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1. A Review on Statistical Interpretation of Wave Data

Yoshimi GODA*

Synopsis

Various aspects of wave statistics are reviewed on the basis of field obser-
vation reports mostly published in last several years. Wave statistics are classi-
fied into three categories of short-term, wave climate, and long-term statistics,
according to their time scales. In the short-term wave statistics, a small but
consistent deviation of wave heights from the Rayleigh distribution has been
observed. The joint distribution of wave heights and periods is now paid atten-
tion from the viewpoints of theoretical as well as field investigations. In the
wave climate statistics, the persistency of sea state has become a subject of
discussion. As to the long-term wave statistics, attention is called for the long-
term wave variability and the reliability of data base.

A survey of some twenty reports on observed wave data is made to examine
the relationships between various characteristic wave periods. It indicates that
Tmys is the most reliable period parameter, while T, is the least reliable one
being affected by the performance of wave recording systems and other factors.
A generalized form of the JONSWAP spectrum, which covers the Bretschneider-
Mitsuyasu spectrum and the ISSC spectrum, is proposed with the parameters
of Hys, Ty, and shape factor with suggestions for conversion of characteristic
wave periods into Tp.

# Director of Marine Hydrodynamics Division.
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A Review on Statistical Interpretation of Wave Data

1. Introduction

Sea waves had eluded man’s intensive effort to quantify their characteristics
for long time, but the development in ocean instrumentations in a recent few
decades has been providing us with ever increasing volume of wave data from
various parts of the sea. Many reports have been published, especially in last
several years, which discuss various aspects of observed sea waves. There are
also available several statistical theories which provide the basis for interpreta-
tion of sea wave data. Time is opportune for presenting a review of these
studies from the engineer’s viewpoint. Since a previous review work by Notle
[1973] concentrated on the statistics of extreme sea state and another by Battjes
[1977] put some emphasis on theoretical aspects, the present review will make
effort to provide a concise but overall view of wave statistics on the basis of
field observation reports. A detailed discussion will also be given on the rela-
tionships between characteristic wave periods for the purpose of selecting a most
appropriate period parameter for the nominal wave spectrum.

It should be mentioned here that the present review was originally prepared
as a draft contribution to the report of the Committee 1.1 on Environmental
Conditions of the Seventh International Ship Structures Congress to be held in
Paris, 1979. With the encouragement of the Committee Chairman, Dr. N. Hogben,
an enlarged version of the draft contribution is presented hereupon.

Notation—The symbols employed in this report are listed with their definitions
in the appendix. Most of them are in accordance with the PIANC recommenda-
tion [1973].

2. Classification of Wave Statistics

Interpretation of wave data is made in many forms, depending upon the
purpose of analysis and application. A classification of wave statistics into the
short-term and the long-term statistics is quite common, especially in the field
of naval architecture. When dealing with stationary offshore and coastal struc-
tures, however, another category of wave statistics with the time scale of a year
or so becomes indispensable, which is called the wave climate statistics. In the
two-way classification, the wave climate statistics is treated as a part of the long-
term statistics. But the former aims at the general description of seasonal and
annual wave conditions at specific locality, whereas the latter is oriented for de-
sign applications for structures with the lifetime of several tens of years. The
methodology of analysis is different, and therefore the distinction between the
two is better made for clarifying the interpretation of wave data. Thus, vari-
ous items of wave statistics, although they are not exhaustive, are listed in the
following under the headings of the short-term, the wave climate, and the long-
term statistics:

1) Short-Term Wave Statistics

a) distributions of individual wave heights and surface elevations
b) distributions of individual wave periods
¢) joint distribution of individual wave heights and periods

—_ 9 —
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d) distribution of individual wave steepness
e) statistics of wave groups
2) Wave Climate Statistics
a) marginal distributions of sea state parameters
b) joint distributions of sea state parameters
c) statistics of sea state persistency
3) Long-Term Wave Statistics
a) long-term distribution of individual wave heights and wave-induced
loads
b) estimate of extreme, individual waves in terms of return periods
c) estimate of extreme sea state in terms of return periods

The term of sea state is used here to denote the wave condition described
by means of height, period, and direction parameters. The wave height para-
meter commonly employed is H, (visually observed height) or Hy=H, /s (significant
wave height or the mean of the heights of highest one-third zero up-crossing
waves). The wave period parameter commonly employed is 7% (visually observed
period), T: (mean of zero up-cossing wave periods), Tm,, (mean period defined
with the zetoth and first moment of wave spectrum), or Tg,,, (significant wave
period or the mean of the periods of highest one-third zero up-crossing waves).
The diversity of wave period parameters often causes inconvenience in data
utilization and sometimes misinterpretation, too. To clarify the question of ap-
propriate wave period parameter, discussion is made in Chapter 4 on the rela-
tionships between characteristic wave periods.

3. Short-Term Wave Statistics

3.1 Wave Height Distribution

The marginal distribution of individual wave heights is well approximated
by the Rayleighan of the following form:

Plx]=1—exp[—a’z?], ' (1)
where

Plx]: distribution function or the probability that x does not exceed
a given value
x=H|H,: nondimensional wave height

H, : arbitrary reference height
1~/8 : Hy=+1e =7ms
__He _) =p. — 7
a= Byl Jof2: Hy=H (2)
1 . H*=P1rms
me : zeroth moment of wave frequency spectrum.

The applicability of the Rayleigh distribution to sea waves was proved by Longuet-
Higgins [1952] for the case of narrow-band spectrum. A number of wave obser-
vation data (Bretschneider 1959 and others) have provided further evidence of its
applicability to waves with broad-band spectra under the condition of individual
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waves being defined by the zero crossing method. A numerical simulation study
by Goda [1970] also indicates that the quasi-Rayleigh distributions of zero up-
crossing wave heights are observed irrespective of spectral forms.

