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1．PⅦrpOSe and Scope   

The principalobject of thisstudyis toreView the present theori占S and  

hypothesesaboutthecrackinginthereinforcedconcreteand todiscuss theeffects  

Of cracking on・the stress distributionin reinforclngSteelbars．Considering the  

situations，under which cracking takes place，CraCksin reinforced concrete may  

be classifiedinto four groups，i．e．，CraCks underpuretension，purebending，pure  

Shearing，and combined stress conditions of these former three．Probably one  

more group may be added，Whichis caused by some chemicalreactionsasalkali－  

aggregates reactions．The discussionin this studywi11belimited to thefirst  

two groups，because the third and壬Ourth can be analyzedwiththesameanalogy  

asinthe former twowith someinterpretation and thelastis not defined clearly  

and alsoincludes too much complicated stress condition畠to be analyzedtheore－  

tically．   

Inthemost of prevai1ing theorieson cracking，the following assuInptions are  

made to simplify the problem：  

（1）The stressin reinforcement does not exceed the proportionallihlit：  

（2）Allreinforcem甲tbarsinagivenmemberarecontinuousthroughouttheir  

length and are of the same size and shape．  

（3）The strainin the concrete are proportionalto the stress．  

（4）The effects of shearing deformation on the spacing and the width of  

CraCks are neglesiblein a case of pure tension．  

（5）Thereisnosliporbondcreepbeforec干aCkingbetween concrete and re－  

inforcement．  

So far as the workingloadis within the allowablelimit，mOSt Of these as－  

Sumptionswi11be valid，however，itis consideredimportanttO aI）prOaCh the  

actualbehavior of cracking andits effect on the stress distributionin reinforce－  

ment and to evaluate the significance ofitin the cracking problelm In this  

Study，therefore，the first approach was done by Elastic Theory or Modified  

Elastic Theory as usually donein reinforced concrete theorieson th占se assump－  

tions．When considered necessary，neW aSSumptions areintroducedin addition  

to these basic ones，Which also can be easily justified．The second approach  

was the trials to find theinfluences of these fundamentalassumptions on the  

stressesin concrete and reinforcement with orwithout computation．  

2．Notation  

Es  ＝Strainin steel  

Ec  ＝Strainin concrete  

Es 〒mOdulus of elasticity forsteel  

＿3 一   
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f      the concrete．area afEected by the▲  

C9nCr＊e，introducedintheconcept  

in theflexuralreinforced concrete  

チ．聖 ≡factordeterminlngthediametero  
extension of the reinforclng Steel  

h＋＝可Otaldepthof、beamsubjected to purebeIlding  

kd ＝depthofcpmpressiveconcretein thebeam  

L′ ＝Spanlengthofbeam subjected topure bending  

b  ごWidth of beam  

d  ＝depth of beam  

P，〒ratio of cross sectionalareaOfcomprcssivereinforcementtothatof  
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PartI．Crackingin Symmetrically Reinforced Menbers SubjectedtotheAxial  

Force  

3．Stre5SeS prior to theInitialCrackimg   

ByElasticTheory，EB＝Ec．i・eリ＝・  Therefore，  

′・卑ミ   ．……（3－1）・  
∋te  

Although E,t is a variable depending on the properties of concrete and stress 

COnditiqn，it may．beconsidered・aS、aCOnStant・Whichisequalto E殉iffE＜fEu．  

Then  

ム＝ホ……………………………………………………………………（3－2）  

Frorn t叫eqqilibriuTn，  

nforce－  

7Zき－  

十－・・   …（3－3）  

A？（1車ゆ）  

At．th9 
． 

こ  

室L  

J∴、、   

ノ，・．－イ・  

ト・・十・  

…（3て4）  

‥（3－5）  

Thatis，the steelstressin theinitialcracking deperLds upon thetensile・Strength  

Of qoncrete叩d．modular・ratio．E8／Ector・E3／Ebiandisindependent on the・dimen－  

Si9P・AftFr．t簗initialqrackinghas：q？9qrPd，Eq・（3－3）is no more、Ⅴ？lidland  

StreSSeSinreinfor？eI準Qtandin・C9nC吋ewi11Changetheirdistributipn∴   
In the above development，the effects ofp and Dare neglectedlVhichmay  

affeGt・・tOrthe straiTl▲distributionin concrete surrounding reinforcing batsthrough  
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Taking the ratio among these four values，  

（1”）：（2”）：（3”）：（4”）＝1：1／2：2／3：2／ガ  

＝1：0．5：0．67：0．64   

Asis obviousin the preceding computation，thereis no essentialdifference  

amongthelast three values．Consideringthe validity of the basic assumptions，  

any ofthesethreeEquations，（2，），（3，），and（4・）caムbeusedforpracticalpur－  
poses．The actualbond－Stree distribution may be somewhatlikeillustratedin  

