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Introduction

The use of high-tensile-strength steel and deformed bars for reinforcing bars
is an increasing tendency. The former increases the working stresses consider-
ably, accordingly decreasing the required amount of reinforcement. The latter,
generally, eliminates the need for end hooks, which results in an equivalent econo-
mical effect as the former. On the use of them, however, lacks of an exact
understanding of the behavior of cracking may results in wider cracks or serious
failure. Especially in harbour structures, cracks in reinforced concrete members
should be carefully considered, no matter they may be tensile or flexural cracks.
Unfortunately in this field, the standard procedures or specifications for evalua-
tion or limitation of cracking in reinforced concrete members have not yet been
established except in few countries. To expect the economical and perfect use
of high-tensile-strength steel or deformed bars, it is considered of urgent need
to establish them through extensive theoretical and experimental studies and
comprehensive field investigations.



1. Purpose and Scope

The principal object of this study is to review the present theories and
hypotheses about the cracking in the reinforced concrete and to discuss the effects
of cracking on the stress distribution in reinforcing steel bars. Considering the
situations, under which cracking takes place, cracks in reinforced concrete may
be classified into four groups, i.e., cracks under pure tension, pure bending, pure
shearing, and combined stress conditions of these former three. Probably one
more group may be added, which is caused by some chemical reactions as alkali-
aggregates reactions, The discussion in this study will be limited to the first
two groups, because the third and fourth can be analyzed with the same analogy
asin the former two with some interpretation and the last is not defined clearly
and also includes too much complicated stress conditions to be analyzed ‘theore-
tically.

In the most of prevailing theories on cracking, the following assumptions are
made to simplify the problem:

(1) The stress in reinforcement does not exceed the proportional limit.

(2) All reinforcement bars in a given member are continuous through out their
length and are of the same size and shape.

(3) The strain in the concrete are proportional to the stress.

(4) The effects of shearing deformation on the spacing and the width of
cracks are neglesible in a case of pure tension. ‘

{(5) There is no slip or bond creep before cracking hetween concréte and re-
inforcement. ' ' ' i

So far as the working load is within the allowable limit, most of these as-
sumptions will be valid, however, it is considered important to approach the
actual behavior of cracking and its effect on the stress distribution in reinforce-
ment and to evaluate the significance of it in the cracking problem. In this
study, therefore, the first approach was done by Elastic Theory or Modified
Elastic Theory as usually done in reinforced concrete theories on these assump-
tions. When considered necessary, new assumptions are introduced in addition
to these basic ones, which also can be easily justified. The second approach
was the trials to find the influences of these fundamental assumptions on the
stresses in concrete and reinforcement with or without computation,” .

: 2. Notation

&y =strain in steel
& =strain in concrete
E; =modulus of elasticity for steel



L, =modulus of elasticity for concrete in compression

I; =modulus of elasticity for concrete in tension

"B =secant modulus of elasticity for concrete

£y =sustained modulus of elasticity for concrete in tension

fs =stress in steel

Sfs =stress in steel at the initial cracking in concrete

Ss« =stress in steel at cracked sections

fe =stress in concrete in compression

fr =stress in concrete in tension

St =tensile strength for concrete

f’c =compressive strength for concrete, by standard cylinder, at 28 days
fvr =yield point for steel -

Ae =cross sectional area of concrete
"As '=cross-settional area of st’i:el="1\'rﬂ;D2
A =area of concrete affected by the extension of steel
D ‘=diameter of round bar having an area of A,/ N= v 445
~ Nr
N  =number of reinforcement
P =ratio of cross sectional area of reinforcement to that of concrete
U{x)=bond stress calculated as for a round har
Ur =ultimate bond stress
W  =average width of tensile cracks in concrete on the level of reinforce-
7 ment
W =average width of cracks at surface of concrete
L =spacing of cracks in concrete
Lmin =minimum spacing of cracks in concrete
P =summation of perimeters of bars in the area Ac=NnaD
x =distance from a crack, measured along the reinforcement

F  —axially applied load

M  =applied bending moment which is considered constant albng x

T  =total tensile force in tensile reinforcement

C  =total compressive force in concrete

C’ =total compressive force in compressive reinforcement

7 =ratio of the modulus of elasticity for steel to the secant modulus of
elasticity for concrete _ ‘

ds =celongation of steel between the two adjoining crac‘ké_ '

