ  

Therefore when the depth of soilstratumis greater than2．6m，above calculation  

is valid．  

APPEⅣDIX  

Olltlin（∋Of Od（！nStad，s m（≧thod  

In his analysis Odenstad considered a soilstratumof thickness Dlunderlain  

byfirm base and exhibiting alinearincreasein shear strength with depth，i．e．  

co at the surface becoming（co＋kDl）昔at the bottom of the stratum．Heaimed to  

find out the shape of a side slope for a proposed verticalembankment BB’（See  

Fig．21）at the criticalequilibrium condition．The4・＝O methodis applied to a  

Circular slip analysIS．  

l甘  

＋1  

C。十kロ，  

Fig．－21．Situation consideredin the Odenstad’s method．  

The embankment considered has a verticalfaceBCat theshoulder，aSShown  

in Fig．21．Theload corresponding to this verticalcutis5．52co，Whichis the  

ultimate bearlng CapaCityon a soilstratum having auniform strength ofco．The  

problem nowistofind out the shape of the side slope，i．e．theslope of FC，for  

the glVen embankmentand the assumed soilstrength characteristics，  

；†Inthisanalysissoilstrengthparametersco andkshouldbetakenasthatdivided by factor  

Of safety．  
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The maximumvalueofo・OCCurSWhentherighthand side o董equation（43）be－  

COmeSminimum．AsseenitisafunctionofαOnly．Therefore土romthe condition，  

sin cr α  Slnα一αCOSα  

慧］＝0  二∴∫－   （1－COSα）2■ （1－COSα）8   1－COSα  

0
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？
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Fig．－22．Design graph of side slope of embankmentLrelationship  

between parameters k／d and q／co（by S・Odenstad）．  
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equation（44），and subsitutingitinto equation（43），the maximum value of o・is  

Obtained corresponding to these valuesofindependentvariables．The results of  

repeating these calculations are shown on Fig．22．where the parameter k／qis  

Plottedagainst the parameterq／co 王orvarious values of kDl／co，And the para－  

meters kl／co and D／lwhich specify the geometry of the criticalslip circle are  

Plotted againstthe parameter q／co on Fig．23．   

If theload qlSincreased for a glVen COmbination of co，kand Dl，the slope  

Of the side slope must become smaller forlimiting equilibrium to be maintained，  

i．e．k／0－becomeslarger，andfinally the position of the slipcircle coincides with  

tlle tOe Ofthesideslope．Beyondthisstate the furtherincrementofloadqmust  

be applied over the whole range of the circle to maintainequilibrium．Therefore  

no furtherincreasein thedisturbingmomentispermissible，hencenomorechange  

in the slope of the side slope．  

On the otherhandifthe depth of the stratum becomeslarger，the slip oircle  

COrreSPOnding to the criticalequilibriumdoesnot touch thebottomof thestratum．  

This situationis also shownin Fig．22，Whichis represented by the envelope of  

the curves for each parameter kDl／co．When co＝0，k／0－tendstol．菓  

Odenstead also examined the possibility that a plane slip surface might be  

more criticalthan a slip circle．The equilibrium of the soilmass for the entire  
range of side slope dimension was studied for the condition of horizontal sliding 

by the¢＝O method．  

Lp  

Co  甘  
C  

且  隠   D  

D  B  

。十kD   T  

Fig．－24・Situation consideredin the analysis of plane slip surface  
（by S．Odenstad）．   

As shownin Fig．24the forces considered are the active earth pressure．ん，  

i＞ q can be expressed asq／3in termsof the analysisdescribedin section2．If the general  

expression of k／Fis usedinstead of k，  

点／Jダ＝1，打＝点げ＝ヴ／エ エ＝9却点  

This expressionisidenticalwith equation（23），  
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AIsotheWriterwishestothankMr・S．Odenstad for reading theextractof  

thepresentpaperandmakinghelpfulremarks．  

List（lf symboIs   

COnStantS depending on value ofLUl  

pore pressure coe伍cient at failure  

half width of footing  

COhesioninterceptin terms of effective stress  

average shear strength  

undrained strength at ground surface  

undrained strength  

depth of slip circle below ground surface  

thickness of soil stratum 

critical depth for plane slip surface 

factor of safety  

ご0／尾  

active earth pressure  

passive earth pressure  

principal stress ratio 

rate of change of cu with dep亡h  

Width of footing  

horizontal】ength of side slope  

halflength of chord of slip circle  

月沖  
disturbing moment  

restoring moment  

bearlng CapaCjty factor  

／∴1▲  

COnSOlidation pressure，in亡ensityr of uniformload on footing  

inrensitv of embankment load 
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：ultimate bearlng CapaCityr  

：radius of slip circle  

：Shearing resistance along bottorn of soilmass  

‥J・‘／・  

：distance between centre of sljp circle and embankment shoulder  

：Weight of soilmass  

：horizontallength of slope，horizontaldistance  

：distance between slope toe and centre of slip circle，distance between edge of  

footjng and centre of slip circle  

depth below ground surface  

half of sector angle of slip circle  

印ヱ  
angle measured from vertical line 

angle of shearing resistancein terms of totalstress  

angle of shearlng reSistancein terms of effective stress  

inclination of side slope  
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