A small but consistent deviation of wave heights from the Rayleigh distribu-
tion has been found with regard to the ratio of H to ~/7 =7nms; most of obser-
vations suggests the ratio of 3.8 on the average (Wilson and Baird 1972, Liu and
Robbins 1974, Soejima et al. 1975, and others) instead of the theoretical value of
4.004. The ratio of 3.8 is also realized in numerical simulation of sea wave pro-
files (Goda 1970). As to the height of highest wave in a group of waves relative
to ~/me, Haring et al. [1976] as well as Forristall [1978] show the observed ones
lower than the theoretical ones on the average by about 102 for extreme wave
conditions, especially at the Gulf of Mexico. Forristall [1978] further proposes
an empirical distribution of the following form for zero up-crossing wave heights:

P[¢§}=1—exp [—&/y], (3)
where
E=H|V/m,, 2=2.126, and p=842..

3.2 Wave Period Distribution

The marginal distribution of individual wave periods is closely related with
the joint distribution of wave heights and periods. A semi-empirical proposal of
the Rayleigh distribution for T? by Bretschneider [1959] provides a fair approxi-
mation to wind waves, though he could not formulate the joint distribution in
a closed form. Longuet-Higgins [1975) has derived the theory of the joint dis-
tribution for waves with a very narrow band spectrum, which can be rewritten
in the following form:

_ 2a°z* s (T"l)z]}
o(z, 7)= Ty P { ax [1+ iy , (4)
where,

p(x, ) : joint probability density function of nondimensional wave
_ heights and periods .
tr=T/T.: nondimensional wave period

1/2
u=[in°l":—2—l] . spectral width parameter (5)
1
mnzr f?S(f)df: n-th moment of frequency spectrum (6)
0

The marginal distribution of wave periods is derived from Eq. (4) as

o
u?

= Gt e 0

The joint distribution of Eq. (4) has its axis of symmetry at z=1, or T=
T., and yields no correlation between wave heights and periods. On the other
hand, ocean waves exhibit a distinctly positive correlation, especially at the por-
tion of low waves [e.g., Chakrabarti and Cooley 1977, and Gode 1978). This tend-
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ency is formulated in the theory by the group of CNEXO [Arhan et al. 1976,
Cavanié et al. 1976, and Ezraty et al. 1977], which is basically for the joint dis-
tribution of the amplitudes and periods of positive maxima. The time interval
between successive positive maxima is estimated by extending the theory of
Cartwright and Longuet-Higgins [1956], and is employed as the substitute of zero
up-crossing wave period. The proposed joint and marginal distributions are as
follows:
a3$2

—_— _.—52__ 2__ 2)2 402
2, O=Tgm i P g e +apl, (8)

where,

§=H|~/m,_: nondimensional wave height
{=Cr=CT|T.: nondimensional wave period

a=2 1/ T7E) (9)

p=elvI= (10)
m22 1/2_ l .

e—[ - mom.,} =es: spectral width parameter. 11)

The mean value of nondimensional wave period, £, is numerically obtained from
the marginal distribution of wave period of the following:

_ aaﬂzc
PO eyt - {2
When this theory was applied for ocean waves by the group of CNEXO, the
spectral width parameter was estimated by the formula of

e=[1—(No/Ne)*)V?=er , 13)

where N, and N, denote the numbers of zero up-crossings and maxima of sur-
face elevation in a wave record. Thus, ¢ was treated as an empirical parameter
derived by the wave-by-wave analysis. '

Though the theory by CNEXO is theoretically inconsistent especially in its
approximation of the mean zero up-crossing wave period with the mean interval
of positive maxima as pointed out by Battjes [1977], it provides a good approxi-
mation to the joint distribution of heights and periods of ocean waves. A short-
coming of the theory is that the asymmetry of the joint distribution with respect
to the wave period becomes too pronounced with the increase of the spectral
width parameter and the theory predicts the probability of long periods much
higher than the observation. It is observed that the portion of high waves in
the joint distribution retains the symmetry around their mean value of periods
irrespective of the value of spectral width parameter, even though the mean
period of high waves increases relative to 7. as the spectral width parameter
increases [Goda 1978].

3.3 Statistical Variability of Sea State Parameters
The characteristic heights and periods of ocean waves such as Hs, T, etc.




A Review on Statistical Interpretation of Wave Data

05

0.5 ™

s — ] - '~ ; -1- l-» 1 J, Y S S 2 Tmosx
. ATY )= - & T
% ‘ % . II/S
& o2 .1 : & 02— v °T
C_ \,».1:\ _ uf\ \DL“t L o ___;il- l’ . = l' i
s SN e T e S BN e
_.c;-) 0.1 =he ‘ °§ 0.1 = Sy W !
2odFy > — e T
& S z T —
005 ‘ RIS 005 RN AN !
A = [ . : AN
2 || Simul. Theory | I . 1 S 8!
§ Hmox 0O ——-— | § N _ ,; IR S
K Hino &  none I ! b
002+——{Hws *  none 002 H i
H o J | i
ool L L1 oo L1 Ll |
10 20 S0 100 200 10 20 50 100 200

Number of Waves, No

Number of Waves , No

Fig. 1 Ratios of Standard Deviations to the Means of Characteristic Heights
and Periods of Zero Up-crossing Waves (Goda 1977)

are subject to statistical variability due to irregularity of wave profiles. A nu-
merical simulation study by Goda [1977a] with a directional spectrum has yielded
the variation of standard deviations of various characteristic heights and periods
in terms of the number of zero up-crossing waves as shown in Fig. 1. The
significant height and period are found to be the stablest parameters. Neverthe-
less they have the standard deviations of about 6% and 4%, respectively, when
estimated from a single sample of one hundred waves long. Interpretation of
wave data should be made with due consideration for such statistical variability.