4. =elongation of concrete between the two "adjoini_rig"cracks

¢  =ratio of the assumed effective area to the fully developed area of

_ 4 _
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concrete, introduced in the concept of a Hypothetical Cylindrical Area

in thé flexural reinforced concrete member

-:zféctor_. cietermining the diameter of the concrete area affected by the.
exjtension'of the reinforcing steel

—total depth of beam subjected to pure bending

=depth of compressive concrete in the beam

=spén length of beam subjected to pure bending

=width of beam

=depth of beam

=ratio of cross sectional area of compressive reinforcement to that of

concfete

Part I. Cracking in Symmetrically Reinforced Members Subjected to the Axial
Foree

3. Stresses prior to the Initial Cracking

By Elastic Theory, &:=E&,, i.e., ﬁ:—L. Therefore,
Ey  Eax
E
fs=fr E‘i’ ........... GO OSSR (3-1)-

Although E. is a variable depending on the properties of concrefe and stress
condition, it may.. be considered. as.a constant.which is equal to Eu, if fi< fru
Then

Es
fs=—aﬁ .............................................................................. (3-2)
From the equilibrium,
?IF'
fs:w ..................................................................... (3-3)
At the initial cracking, Eqs. (3-1) and (3-2) become
E,
Sao=fru Ty TN (3-4)
E
fso_—_ftu"—E.:_{ e R e SLERT IR IERERERE (3"'5)

That is, the steel stress in the initial cracking depends upon the tensile-strength
of concrete and modular .ratio. E¢fEe or. Es/E.; and is independent on the dimen-
sion. After the initial cracking has. occured, Eq. (3-3) is no more "valid and
stresses in reinforcement and ih, concrete will cha_ngé their distribution:. . ’ .

In the above development, the effects of » and D are neglected which may
affect- to. the strain. distribution in concrete surrounding reinforcing bars through

— 5 —



borid stresses. T herefore there W111 Be heterogeneous stress distribution in con-
crete and some discrepancy between the actual value and the computed one for
fso. If the load is sustained, the value Ea 1s no more constant and creep in
concrete will permit gradual increase of fs. Shrinkage also affects adversely,
producing compressive stress in reinforcement and tensile stress in concrete, of
which magnitude depends on the conditions of restraint to free shrinkage.

4. Stresses just after Cracking

From the equilibrium between a cracked and an uncracked sections,

Foes = FsAsr F1Ac ovrir e e (4-1)
P (= D (=
fz.— Ac IOU(I)d.I:EJAOU(QS)dI ...................... ..... (4—2)
Then the stress in the reinforcement will be )
4 = :
fs=fsc—5f0U(a:) Ao e, o (49)

If the axial force F is increased, the- tensile stress in concrete will reach its
ultimate value and another crack will occure. From the symmetrical condition,
the tensile stress in concrete between the two adjoining cracks may reach its
maximum value at z=L{2, and simultaneously the tensile stress in reinforcement
will be at the minimum value. .

T‘ . _.:., L (ft) a::.sz——?;— o' U(.II) dxl ........... e dsaaraaseabriesi s s ase s ssasas (4—4)
4 pLi2 :
(fs) m:L,f2=fsc'——5 , U(SE) 7 U . ......... (4—5)

From the above discussion, it is obvious that the stress distributions in con-
crete and reinforcement are dependent upon that of bond stréss. Tl:lerefore; if
the value of U(z) is known, the values of f: or f: will be exactly estimated.
Unfortunately there is not much available data on the bond stress d15tr1but1on
According to Watstein and Parsoris (Ref. 15), U(z) can be expressed as “fol-
lowing : - :

U(x)-—Um(l—-sz) ...... ....... @)
r. . = . . .. A
U@ =Ua(1= 4;2) ......... e St )

Also Bertero suggests U(z) ‘may be expressed as one of the harmomc functlons
of z, (Ref 1) of Wthh the most s1mple case will” be as folIowmg

i

_:;,L. U(x) Umsm(—) .......... ,5,(4’)

s —
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ically Eq. (17) is equivalent to the uniform stress distribution, which seems
t impossible in actual conditions, but is sometimes used by designers be-
s,e-f0f its simplicity. Although Eqs. (2") and (3") do not satisfy the boundary
condition at the cracked section, where the bond stress must be equal to zero,
they yield the comparable values as Eq. (4’) does. Replacing U(x) by these

relations,
/
I Umd$=£Um .................................................................. (1”)
o 2
Liz 2z L vy
fo Um( —T)d‘z:TUm ................................................... 2’
Lz 2nx L .
f Um(l“?)dl’:_s—Um ................................................... (3 )
' Lfz 2nxT L us
! U sin T dx = Um .......(4)

Taking the ratio among these four values,
@) (2N:(3):(4)=1:1/2:2/3:2/n
=1:0.5:0.67:0.64

As is obvious in the preceding computation, there is no essential difference
among the last three values. Considering the validity of the basic assumptions,
any of these three Equations, (2%), (3’), and (4°) can be used for practical pur-
poses. The actual bond-stree distribution may be somewhat like illustrated in
Section 6.