Sectiol16．  

AssumingU（x）＝Umsin（讐），  

J：u仇Sin（竿）ゐ＝去り仇（トCOS芋）  
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カ＝昔・去可1－COS警）  

ム；ん一芸（1－COS竿）  （4－7）   

forェ＝エ／2，  

カ＝  

ム＝ん一   

ExpandingEqs．（5’）and（6’）to the generalexpressions，  

（恥エ′2＝品㍑  

（晶エ′2＝ム¢一足2去与㍑  

■ 7 ＿＿  
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r申Che弓．tOthe yield point at．cracked secti6ns∴：The formulae（5－  

are no more valid because the depth of slip wi11alsoincrease．  
那
加
e
l
y
 
i
n
 

situation，the application of Eq．（5－9）wi11be proper to estimate the  ≡テ．this  

If the reirforcement are deformed bars，the separatingeffects and  l㌢雇idth．  

re shearing efEects wi11playlmpOrtant rOlls due to the act of proJeCted parts． J■ 

rushingofconcrete along the reinforcement and spalling of／COnqretein the  

V享Cinity ofthecrackedsectionswillbeobserved・Afterfsehasr甲P 

yieldingpoint，CraCk widthswillincreasewithout addinganyload，the depthof  

Slip willbe also deepened more and more，prOducing the redistribution of stres－  

SeSin the reinforcement and concrete．Finally the stressesinreinforcementwi11  

become rough1y uniform asillustratedin Fig．◆9， 
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10，Summary  

Reviewing the worksldone biBornenman，Coldnetti，・Saliger，Watstein，and  

Others，（Ref．3，6，10，14，15，and16），they are summarized as following：  

（1〉 thewidthofcracksisrough1ypropoitionai：toD／P，’・「  

（2〉 the rate ofincrease of thewidthisindepend■entofthe？trength ofcon－  

Crete，Pand  

（3）TthestrQSS atthe．initialcrackingisrQugh1yprOpOrtiollal・tqtheJStrengthof  

COnCrete．  

Thesefindings presellt the basic foundations for theanalysis，developedin the’  
preCeedingsections・FromtheanalysISanddiscu 

． 

that the reinforcement providedwitha mechanicalbond systeml！uCh as defor－  

med bars．is more efEective than smoothbars not onlyln COntrOlling theinitial  

width of cracks，bnt alsoin minimizlng th、e enlムrgementoftracks caused by  

SuStainedorrepeatedloads．Iti去also6b☆ic．hsthatthe／usらもfhigh－tehsile－Strength  

Steelis of great advantage，Of which adverse effects，tOincrease the crack－Width  

canbe■easilycムnceledbythepropermethbds・．   

PartII．1crackinginSingle－Reinf6rcedAIembers SubjectedtO Pure Bcnding  

n
 
 
 

i
 
 
b
 

S
 
 

。
 S
一
 
間
e
 
l
g
 

11．Prior to tIleInitialCrackiilg  

ByEla占tic 

ん「烏dハ．ん丁Åd ∫g  ∫f  
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d一点dしぎ‾■d一点d EJ‾且。－ 一  

旦8 d－んブ ′  
．Jご′阜〒  ム………………………………．▲     ．・，∫…‥（11二1）  

E8亡いん二鳥∂  

Justpriortotheintialcracking，fEWillbeequal一■t61f；よ，th占n；・  
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r2）  13．一After仇e f（Ⅲ01Ving Cracks have developed（1）  

To attain simplicity and reasonable validity of the equations，Chiand Kirs－  

tein（Ref．4）havedevelopedasemiempiricalapproachtotheAexuralcracking  
problem byintroducing a HypotheticalCylindricalAreain the tensile zone of  
the beam subjected to bending．Their analysis was besed on the followlng aS－  