4. Wave Climate Statistics

4.1 Distributions of Sea State Parameters

The simplest wave climate statistic may be the monthly, seasonal and an-
nual means of sea state parameters. They are quite useful to describe the wave
conditions at respective locality. Another wave climate statistic often analyzed
is the marginal distribution of wave height parameter in the form of non-ex-
ceedance or cumulative probability. The log-normal distribution of the following
has been fitted to many data since Jasper [1955] with a varying degree of success:

D S _1 u)}
p(y)= 2m o exp{ 2( . , (14)
where,

y=log H

p(y): probability density function of ¥

Uy mean of y

oy standard deviation of y

Lawson and Abernethy [1975] advocate the use of the log-normal distribution be-
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cause only two parameters are sufficient to describe the wave height distribution.

Where the log-normal distribution does not fit to the data, the following
Weibull distribution is employed to approximate the observed distribution [Battjes
1970 and 1972]:

— k
1—exp[—<X Hc)] X>H;
P[H<X]= Ho

0 : X<H.,

15

where P[H < X] denotes the probability that the wave height parameter H does
not exceed a given level X. The parameter H, roughly corresponds to the
height of swell persistent at the locality; it is to be selected by inspection of
observed data or by several trials with different values for H. for search of best
fitting. The parameters H; and k are characteristic ones of the Weibull distri-
bution, and they are determined by the best fitting to the observed wave data.

The choice of the distribution functions for H; is sometimes debated. Some
support the Weibull distribution, while the others are in favour of the log-normal
distribution. The arguments are based on the degree of goodness-of-fitness
without a theoretical reasoning. In fact, no theoretical justification will be pos-
sible for the distributions of sea state parameters. Nordenstr¢m [1973] commented
that the Weibull distribution, used to describe wave heights or response ampli-
tudes, cannot be true or false but only good or bad. The fitting of a distribution
function is anyhow an abbreviated form of data presentation when the tabulated
form of original ones is cubumsome. One should be content himself with one
type of distribution function so long as it provides a good fitting to his observed
wave data.

The joint distribution of height and period parameters is also prepared often
from the observed wave data. It is mostly in the form of correlation tables
with frequencies of observations in respective ranks of height and period, either
in absolute numbers or in relative figures per mil [e.g., Draper 1966al. Lawson
and Abernethy [1975] applied the multi-variable log-normal distribution to describe
the wave climate off Botany Bay, Australia, but its applicability to other loca-
tions will be of a limited extent.

4.2 Sea State Persistency

Apart from the concept of wave group, which is a sequence of high waves
among a wave train [e.g., Goda 1976], discussion is needed on the persistency of
sea state. A measure of sea state persistency is the length of the duration of
calm sea or rough sea. As the information on wave duration is useful for plan-
ning and execution of maritime works, time series data of sea state are analyzed
for the duration of sea state above or below a certain level. Lawson and Abernethy
[1975] found that the average duration (in days) of rough sea could be approxi-
mated by 7/Hs* (in meters) off Botany Bay, Australia. Lawson and Youll [1977]
further showed that both the log-normal and Weibull distributions can be em-
ployed to describe the duration of storm waves. Theoretical approach has been
tried by Houmb [1971], Vik and Houmb [1976], and Houmb and Vik [1977], who
demonstrate the use of the Weibull distribution and have prepared the data for
estimation of the wave duration at Norwegian coasts.

Another measure of sea state persistency is the autocorrelation of time series
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data of wave height parameter. Goda [1967] obtained the correlation coefficient
of about 0.30 with the lag of one day along the coasts of Japan, while Lawson
and Abernethy [1975] found that the correlation coefficient remained above 0.5
among the data one day apart. The existence of such correlation indicates that
the data of wave parameters taken at several hours apart are not statistically
independent. The analysis of wave data for extreme wave conditions thus re-
quires the use of annual maxima or a peak value of each storm sea in order to
insure statistically independent data. Such a procedure is called the grouping
correction by Nolte [1973].

5. Long-Term Wave Statistics

5.1 Individual Wave Statistics

The distribution of individual wave heights and wave-induced loads during
the lifetime of a structure is needed to make fatigue analysis and others. The
Prodeedings of the International Ship Structures Congress almost always discuss
the long-term distribution of individual wave heights and wave-induced loads.
The present practice of the prediction is due to Battjes [1970 and 1972], who
combined the observed joint distribution of Hs and 7 with the Rayleigh distribu-
tion of individual wave heights within a given sea state. The resultant long-term
distribution may be fitted with the Weibull distribution similar to Eq. (15), but
the exponential distribution may serve as the first approximation. When the
joint distribution of H; and 7T is not readily known, the marginal distribution of
H; may be employed for the prediction of long-term distribution of individual
wave heights. The technique was initially applied by Japsper [1956] and later
advocated by Nordenstr¢m [1969]. A good estimate of the overall mean of T is
crucial in the latter technique for yielding a reliable long-term distribution.