Assuming U(x) =Unsin ( 27”)

fDUmsin( Zx)dx L Um(l cos‘%r—x

L
_4 L 27T ‘ | '
fr=b 01700877 ) oo (4-6)
2 x
o= fro— (1 u ) .................................................... 47
for z=L}2,
fi= tU .............................................................................. (67)
AL
f,:fsc—E ........................................................................... (6’)
Expanding Egs. (5’) and (6’) to the general expressions, _
ot L | B
(ft)x_sz—-Kz D 2 Um ......................................................... (4—8) ‘
4 L :
(fs) zmriz=fo—K > Ty —Z—Um ........................ Srarsarariranenan (4-9)
N




where; Ko=a.coefficient depending upen the:bond:sfress. distribution.
Substituting, Eq. (4-8) .into_Eq. (479),

1
(fs)‘z:le"—-‘fad‘—?(ft) BaLf  anererarreceteceieintncntantantrarterrennrnrnreesen {4-10)~

5. Minimum Spacing and Width of Cracks

With .further increase. of. fs, a new..crack may form between the two adjoin-
ing cracks, and repeating this process the spacing of the cracks becomes smaller
and smaller-until - a- limiting value-of spacing is reached, at: which: the tensile
stress in concrete does not exceed the tensile strength. At the-center of the
two adjoining cracks in the minimum spacing; the stress in concrete can be as-
sumed to be its ultimate value, therefore, the following expressions can be
derived.

From Eq. (4-8),
Login=

Erom-Eq, (4:10),,
o) Trmtn= fec—%ﬁa ............................................................... (5-2)

2 D fu
K2 4? Um

If; there-is; no slip, between: concrete-and: steel; as assumed;
W =steel elongation—concrete elongation
=d;—4:

_2fL12fs(x) e J-L!?. ﬁl(;:) Az
g} ot

Ljz (f“__4_.fLm U(x) dx)fdx

;.,, Lrap ( f U@ dx)dx .......................................... (5-3)

where- E; is assumed- as a constant. From-the discussion in-the-previous section,

L/2
[ U@ydz=tUn
1]

Therefore,
~L 2 L1z 4
J (fac szm d.’L‘ EZ:f -—Dangmdx
L I, 4
='E_,(fse k‘zUm) i Ty Fel e (5=4)
If we take the ratio of ' 4; to 4,
defde=( Bala Un > )/Et oo balmet. D) eeerererssesereiresesenennns (5-5)

. 3‘5 -
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fiv=fy=2,300 kgfcmZ= (33;000:psi)
) -1 27 cm [(0.51n.),
""E.—z 1x10° kgfem? (30X 10° psi)

£=0.04,

ky=2{r=0.64

Un=21kgfcm? (300 psi)
And substituting thege {ralues‘ into Eq. (5-5), 4of4:=0.2. Although this ‘computa-.
tion is, based on the part1cu1ar values, it suggests that the magmtude of 4c is
very small in comparison with that of 4,. Moreover, con51der1ng the effect of
shrmkage which reduces the strain in concrete and that of creep which increases
the steel stress considerably, 4. can be appropriately neglected, If there is any
bond-creep against the assumption, to neglect 4. will be rnbre reasonable, because
the bond-creep increases the crack.width Wr-directly by -the- amount- of slip- and
decreases. the. strain. in\ concrete.
Then.Eq. (5:4) becomes

Eﬂ(f,c szm) et e eeeeeneae (5-6)
At, the minimum. spacing-of cracks,.
W —( fsc-—fr,,) Lintn coveveveeereereeresesssssssosenssssrensees s (5-7)
If the effect of concrete elongatmn is. consic.ler_ed,‘
W——( Fuom fru)me L S —— (5-8)
='E:(_fag-‘f;q:ﬁdf;):[ﬂ_n'm..:.._..:....f.................................'......'(5_?.8:)