Sumptions：  

（1）Concreteis a homogeneous and elastic material．  

（2）Reinforcedsteelisnotstressedpastitsprop？rtional■1imit・  

（3）Thecrackedportion of the beamis subjected topur・e bending．  

（4）After a number of cracks have occuredin theltenSile zoneoftheconcrete，  

the tensile strains due to 負exure are neglesible．Any measurable strains  

in that portion of the concrete are‘attributed toLtheshedr deformation  

developed through bond by the extension of the steel．   

Theassumptions（1）and（2）aresameasmよdeinsectionI，and（3）is to  

Simplify the analysIS aS Objectedin this discussion，Which willbe mentioned  

later．If the assumption（4）is valid，the tensile strains・in concrete can be  

COnSidered as caused by pure tension，although the actualdistribution oトstress  

is not symmetrical．So far as the Straight Line Theoryis reserved，thatis，  

plane sections remaine plane，the stressesin・COnCretein the tensile zone of the  

member have tobeproportionaltothestrainsatuncrackedsections．Thestresses  

in the compressive zone are not necessarily proportionaland properstressblocks  

Can be assumed accordingtotheexternalmoment．The neutralaxisis no more  

OnlthePsamelevel，and the stressin concreteinany uIicracked section willbe  

SOmeWhatlike shownin Fig．14．According to theassu血ption（4），thefiber  

stressis atits maximum on thelevelof reinforcement which－COntradict to the  

Straight LineTheory，On示hichthehypotheticaltheoryis‘based．Therefore，the  

assurnption（4）seems doubtful，On WhichBerteroalsohasexpressedhismisgiving  

（Ref．2）．Considering the concrete stress after a number of cracks have been  

developed，however，it willbe close toits ultimate value at the center of the  

twoadjoinlngCraCks．Ifthe coverlthicknessd，is v占ry smallcdmparingtothe  

depth d，h≒dlCan be teasonably assu血ed，Whichleads to the approkimation  

mentionedi：n Settionll，i．’e”  

e
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仙 ＝l  

acト  

fprrn  

夏草けi－  

こtion．  

＼＼・ill  

astic   

Ome－  

′さ0＝一  （13－1）  

Althoughthe concrete stress on thelevelof reinforcementis greater than that  

On the surface of tension side according to Chiand Kirstein，the diLference  

between themwillbesinallandcan beneglected．Thenthesteelstresswillbe  

approximately equaltothatgiven byEq．（13－1）．  

－13－   
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Accordingly the average crack width on the concrete surface will be estimated 

by uslng the followlng formula．  
，pt thin  

・nthe  

the test 

by Chi  

hat the  

；reSults  

：OnCept，  

ムー点（ノ  

Ⅵ′gニ5¢か  in……………………………………．（13－7）  
（ゴーÅJ  

where尾＝（ノ  ，ヱ攣2＋27ゆ一，ゆ）  

3〃  
ノ、、．‥   
♪∂d2（3＋痺－ノ   呼〆＋27ゆ）  

On the application of Eqs．（13－5），（13－6），and（13－7），COnSideration have to  

be made to the fact that the ratio of tensile strength to bond strength depends  

On the deformation pattern and the surface roughness of reinforclng bars，  

therefore，the new evaluation ofthe ratio on the particular type of bars will  

be necessary for E8and Um，aS Wellas for Ect and fEuOn the concrete．  

W去Stlund and others suggest to employ the followlng formulae for crack－  

SpaCingand width（Ref．11，12，and13）．  

．（4－4）  

′f址』。  ． ′rw∂  
cl＝ん油＋c2  …（13－8）  ＝ニ亡1＋c2  

〔ん乃好か  
‾⊥■）‘ 

4ク  

where clann C2are COfhcients．  

作品 ………………………………………………………………仲9）  

For pure bending，they also suggest，  
（13－2）   

will be 
）2′8  ‥（13－10）  

ム′J  Ⅶ㌔収＝。8か（   
かAgE8（ん一点d）  

where ca＝COe伍cient depending on the type ofbars，0．23forplainbars，0．16  

for deformed bars，  

Ze＝mOment Ofinertia of the fullconcrete section about the neutral  

axIS，and  

fs＝WOrking stressin reinforcement．  

．（5－8）  

〔13－3）  

（13－4）   

：ein for  

，er they  

14．After the Fo1lowing CracksIlaVe Devcloped（2）   

Reviewlng the procedures through■which the formulaeshownintheprevious  

SeCtions have been derived，it does not seem propertoapply them directly for  

evaluation of stressesin reinforcement or concrete，because these formulae  

COntain successive approximations and some of themincludecoe疏cients deter－  

mined emplrically．However，the concept of HypotheticalCylindricalArea can  

be used advantageously for stress analysis at uncrackedsections．   

For a glVen Value of bending moment M，the stresses at uncrackedand  

CraCked sections willbefoundbyElasticandStraightLineTheories．respectively，  

as shownin Sectionsll．and12．  

・－15一・・・   
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Of the bond stress distribution．  