A caution must be taken on the yearly variation of sea state when making
prediction of long-term distributions. Figure 2 shows the number of individual
waves per year exceeding a certain height level off Kashima Port, Japan. It
was estimated by the present writer from the data published by Takahashi et al.
[1975 to 1978) by the method similar
to that proposed by Battjes [1970 and T N T T T T ]
1972]. The central curve is based

wessedo One Yegr of 1975

on the data of four years from 1973 ol —o— averoge of Four Yers.
to 1976, while the upper and lower E | ~o_ —-x.o::nm:so,o,;ze i

curves are based on the one-year
data of 1975 and 1976, respectively.
Clearly, a single year is too short to
yield reliable long-term statistics.
Noite [1973] has demonstrated an-
other example that Hpn,: for the re-
turn period of 100 years in the North
Sea is estimated as 11.5m from the ol— 1 / . LN
one-year data of 1967, while it be- 10 ! o 107 10 'o.n '°Q’ '9 0
Number of Waves per Year Exceeding o Given Height Level
comes nearly threefold or Humux=
32m from the one-year data of 1968. Fig. 2 Cumulative Distribution of Individual
Yearly variations of strong winds Wave Heights off Kashima Port, Japan

Height ot Individual Wave, H
ES
T

M
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and wave conditions were also demonstrated at the Third, Fourth, and Sixth
International Ship Structures Congresses [ISSC 1967, 1970, 1976]. The wind and
wave conditions seem to have the periods of fluctuations of some 12 years and
several tens of years. Yamaguchi et al. [1978] have made a hindcasting of wind
waves at the Lake Biwa for the period of 80 years and demonstrated a long-
term fluctuation of annual maxima of significant wave heights. Ward et al. [1977]
also report by a wave hindcasting study that the period of 1950 to 1959 was the
severest decade along the Atlantic coast of the United States during the period
of 1900 to 1975.

In consideration of the yearly variation of sea state, efforts should be made
for the collection of reliable wave data covering a sufficiently long period. The
record of visual observation is one source of data, but its consistency of accuracy
over years needs to be examined as discussed by Houmb et al. [1978]. A pro-
missing source of data will be a systematic wave hindcasting project for all
storms which produced waves exceeding a certain level. The joint distribution
of wave height and period parameters can be constructed from the hindcasted
sea state records, and the long-term distribution of individual wave heights above
a certain level can be estimated.

5.2 Estimation of Extreme Wave Conditions

The concept of extreme waves is associated with that of desing waves for
stationary offshore and coastal structures. The extreme individual wave for
a given return period is sought for when a structure is designed against a single
highest wave. The extreme sea state, usually expressed in terms of significant
wave parameters, needs to be predicted when a structure is designed with the
technique of spectral response analysis. The latter can also yield the informa-
tion for the former by converting Hs into Hn.x with the knowledge of short-term
wave height distribution and the duration of extreme H;.

The methods for the prediction of extreme wave conditions are basically:

1) extraporation of long-term distribution of individual or characteristic
wave heights,

2) extreme value analysis with annual maxima, and

3) extreme value analysis with peak wave heights of major storms above
a certain level.

Among these methods, the long-term distribution model has the merit of
easy application and has been employed at various locations [e.g., Draper 1966b].
However, caution should be taken for the statistical dependency of observed data
and the long-term variability of wave conditions as there exists a temptation of
extraporating a few years data to a period of several tens of years. As cited
earlier, Nolte [1973] also pointed out the necessity of the grouping correction for
the long-term distribution. He presented an addition of two modifications for
change of sea state between successive observations.

The techniques of extreme value analysis of wave data have been discussed
by many people. Petruaskas and Aagaard [1970] have proposed a combination of
the Weibull and Gumbel distributions of the following for peak storm waves:

X —B\* . .
P[H<X)=1—exp|— T) : Weibull distribution, 16)
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X—-B

P[HSX]=exp|:—expi—( n

)]] Gumbel distribution. an

The shape parameter k in Eq. (16) is assigned one of seven values from k=0.75
to k=2.0. The parameters A and B for both distributions are determined from
observed data by the least-square method. The selection of the distribution
function is made by the principle of best fitting to the wave data. A distribu-
tion function of the Frechet type of the following has been employed by Thom
[1973] for annual maxima of extreme wave heights:

P[H<X]=exp [— (—;i)—] . (18)

Another function of the Gamma distribution has also been tried by Yamaguchi
et al. [1978] with the result of better fitting to the wave data than other distri-
butions.

The choice of these distribution functions is governed by the principle of
best fitting to the data. Though no theoretical justification for the selection is
available at present, comparative studies on the fitting of these functions with
reliable hindcasted wave data for long periods may lead to a differentiation of
these functions in their applicability. The work of Yamaguchi et al. [1978] as
well as that of Copeiro [1978) can be cited in this respect.

The plotting position or the non-exceedance probability to be assigned to
each wave data is another question to be discussed. For the data of N annual
maxima or peak values, non-exceedance probability is generally assigned by the
following formula:

m—ay

H< Xp,¥]=1—-F75"7"-,
P[H< X, ¥]=1 Ntp

(19)

where Xm,~ is the m-th largest wave height among N data (m=1,2, ---, N).
The parameters a: and #: are given the following values according to the plot-
ting rules:

Hazen plot D oai=1/2, p=0
Gumbel plot : a=0, pi=1 (20)

Gringorten plot: a;=0.44, £:=0.12
(for the Gumbel distribution)

While Hazen’s and Gumbel’s plotting rules are intuitive propositions, Gringorten’s
rule [1963] is based on statistical calculation to minimize the deviation of a sam-
ple from the population of Gumbel distribution when fitted to the distribution.
Petruaskas and Aagaard [1970] have numerically determined the values of the
a: and B for the Weibull distribution with seven different shape parameters.
The factors more important than the distribution function and the plotting
position in the analysis of extreme waves are the reliability of the data base
and the long-term variability of wave conditions. Though the reliability of data
base is sometimes overlooked, Resio [1975] demonstrated that the estimate of ex-
treme wave height for the return period of 20 years could differ by the factor
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of two at Cleveland along the Lake Erie, depending on the selection of data
base. He states that the goodness-of-fit of wave data when plotted as a straight
line on a semi-logarithmic (or any other probability) paper does not necessarily
insure the accuracy of the data as an estimate of extreme.