Eq. (5-&).coincides. with: what: is. suggested by Bertero and- others. (Ref. 1. and
4). In. Eq. (5=<7), when. fs. approaches;to the. yield point, the second:term. be-.
comes.smaller comparing with. the, first; and: to. neglect the. term. will: give. a;
conservative. value: for W, which: is. given. by.

fsc
W Fs me LR R R R T PP P PO PP rrerenesas (5"9)

This. formula: is. the.same often. refered by Wistlund and others (Ref: 1)
Rewriting: Eq, (5--8)

- fl‘u D. f Ty,
W= 2]22E (fac fso ‘ )p Um .......................................... (5"10)‘

Introducing a new coefﬁcient k,
_ ftu
k 1 fsc (f’°+ )

_ Kk L Qi’i
L Tl




6. Illustratiive Presentation of Srress Distriburion

The relations obtained in the preceeding analysis and ‘discussi_bn in Sections
3, 4, and 5 are illustrated in this Section. Fig. 1 illustrates the stress distribu-
tion prior to the initial cracking. In Fig. 2, the stress distrirbut'ion immediately
after the initial cracking has occured and in Fig. 3, the one after the folloWing
cracks have developed are presented. Figs. 4 through 8 present the assumed
bond-stress distributions and their corresponding longitudinal strees distributions
in concrete and remforcement at the minimum spacmg of cracks. Finally in Fig.
9, the one after the minimum spacmg of cracks has been reached is illustrated.

7. Infiuence of Shear Deformation

In the development of the discussion, the effects of shearing deformation in
the concrete were disregarded. Because of this deformation, the tensile stress
in the concrete is at its maximum in the vicinity of the reinforcement and de-
creases with the distance from the reinforcement. The stress in the concrete
is not always positive, i. e., it can be in compression. Accordingly the resistivity
of concrete to tension must be less than that indicated by the equations, in effect
this is -equivalent to the reduction of the cross sectional area A: or an increase
in p. Therefore, the effects of shearing deformation would be somewhat related
with the diameter and the cross sectional area of reinforcement.

£

8. Influence of Slip between Concrete and Reinforcement

Slip in bond, or creep in bond under sustained load releases the strain in
concrete, consequently increasing stress in reinforcement and decreasing stress
in concrete, Jnst prior to slipping, the bond stress réaches to the ultimate value
and suddenly decreases to zero with the slipping and the slipped depth is directly
transformed into the width of cracks. Accordingly the width of cracks may be
expressed as following:

7 W=d;—4,+5lipped Depth
According to- Watstein and Parsons (Ref. 15); however, the effect of slip is so
small in comparison with other movements, 4s and 4., that it will be appropria-
tely neglected except when the tensile stress in concrete is large at early ages
and when members reinforced with plain-bafs are subjected to repeated loading.

9. Loading beyond the Proportional Limit of Sfeel

After the minimum spacing of cracks has reached,. the further increase in
load F expands cracks without any increase in their numbers until the stress in
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1t reaches.to the yield point at. cracked sections. "'."‘.The formulae (5-
~11) are no more valid because the depth of slip will also increase.
his situation, the application of Eq. (5-9) will be proper to estimate the
Grack: ﬁndth If the reirforcement are deformed bars, the separating effects and
he shearing effects will play important rolls due to the act of projected parts.

; rushmg of concrete along the reinforcement and spalling of concrete in the
‘v1c1n1ty of the cracked sections will be observed. After fs has reached to the
" yielding p01nt crack w1dths will increase w1thout adding any load, the depth . of
slip will be also deepened more and more, producing the redistribution of stres-'
ses in the reinforcement and concrete. Finally the stresses in reinforcement will
become roughly uniform as illustrated in Fig. 9.- ‘

10, Summary

Reviewing the works done by Bornenman, Colonetti, Saliger, Watstein, and
others, (Ref. 3, 6, 10, 14, 15, and 16), they are summarized as following: ‘
(1) the width of cracks is roughly proportiondl to D/p, -
(2) the rate of increase of the width is 1ndependent of the strength of con-
“crete, and
(3) -the stress at the initial cracking is roughly proportional .to the: strength of
concrete. ' -
These findings present the basic foundations for the analysis. develeped in the’
preceeding sections. From the analysis and d1scuss1on it w1Il be . easily found
that the reinforcement provided with a mechamcal bond system such as defor-
med bars, is more effective than smooth bars not only in controlhng the_ 1n1t1a1'
width of cracks, bnt also in minimizing the enl'argementrof cracks caused by
sustained or repeated loads. It is also obvious that the use of high-tensile-strength
steel is of great advantage, of which adverse effects to increase the crack-width
can be easily canceled by the proper methods. '