Since the bending momentis constant along the span L’，at the center of  

the uncracked section，  

∂ん（ん一点d）  
〟＝♪ろ∂2（1一点）′さ＋   

at the cracked section，  

〟＝崎3佃一ノ  

From Eqs．（14－5）and（14－6），  

鱒〆＋2，ゆ）′88  

（3＋坤一ノ  乃り2＋2，ゆ）′88  （′g）。＝エ／2＝  
3（1一点）  

ん（ん一点d）′†祉  

3クd2（1一点）   

The stress distribution at this stageisillustratedin Fig．13．  

15．Validity of the Analysis  

At theinitialstage ofloading，i．e．，for smallmagnitude of bendingmoment，  

concretein the uncracked section willresist theflexuraltensile stress and the  

assumption of concrete being elastic andhomogeneousmaterialwillbereasonably  

justified．When the tensile strength of concretein 兄exureis overcome，the  

initiム1crack willappear withirregularity along thespan．Furtherincrease of  

bendingmomentwilldevelopcrackscloser untilthe minimum spaclnglS reaChed．  

However，under n？rmalworking stress，jL＜0・45jも′，Widthofcracksaresmal1  

andthestressdistributionincompressivezonewillbepracticallylinear．Although  
the neutralaxis moves towards compressive zone，aCCOrdingly redistribution of  

stressestakesplace，the Straight Line Theory willremain valid up to this stage．  

When the bending momentincreases，prOducing stressjも＞0．4妬′，the stressin  

COmpreSSivezoneisnomorelinear，and the crack height and widthwillincrease．  

If steelstressis below yielding point，the stress may be estimated with certain  

accuracy on the assumption thattheplane section remains plane，and applying  

appropriate stress blocks for oompressive zone．The relations derivedin the  

previous sectionsare no more valid upon this stage．At this stage，Creep Of  

bondis anticipated no more neglesible andit willincrease thercrack width and  

StresseSin reinforcement as discussedin Section8．  

The furtherincreasein bendingmoment beyond this stage willproduce the  
three types of behaviors，aCCOrding to the properties of the section，i．e，，under－  

reinforced，balanced，Or OVer－reinforced section．（1）．If under－reinforced，the  

yielding of steelwillstart and丘nally the member willfailby crushing of the  

COmpreSSive zone of concrete．Before the failure，an eXCeSSive curvature wi11  

－17－   
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（3）AllstirrupS reSist the same force．  

（4）Idealized crackisinclined to beam axis at angle450．  

（5）Cracking extends up to the neutralsurface of the beam．  

：Willbe  

amount  

e to the  
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17．Significane of Cracking Problem  

In the design of reinforced concrete members，CraCking willbe oflittleim－  

portance，if thereis no danger of corrosion and anticipatedloads are always  

Staticandestimable．Genera11yspeaking，however，thecorrosionofreinforcement  

Willbeofprlmaryimportance，WhichdecidesspanoflifeofstruCtureSprOViding of  

theirbeingproperlydesignedforconceivablestressconditions，althoughthecorrosive  

efEects depend upon the environmeotalfactors．If struCtureis a maritime struc－  

turelocatedin or near the sea water，Or eXpOSed to the moistsevere conditions，  

thecrack－SpaCingandwidthareasimportantasstressanalysIS．Sofor as crack－  

ingin concreteis not avoidable，the studyisconsiderednecessaryontherelation  

betweenthecorrosive efEectsand crack－Width．In relationwiththis subject，the  

Study on stress corrosion which mayinduce serious corrosionis also suggested．  

Even when the corrosionis not animportant factor，CraCking may glVe rise  

to a serious problem．From the preceeding analysIS，itis found that thereis a  

di丘nite difierence of stresses between cracked anduncracked sections．This slg－  

ni丘es that thereis a sudden redistribuion of stressesin reinforcement upon the  

formation of cracks，nO matter they areflexuralor tensilecracks．Itisobvious，  

therefore，that theremaybestressconcentration orlocalfailurein reinforclllg  

Steeldue toimpact ofloads or repeated10ads，Whichlnayinduce the structural  

fai1ure．Thecrack formationin thevicinity of supports maylmply the failure  

Of anchorageif the sound anchorageis not provided．  

．e．，the   

When  

Sidered：   

a CaSe  

：eitis  

his pro－  

StreSSeS  

laction  

：eS．At  

くtentin  

tensile  

inforce－  

and in 

is also  
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hogonal  
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18．Conelusion   

（1）Althoughsomemodi丘cationisnecessary for computation of the efEects of  

CraCks upon the stress distribution，thereis no essentialdifEerencebetweenpure  

tensile cracks and pureflexuralcracks．  

（2）Under the normalworking stresses，the stress distributionin concrete or  

reinforcement depends on the stress distribution ofbond．  

（3）Bond stress distribution may be assumed as anyoflinear，parabolic，Or  

harmonic distribution along reinforcement．Although thereis an obvious dif－  

ference on the boundary conditions，it does not affect practically to the stress  

distributionin concrete orin reinforcement．For practicalpurposes，therefore，  

thelinear distribution may be preferably applied because ofits simplicity．  
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