The long-term variability of wave conditions has been discussed with regards
to the long-term distribution of individual wave heights. In consideration of the
long lifetime of maritime structures, an estimate of extreme wave conditions
needs to be based on the wave data in the order of 50 years [Nolte 1973).

6. Discussion on Characteristic Wave Periods

6.1 Survey of Field Data

While the characteristic wave heights are convertible each other through
the formulae by the Rayleigh distribution, the relationships between characteris-
tic wave periods have not been established. This fact is partially responsible
for the controversy on the standard form of wave spectrum, because any stand-
ardization of spectral form requires its modal frequency to be related to some
characteristic wave period. A survey of various reports of ocean and lake wave
measurements was made in an effort to give light on the problem of characteris-
tic wave periods. The result of survey is compiled in Table 1. Additional in-
formation is given below.

Data A [Mitsuyasu, Nakayama, and Komori 1971]: The data are those chosen

for study of wave generation by winds. The wave period ratio of T&,,/
T. was calculated by the present writer from a table in the report.

Data B [Goda and Nagai 1974]): Waves are locally generated wind waves but
contaminated by low swell to some extent. About one third of the data
exhibited multiple spectral peaks, for which the peak frequency was de-
termined by visually fitting a smooth, single peaked spectrum.

Data C [Yamaguchi and Tsuchiya 1979]: All the data have single peaked
spectra. Wave profiles were registered on analogue tape recorder and
were digitized later by a A-D converter.

Data D and E [Bretschneider 1959]: Waves were read from recording charts
by the method which was called the “crest-to-rough” method by the
author but seems to be the method similar to the zero up-crossing tech-
nique with disregard of minute waves. The wave period ratios were
calculated by the writer.

Data F [Goda and Nagai 1974]: The data are characterized with the slope
of spectrum in high frequency range being milder than f—3, probably
because of shallow water effect. About one-third of the data exhibited
multiple spectral peaks.

Data G [Takahashi, Hirose, and Sasaki 1979]: The data were recorded in
digitized form on perforated paper tapes at the time interval of 0.5
seconds. Frequency spectra were calculated by the maximum entropy
method (MEM), and the spectral peak frequency was estimated by fitting
a smooth spectral form with a Gamma function. Wave period ratios
were calculated by the writer from the original data supplied by Hirose.

Data H [Honda and Mitsuyasu 1978}: Wave profiles were recovered from the
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Fourier components of vertical acceleration of a clover-leaf buoy with
cutoff of very low frequency components. Some of wave period ratios
were estimated by the writer as the inverses of the data presented by
the authors.

Data I [Pitt, Driver, and Ewing 1978]: The study was carried out principal-
ly to investigate intercomparisons between wave-rider buoy, Baylor wave
staff of resistance wires type, and laser altimeter. Some differences were
observed in their instrumental performances, though they produced broad-
ly comparable results. Wave period ratios for the whole data were pro-
vided by Ewing [1978] through private communication.

Data J [Ezraty, Laurent, and Arhan 1977): The data were originally pre-
sented as a rank-wise chart against the spectral width parameter, from
which the means and standard deviations were recalculated by the writer.

Data K [Wilsorn and Baird 1972]: Wave period ratios were estimated from
the original scatter diagrams by fitting straight lines through the origin.

Data L [Lawsor and Abernethy 1975]: Wave period ratios were calculated by
the authors for waves with H.ms greater than about 2 meters.

Data M [Lawson 1978]: The data originally in the tabulated form of rank-
wise information with respect to Hs were provided to the writer by the
author through private communications. There exist some trends of the
variation of wave period ratios with respect to H.. The data with H:
below 1 meter were discarded in the present calculation by the writer
as they show quite different values from the rest of data probably be-
cause of the strong influence of co-existing swell. Wave observation was
made in the offshore and inshore of Newcastle, Australia, but the both
data are combined in Table 1 because the differences in wave period
ratios between them are rather small.

Data N [Arhan, Cavanié, and Ezraly 1976]: same as Data ]J.

Data O [Haring, Osborn, and Spencer 1976]: Tabulated information of 22
groups of wave records was provided to the writer by Haring [1978]
through private communication. Additional information was read from
the diagrams in the paper.

Data P and Q {Houmb and Overik 1977): Wave height ratios were calculated
by the writer from the data sheet listed in the report.

Data R [Chakrabarti and Cooley 1977): The data of Ty, T. and er were
read from the diagrams in the paper. Some wave period ratios were
estimated from the original scatter diagrams by fitting straight lines
through the origin, and the rest were estimated from other mean values.

Data S [Ferdinande, De Lembre, and Aerissen 1975): Wave period ratios were
calculated by the writer from tables in the report.

Data T [Earle 1975]: same as Data S.
Data U [Haring, Osborne, and Spencer 1976): same as Data O.