Part II. Cracking in Single-Reinforced Members Sﬁlijected to Pure Bending

11. Prior to the Initial Crackihg

By EIastlc Theory, (refer to Fig. 11), .
h—kd . _ h—kd fi _ fe

SR T d—kd B B |
—.-E‘s d—kd . _ 7 . )
Ll fs__ E“ h-—kd ft ....... R T T R L R AR R _(11—_1)

Just prior to the intial cracking, f: will be equal t6 fr, then,

11—




Es d—"kd ’
faO E h'—‘ d ftu ............................................................... (11—2)
where,
bht+2ndAs
kdﬁ42(5h+ (D) Ay T frrerraes (11-3),

Comparing E, (11-2) with Eq. (3-4), if A2=d, then the former will be reduced
to the latter. This approximation is considered very important in introducing
the Hypothetical Cylindrical Area by Chi and Kirstein (Ref. 4), which will be
discussed in Section 13. The bending moment for the initial cracking will be
given by '

' bd 1=k

Mo=—5" (d (h—kd) +d*B—h)—p 15) Fea coreererennsssessnnns (11-4)

12, Just after the Initial Cracking has Occured
At the cracked. section. (Eig. 12), by Modified Elastic. Theory; or. Straight
Line Theory,
b= —2?1As+1\(.4ﬂ2A$2':‘|‘:.8ﬁ&dA3,

2bd
=+ n2p242np ~np e e (1271)
'jd:d--%kd:?(3+-np.—«/..n2p2.+2np-)As ............................... (12-2)

From the equilibrium,
Mo 3Mo

fsr.:.,-jdﬂs. =, d(BJI—np—«/ PR Enp) Ay e (12=3)
Replacing M, by Eq. (11-4), "
2
p( Lk + SRR ) £,
o G PR A
b (heekd) 2 d3(8— k) (1— k) np.
=d2(h-—kd) (3+np—-~{ﬁ§'_¥%)p,am .............................. _(\12;‘4)

where %d is given by Eq. (11-3).

That is, before, the. initial, cracking. takes. place, the, stress in, reinforcement.
distributes uniformly over the-span L’, where the pure bending moment is act-
ing. Although the magnitude of the stress in concrete. varies, it.is; also- uniform
on the same level of fiber. Just after the initial cracking, stresses are redistri-
buted producing the maximum stress in reinforcement at: the. cracked section.
The stresses at uncracked sections sufficiently far from.the cracked section will
be approximately given by Eq. (11-1), where S will be solved by the Elastic
Theory using.the transformed. section. Therefore, the stress distribution is some-
what similar to that shown, in, Fig, 2,

— 12;—
Na
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'13. -After the following Cracks have developed (1)

To attain simplicity and reasonable validity of the equations, Chi and Kirs-
tein (Ref. 4) have developed a semi empirical approach to the flexural cracking
prof)lem by introducing a Hypothetical Cylindrical Area in the tensile zone of
the beam subjected to bending. Their analysis was besed on the following as-
sumptions :

(1) Concrete is a homogeneous and elastic material.

(2) Reinforced steel is not stressed past its proportional limit.

(3) The cracked portion of the beam is subjected to pure bending.

(4) After a number of cracks have occured in the tensile zone of the concrete,
the tensile strains due to flexure are neglesible. Any measurable strains
in that portion of the concrete are ‘attributed to the shear deformation
developed through bond by the extension of the steel.

The assumptions (1) and (2) are same as made in section I, and (3) is to
simplify the analysis as objected in this discussion, which will be mentioned
later. If the assumption (4) is valid, the tensile strains -in concrete can be
considered as caused by pure tension, although the actual distribution of stress
is not symmetrical. So far as the Si_:raight Line Theory is reserved, that is,
plane sections remaine plane, -the stresses in-concrete in the tensile zone of the
member have to be proportional to the strains at uncracked sections. The stresses
in the compressive zone are not necessarily proportional and proper stress blocks
can be assumed according to the external moment. The neutral axis is no more
on the same level, and the stress in concrete in any uncracked section will be
somewhat like shown in Fig. 14. According to the assumption (4), the fiber
stress is at its maximum on the level of reinforcement which- contradict to the
Straight Line Theory, on which the hypothetical theory is:based.. Therefore, the
assumption (4) seems doubtful, on which Bertero also has expressed his misgiving
(Ref. 2). Considering the concrete stress after a number of cracks have been
developed, however, it will be close to its ultimate value at the center of the
two adjoining cracks. If the cover thickness d’ is véry small comparing to the
depth d, li=d can be reasonably assumed, which leads to the approximation
mentioned in Section 11, i.'e.,