6.2 Theoretical Relationships between Characteristic Wave Periods

Before discussing the results of Table 1, some theoretical consideration is
given on the relationships between characteristic wave periods. According to
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the statistical theory of Rice [1944], the mean zero crossing wave period can be
estimated from the frequency spectrum as

To=(molms)"/*= T , @1)

where my, is the spectrum momernt defined by Eq. (6). As the mean wave period
actually observed in a wave record usually shows some deviation from the value
of Eq. (21) owing to wave nonlinearily and other reasons [e.g., Collins 1967, Goda
1974}, the symbol of Tm, . is employed to denote the value calculated by Eq. (21).
Another mean wave period defined with the wave spectrum is

Tmo_1=mo/m1 . (22)

This period has been employed as the characteristic wave period in the formula-
tion of the ISSC spectrum [ISSC 1967], which is expressed as

S(f)=0.11H: /2> Tmo, .~ f~* €xp [—0.44( Tomg, . /)] - 23

Equation (23) is a special case of the general spectral function of the follow-
ing form with m=5 and n=4:

S(f)=Af~™exp [~ Bf] . 24)

The above spectral function was first employed by Newmann [1953] with the
values of m=6 and #=2. Then, Phillips [1958] suggested by theoretical argu-
ments that m should be 5, which had been often observed in spectral measure-
ment of wind waves. With this suggestion, Bretschneider [1959, 1963] as well as
Pierson and Moskowitz [1964] proposed the spectral function of Eq. (24) with the
values of m=5 and n=4, which provided the basis of Eq. (23). The spectrum
proposed by Bretschneider was later modified by Mitsuyasu [1970] so as to be in
accord with the relationship between wave statistics and spectra. The latter is
sometimes called the Bretschneider-Mitsuyasu spectrum.

The frequency at the spectral peak is calculated for the function of Eq. (24) as

So= (—%) " . (25)

The spectral moment defined by Eq. (6) can be calculated for the spectral func-
tion of Eq. (24) by using the following formula [Mitsuyasu 1970 and Ferdinande
et al. 1975]:

> s A Tln—Dn]
| Arexp(—Brmar=2 L= (26)

where I'T ] denotes the Gamma function.

The mean wave periods Tm,; and Twm,, are thus calculated with the above
formulae for the case of m=5 and #»=4 in terms of the wave period correspond-
ing to the spectral peak, i.e., Ty=1/f», as in the following:

Tony,=0.7718 T,
Tmy,,=0.7104T .
Ferdinande'et al. [1975] and Ferdinande [1976] have further proposed a use of the

@7)
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following mean wave periods though they have no theoretical ground:

Tm_l, = ﬂl—l/"‘lo s

(28)
Ton_s,o=(M—-sfmo)'/% .
These mean wave periods are calculated as
Tn_y,,=0.8572T%, ]
(29)

Tnao=08903Ty. |

Actual wave measurements and spectral analyses have a limitation in the
range of frequency resolution up to the Nyquist frequency. Computation of
spectral moments of Eq. (6), therefore, becomes less than the theoretical values
computed up to the frequency of f=oo. The effect of cutoff frequency on theo-
retical mean wave periods was noticed by Collins [1967] in his comparison with
observed wave data. It was further examined by Rye and Svee [1976]. For ex-
ample, T, and T, , in terms of Tp vary as shown in Table 2 for the spectrum
of Eq. (24) with the values of m=5 and n=4, when the cutoff frequency is varied.

Table 2 Effect of Cutoff Frequency on Mean Wave Periods
(Bretschneider-Mitsuyasu or Pierson-Moskowitz spectrum)

cutoff frequency/peak frequency
Wave period Remarks
2.0 4.0 6.0 e}
Tong, o/ Tp 0.846 0.784 0.776 0.772 | The numerals inside
’ (0.892) | (0.844) | (0.837) parentheses are for
the JONSWAP spec-
Tong of Tp 0.821 0.738 0.723 0.710 | trum of Eq. (30) with
’ (0.870) | (0.802) | (0.788) r=3.3.

The effect of cutoff frequency becomes less pronounced for sharply peaked
spectra such as the JONSWAP spectrum to be discussed in the next chapter,
but it is still observable. The results of Table 2 also imply that 7w, , will be
much affected by the presence of noises at the high frequency range in spectral
measurements.

6.3 Discussion of the Results of the Survey

A general impression of Table 1 is a quite large dispersion of each wave
period ratio. As a quick reference, the simple arithmetic mean and standard
deviation of individual mean values of each wave period ratio were calculated
with rejection of the highest and lowest values and with disregard of individual
data size. The result becomes as in Table 3.

Table 3 Overall Means of Wave Period Ratios

T

Item IE'@‘ ; Z‘-:- : 1‘?2‘_ !‘ Tm‘."“ !_TE_“_",“,. I,B'f's‘ Z?JJA i er
| p | Ty { Ty ! Ty i Tay, Ts T

Mean | 0.93 | 0.76 . 0.78 , 0.70 | 1.00 | 1.23 0.93 | 0.74
J . ! ‘ | I

Standard + 4 63 ( 96 | 0.02 j 0.04 0.03 -~ 0.10 0.06 = 0.09
Deviation { | :
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For respective wave period ratios, the following observations can be made
on the basis of Table 1 and the findings stated in the original reports:

1) The mean values of T, /Ty and Tm,./T» do not deviate much from the
theoretical values of the Bretschneider-Mitsuyasu or Pierson-Moskowitz
spectrum listed in Table 2. This fact suggests the theoretical spectrum
of Eq. (24) with the values of m=5 and n=4 being a fair approximation
to ocean wave spectra.

2) The wave period ratios related to 7 all exhibit large variations, which
imply the unsuitability of T. as the characteristic wave period to be re-
lated to wave spectrum.

3) The significant wave period T4,,; is the closest to 7, among various
characteristic wave periods with relatively small statistical dispersion;
most of data are in the range of T&,,,/Tp=0.9~1.0. This suggests that
Ta,; is a better parameter than 7, as the wave period characterizing
wave conditions.

4) The mean value of Ta,,./Ta,; remains close to 1.0 except for the data
set Q. This supports the applicability of the theoretical joint distribution
of wave heights and periods by Longuet-Higgins [1975] for high waves in
wave trains. It also suggests the importance of T, for design of mari-
time structures.

5) The mean wave period estimated from a spectrum, Tmy,»» is slightly
smaller than the directly counted mean period of 7.. Some data taken
by shipborn wave recorders and surface piercing type sensors indicate
that T, , may become less than 809 of T.. The difference between Tomo, 2
and 7. seem to be affected by the frequency response characteristics of
wave sensor, recorder, and data processing technique as well as by the
degree of wave nonlinearity registered by a wave recording system.

6) The increase in ¢ tends to increase T, ,/T: and decrease T./ Ty, as noticed
by Haring et al. [1976] and the group of CNEXO [Arhan et al. 1976, Cavanié
et al. 1976, and Ezraty et al. 1977]. Both of them treat ¢ as an empirical
parameter by employing er defined by Eq. (13) instead of es to be esti-
mated by Eq. (11).

The variability of 7' is partly due to different performances of wave record-
ing systems employed, especially at high frequency range. A cutoff of high
frequency tail of wave spectrum results in the increase of 7, and the decrease
of e. Honda and Mitsuyasu [1977] have proposed an intentional cutoff of spectral
components above 2fp, for reliable statistical analysis of wave parameter. Charac-
teristic wave periods also seems to be affected by the spectral shape and the
peakedness of spectral peak as discussed by Rye and Swee [1976], though no quan-
titative analysis with ocean wave data on this problem has been published to the
knowledge of the writer.

7. Discussion on Spectral Form of Extreme Waves

There are at least three questions regarding the standard forms of wave
spectrum; that is,

1) whether the spectral peak is singular or multiple,
2) how sharp the spectral peak is, and
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3) which characteristic wave period should be incorporated into the wave
spectrum and how.

For extreme waves, there seems to exist the consensus that the wave spec-
trum has a single peak [e.g., Houmb and Due 1978). Even with six-parameter
spectra proposed by Ochi and Hubble [1976], the duality of spectral peaks diminish
as the significant wave height increases.

The question of the peakedness of extreme wave spectra became apparent
by the proposal of the JONSWAP spectrum for fetch-limited waves by Hasselmann
et al. [1973). Its original functional form is

SU=ang@ay -+ exp| 5 (£) " pmiccmw, (30)

where,

{ os for f<fp
g=
o for f>fp,

and the parameters ao, and fp are related to nondimensional fetch. The shape
parameter y varied from 1 to 7 with the average value of 3.3, while gs and o»
were assigned the values of 0.07 and 0.09, respectively to define a “mean JON-
SWAP” spectrum. The spectral moments of Eq. (30) were calculated by Ewing
[1976] for the purpose of rewriting the JONSWAP spectrum in terms of H,, Tb
and 7. The effort was further undertaken by Goda [1977b], who arrived at the
following approximate expression:

SUV=auHis Ty~ exp | = (To ) [prc-cras-inas, @3

where,

_ 0.0624
"~ 0.230+0.0336r—0.185(1.9+7)* ’

{ 0.07 for f<fp
o=
0.09 for f>f»,

and the shape parameter y can be any value between y=1~10. The parameter
a, in Eq. (32) has been empirically formulated from the numerically obtained
values of mo while satisfying the theoretical relation of Hijs=4.004+71, ; if the
empirical relation of Hi;s=3.84/mo is to be employed, the constant of 0.0624 in
the dividend should be replaced by 0.0562.

The dependency of the shape parameter on wave generating conditions is
being studied by Houmb and Owverik [1976] and others. Waves generated by
strong winds over relatively short fetches seem to have spectral peaks much
sharper than the Bretschneider-Mitsuyasu or Pierson-Moskowitz type spectrum.
The latter spectrum is a special case of Eq. (31) with y=1, which becomes as
below:

(32)

Ay

(33)

S(f)=0.312H, ;62 Ty~ f~* exp [—%( T, f)-‘] . (34)
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The answer to the third question on characteristic wave period depends on
the nature of wave data. As discussed in the preceeding chapter, T=,,, appears
to be the most reliable parameter with the relation of T#,,,=(0.9~1.0)7,. When
the information of T&,,; is available through the records of wave data analysis
as being done in Japan or through the wave hindcasting studies by the signifi-
cant wave method, it is better to incorporate 7x,,; into the spectral information.
The relation of Tw, ;= T»/1.05 originally proposed by Mitsuyasu [1970] may be
employed for this purpose. If T, , is known either by spectral analysis of wave
data or by spectral wave hindcasting, it is recommended to be employed into
spectral formulation because the relation of 7wm,, to Tp is quite stable as seen
from the survey of Table 1. The theoretical relation of Tp=1.296Tn,, may be
employed in conjunction with the Pierson-Moskowitz type spectrum. When T, ,
is given through the data of spectral observation, an estimate of 75=1.408Tmn, ,
may be employed to yield the spectral peak frequency for the Pierson-Moskowitz
type spectrum. The use of the mean wave period T. is not recommended be-
cause of its variability unless its relationship with T, is established for the par-
ticular set of wave data.

The nominal frequency spectrum of extreme waves can be thus obtained by
replacing the peak period 7, in Eq. (31) or (34) with some other characteristic
wave period. Table 4 provides a conversion of constants for the Bretschneider-
Mitsuyasu or Pierson-Moskowitz spectrum with the expression of

S(f)=Af~*exp[—Bf], (35)

where A and B are assigned the values specified in Table 4.