E(d—kd) fou _ Erfra
fso= Fu(hmkd) = s

Although the concrete stress on the level of reinforcement is greater than that

on the surface of tension side according to Chi and Kirstein, the difference

between them will be small and can be neglected. Then the steel stress will be

approximately equal to that given by Eq. (13-1).



N e = 7 s s =

So far as the conventionally designed members are .concerned except thin
slabs, the above discussion will be val'id, althoﬁgh it was déveloped on the
successive approximation and assumption. This may be the reason why the test
results are in good agreement with the semi empirical theory presented by Chi
and Kirstein in spite of the contradicted assumption. It also signifies that the
concept of Hypothetical Cylindrical Area can be applied without erroneous results
for the computation of stresses at the uncracked sections. Using the concept,
Eq. (4-4) is reduced to Eq. (13-2),

( ft)m_,Fig_ f :’ U(Z) T, e (4-4)

If a linear stress distribution is assumed for the bond,
Li2 L/2 zx L
[ v@adz= [ TUn(1-F ) dz=Un,

For L=_Lmys and fru:—%Uanm, and replacing p by 2.,

2 ftu
Pe Un
A A1
BA;  pAmE mip

Lmtn =

where p.= , therefore,

The formulae for the average crack width at the minimum spacing will be
obtained from Eq. (5-8).

1 Jru
W:E—s(fsc——fsn—— ;_)Lmin ................................................... (5‘-8)
Substituting p=p. into £q. (5-8),
W:Ei(f,c-—fso—mqufm)me ............................................. (13-3)
If the concrete strain is neglected, Eq. (13-3) is reduced to
. 1 2 fm .
AW-—_E_S‘(fsc—-fsﬂ)?Tl <{>D——Um ................................................... (13-4)

Formulae (13-2) and (13-4) agree with those suggested by Chi and Kirstein for
the minimum crack spacing and the crack width, respectively. Moreover they
suggest according to their empirical data and its analysis (Ref. 3 and 4),

Jro 5 2500 .
U = 16" and fm—_cbD psi

m=4d,

Using these values, Eqgs. (13-2) and (13-4) are reduced to
Lm{n=5¢Din...........................4...................; ......................... (13‘5)

o 2300
W=5¢D(_J)in. T ST (13-6)
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Accordingly the average crack width on the concrete surface will be estimated
by using the following formula. '

2500
_ h—kd( i ¢D)- ' _
Ws=5¢pD T—id )R 1 ¢ T PN (13-7)
where k= (v n2p - 2np—np)
3M

f"’zpbd2(3+np—«/ 2P+ 2np )

On the application of Egs. (13-5), (13-6), and (13-7), consideration have to
be made to the fact that the ratio of tensile strength to bond strength depends
on the deformation pattern and the surface roughness of reinforcing bars,
therefore, the new evaluation of the ratic on the particular type of bars will
be necessary for Es and Un, as well as for Ee: and fu. on the concrete.

Wistlund and others suggest to employ the following formulae for crack-
spacing and width (Ref. 11, 12, and 13).

tuAc - ftuD
UmnﬂD—-Cl—l—C‘z 415 ..........................................

where ¢; ann ¢; are cofficients.

S se
Es ........................................................................

For pure bending, they also suggest,

¢1=Luin+c2

W= Lm!n

- Iefs B8 ‘
Wmaz—CaD( DA,E, (h—kd) ) .......................................... (13—10)

where cs=coefficient depending on the type of bhars, 0.23 for plain bars, 0. 16
for deformed bars,
I.=moment of inertia of the full concrete section about the neutral
axis, and
fs=working stress in reinforcement,

14. After the Following Cracks have Dévelolied (2)

Reviewing the procedures through which the formulae shown in the previous
sections have been derived, it does not seem proper to apply them directly for
evaluation of stresses in reinforcement or concrete, because these formulae
contain successive approximations and some of them include coefficients deter-
mined empirically. However, the concept of Hypothetical Cylindrical Area can
be used advantageously for stress analysis at uncracked sections.

For a given value of bending moment M, the stresses at uncracked and
cracked sections will be found by Elastic and Straight Line Theories, respectively,

“as shown in Sections 11. and 12.
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Between these two different values, there must be continuous transitive stress

distribution which is developed through bond stréss. Moreover, from the
symmetry, steel stress may be at its minimum and contrarily concrete stress at
its maximum at the center of the two adjacent cracked sections. Considering a
portion of tensile zone in a flexural member as an axially loaded prism, in other
words, applying the concept of Hypothetical 'Cyliridrir;al Area, the required stress
distribution may be obtained without so many errors.

'In axially loaded members,

R 72 (S
= [ T SR (4-2)
fs=fsc—‘% U(x)dx ......................................................... (4—3)
0
Replacing p by pe=1/(¢pm?)
4 x
F= i [ U@IAZ corevscriniernsis s (14-1)
At the center between two adjoining cracks,
4 L/2 4 L
ft:Wfo U(x)d$=mszm—2 rvnrenerneiaerhaeneaaannanns (14-2)
4 L .
fs -_—'fac—ﬁkz Um? ........................... esiasetsavaasiaanasraaraaraannrns (14_3)

In this case also, the stress distribution is determined by the bond stress. As
‘discussed in Part I, any of linear, parabolic, or harmonic bond stress distribution
may be assumed. If a linear distribution is assumed, at L=_Ls,, on the level
of reinforcement,

1 d—td
T= g Uy g
Therefore, ‘
h— - kd ftu
— 2 - - — . o,
Lita=m pr dekd U, S (14 4)

‘If the thickriess of cover for reinforcement is neglesible, (h—2%d)/{d —kd) beconiés
‘equal to ‘one, ‘Eq. (14-4) is reduced to ‘Eq. (13-2). Stréss in reinforcement
is not affected by the values of » and ‘¢. Accordingly 'the -stress- distributién
for bond, concrete, and reinforcement will ‘be suCh as illustrated -in -Fig. -3
‘through'9, where fs has to be replaced by the value given in Eq. (14-1) and
also fru, fr, and p have to be rewritten by (d—kd) fi/(F—kd), 4Un(z)f(Z)/
(m?$D), and p, respectively. The function f(z) is determined by the pattern
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of the bond stress distribution.
Since the bending moment is constant along the span L‘, at the center of
the uncracked section,

M= pbd?(1—k) fﬁw i e (14-5)
at the cracked section,
M= —;pbcﬂ (B 1P — TEPTE27D) Fa0eeeeeearereriieesiireineireneeeeesreas (14-6)

From Eqgs. (14-5) and (14-6),

1 _
(fs)==uz=3—(1—m(3+ﬂp—~/ n*p*+2np) f o

_ h(h—kd) fe.
——31) FEU(Lf) oo
The stress distribution at this stage is illustrated in Fig. 13.

15, Validity of the Analysis

At the initial stage of loading, i.e., for small magnitude of bending moment,

concrete in the uncracked section will resist the flexural tensile stress and the

assumption of concrete being elastic and homogeneous material will be reasonably
justified. When the tensile strength of concrete in flexure is overcome, the
initial crack will appear with irregularity along the span. Further increase of
bending moment will develop cracks closer until the minimum spacing is reached.
However, under normal working stress, f:<0.45f;°, width of cracks are small
and the stress distribution in compressive zone will be practically linear. Although
the neutral axis moves towards compressive zone, accordingly redistribution of
stresses takes place, the Straight Line Theory will remain valid up to this stage.
When the bending moment increases, producing stress f.>>0.45f;", the stress in
compressive zone is no more linear, and the crack height and width will increase.
If steel stress is below yielding point, the stress may be estimated with certain
accuracy on the assumption that the plane section remains plane, and applying
appropriate stress blocks for oompressive zone. The relations derived in the
previous sections are no more valid upon this stage. At this stage, creep of
bond is anticipated no more neglesible and it will increase the crack width and

" stresses in reinforcement as discussed in Section &.

The further increase in bendirfg moment beyond this stage will produce the
three types of behaviors, according to the properties of the section, i.e., under-
reinforced, balanced, or over-reinforced section. (1). If under-reinforced, the
yielding of steel will start and finally the member will fail by crushing of the
compressive zone of concrete. Before the failure, an excessive curvature will

— 17 —



be also observed. In this case slip between concrete and reinforcement will be
not so large as observed in the case of axial cracking, because a certain amount
of friction will be developed between concrete and reinforcement due to the
excessive curvature which resists to the slip, Even so, the slip depth will be
enlarged and the spalling of concrete may be observed near the cracked sections
if the member is reinforced with deformed bars. Through this process, nearly
uniform distribution of stress in reinforcement is anticipated prior to the final
failure. (2). If over-reinforced, the member will fail by sudden crushing of
compression concrete without yielding of steel. (3). If balanced, the crushing
of concrete and the initial yielding of steel will take place simultaneously and
fail. In the cases of (2) and (3), nearly exact behavior can be forecast up to
the stage of failure through computations, although it is not so significant but
in a case of experimental study.

16. Effect of Shear

In the preceeding analysis, the effects of shear was disregarded, i.e., the
constant bending moment along the span lehgth was assumed for analysis. When
the bending moment is not constan{, however, its effects must be considered:
especially when the maximum bending moment and shear coexist, as in a case
of continuous beam or fixed end beam, it will be very important. Since it is
beyond the subject of this study, however, the method of approach to this pro-
blem is briefly stated below.

Prior to the formation of cracks, reinforced concrete beams have stresses
quite similar to those of a homogeneous beam, even under the combined action’
of longitudinal tension originated by bending and transverse shearing forces. At
this stage, in other words, shear does not contribute to an appreciable extent in
the stress distribution. When a crack have formed shearing and diagonal tensile
stress cannot be transmitted accross the opening by the concrete or reinforce-
ment alone, i.e., the stress redistribution will take place both in concrete and in
reinforcement. However, most of beams have web reinforcement which is also
subjected to the stress redistribution, and the mode of it varies considerably
depending upon the type of web reinforcement, such as no web reinforcement,
vertical stirrups, bent-up bars, bent-up bars and vertical stirrups, or orthogonal
web reinforcement. Therefore, conventional approach has been made for each
type of web reinforcements on the following assumptions in addition to those
stated in Section 1, although some of them are doubtful in their validity,

(1) Concrete resist part of total shear.
(2) Web reinforcement resist the balence of the total shear.

— 18 —
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(3) All stirrups resist the same force.
(4) Idealized crack is inclined to beam axis at angle 45°.
(5) Cracking extends up to the neutral surface of the beam.

17. Significane of Cracking Problem

In the design of reinforced concrete members, cracking will be of little im-
portance, if there is no danger of corrosion and anticipated loads are always
static and estimable. Generally speaking, however, the corrosion of reinforcement
will be of primary importance, which decides span of life of structures providing of
their being properly designed for conceivable stress conditions, although the corrosive
effects depend upon the environmeotal factors. If structure is a maritime struc-
ture located in or near the sea water, or exposed to the moist severe conditions,
the crack-spacing and width are as important as stress analysis. So for as crack-
ing in concrete is not avcidable, the study is considered necessary on the relation
between the corrosive effects and crack-width. In relation with this subject, the
study or stress corrosion which may induce serious corrosion is also suggested.

Even when the corrosion is not an important factor, cracking may give rise
to a serious problem. From the preceeding analysis, it is found that there is a
difinite difierence of stresses between cracked and uncracked sections. This sig-
nifies that there is a sudden redistribuion of stresses in reinforcement upon the
formation of cracks, no matter they are flexural or tensile cracks. It is obvious,
therefore, that there may be stress concentration or local failure in reinforcing
steel due to impact of loads or repeatéd loads, which may induce the structural
failure. The crack formation in the vicinity of supports may imply the failure
of anchorage if the sound anchorage is not provided.

18. Conclusion

(1) Although some modification is necessary for computation of the effects of
cracks.upon the stress distribution, there is no essential difference between pure
tensile cracks and pure flexural cracks.

(2) Under the normal working stresses, the stress distribution in concrete or
reinforcement depends on the stress distribution of bond.

(3) Bond stress distribution may be assumed as any of linear, parabolic, or
harmonic distribution along reinforcement. Although there is an obvious dif-
ference on the boundary conditions, it does not affect practically to the stress
distribution in concrete or in reinforcement. For practical purposes, therefore,
the linear distribution may be preferably applied because of its simplicity.
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(4)

Concept of Hypothetical Cylindrical Area by Chi and Kirstein will be a

useful teol for analysis of stresses in concrete in the tensile zone of the flexural

members.
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