Table 4 Constants for Nominal Wave Spectrum

Characteristic wave period A B Remarks
Ty 0.312H, /5> Tp™* 1.25Tp*
Tw, ;= Tp/1.05 0.257H,/s*Ta,,;~* | 1.03Tg,,;~* | Proposal by Mitsuyasu [1970]
Ty, =0.772T 0.111H1/3? Ty ,™* | 0.44Tm, ,* | ISSC spectrum
Tomy, ,=0.710Ty 0.079H1/5® Timg ;= | 0.32T'mg ,—*

A problem remains with regards to the visually observed data of T,. Ferdi-
nande [1976] advocated that T, is better represented with Twm.,, or rather Twm_,,
instead of 7Twn,,, originally proposed by ISSC [1970], on the basis of the normaliza-
tion of his observed spectra. Reanalysis of his data [Ferdinande et al. 1975] by
the writer has yielded the average relation of 7,=0.927,, which is close to the
relation of T&,,; to Ty in Table 1. Nordenstr¢m [1973] has once formulated the
relation of 7.=0.74T,, which suggests 7,=0.96T) if T is presumed equal to Tim,,.
An early compilation of ocean wave data by Hogben and Lumb [1967] also indi-
cates the mean relation of 7,=0.897, though the scatter of data was large.
Considering these relations and recalling the fact that Sverdrup and Munk [1947)
introduced the concept of significant wave being roughly equivalent of visually
observed wave, T» seems to be better represented with Tx,,..

Ferdinande’s proposal for a use of Tm_,, may serve as a mean to estimate
the wave periods of T&m,..= 7=, from spectral data, because their relationships
with 7, are quite close and the estimate of 7, sometimes becomes erroneous

— 26 —




A Review on Statistical Interpretation of Wave Data

owing to the presence of multiple peaks and other reasons. The possibility of
estimating T&,,; from Tw.,, should be explored in statistical analysis of wave
data in future.

8. Summary

Topics discussed in the present review are recapitulated in the following to
highlight the subjects for future discussion:

1. The wave climate statistics should be separated from the long-term wave
statistics for a clearer definition of wave statistics.

2. A small but consistent deviation of wave heights from the Rayleigh dis-
tribution has been observed.

3. Statistical theories for the joint distribution of wave heights and periods
are available, even though their applicability to ocean wave data is of a limited
extent.

4. Numerical data on the statistical variability of characteristic wave heights
and periods are presented.

5. The log-normal and Weibull distributions are discussed for fitting to the
wave climate statistic of Hs, but the theoretical arguments on the superiority of
either one are discouraged.

6. A discussion is given to the persistency of sea state.

7. Attention is called for the yearly variation of sea state and the collec-
tion of reliable wave data covering a sufficiently long period for preparation of
long-term wave statistics.

8. Several distribution functions for extreme value analysis of wave data as
well as plotting rules are discussed, but no recommendation is given for their
selection because the long-term wave variability and the reliability of data base
are more influential for the estimation of extreme wave condition.

9. A survey of wave measurement reports has been made to examine the
relationships between various characteristic wave periods. The survey indicates
that Tx,,; is the most reliable period parameter while T: is the least reliable one
being affected by the performance of wave recording system ond others.

10. The spectral form of extreme waves is discussed with the conclusion that
it may be presumed as singly peaked and better described with the parameters
of H,, Ty and the shape parameter. A generalized form of the JONSWAP
spectrum is proposed with the above parameters.

11. Suggestions are made for the wave period parameter to be employed in
the formulation of nominal wave spectrum. The visually observed wave period
is better considered to be equal to T,
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Appendix : List of Symbols

constant defined by Eq. (2)

parameter in Egs. (16) and (17), or constant in Egs. (24) and (35)
parameter in Egs. (16) and (17), or constant in Egs. (24) and (35)
wave frequency

wave frequency corresponding to the peak of wave spectrum
acceleration of gravity

wave height in general

wave height parameter in Eq. (15)

Hn.x © height of highest zero up-crossing waves in a wave train

Mo
o
n

N;

wave height parameter in Eq. (15)

significant wave height (= Hi;s)

visually observed wave height

reference wave height

root-mean-square value of zero up-crossing wave heights

arithmetic mean of zero up-crossing wave heights

significant wave height or the mean of the heights of highest one-third
zero up-crossing waves

shape parameter of Weibull distribution of Egs. (15) and (16)

exponent of frequency in wave spectrum of Eq. (24), or order number
(=1,2,---,N)

n-th moment of wave frequency spectrum about the origin

zero-th moment of wave frequency spectrum (=7ms?)

exponent of frequency in wave spectrum of Eq. (24)

number of extreme wave data

number of maxima of surface elevation in a wave record
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No M
o( ):
Pl ]:

S(f) =
T :

Nrms
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number of zero up-crossings of surface elevation in a wave record
probability density of the variable inside the parentheses

cumulative distribution or non-exceedance probability of the variable in-
side the brackets

one-sided frequency spectrum of waves

wave period in general

period of highest zero up-crossing wave in a wave train

significant wave period or the mean of the periods of highest one-third
zero up-crossing waves

mean wave period defined from wave spectrum by Eq. (22)

mean wave period defined from wave spectrum by Eq. (21)

mean wave period defined from wave spectrum by Eq. (28)

mean wave period defined from wave spectrum by Eq. (28)

wave period corresponding to spectral peak (=1/f»)

visually observed wave period

arithmetic mean of zero up-crossing wave periods

non-dimensional wave height (= H/H,)

arbitrary level of wave height parameter

m-th largest wave height among N extreme wave data

logarithm of wave height (=log H)

parameter defined by Eq. (9)

parameter for JONSWAP spectrum of Eq. (30)
parameter for normalized JONSWAP spectrum defined by Eq. (31)
parameter in Eq. (19)

parameter defined by Eq. (10)

parameter in Eq. (19)

parameter of Frechet distribution of Eq. (18)

shape parameter for JONSWAP spectrum

spectral width parameter, either es or er

spectral width parameter defined by Eq. (11)

spectral width parameter defined by Eq. (13)
non-dimensional wave period employed in Egs. (8) and (12)
root-mean-square value of surface elevation

shape parameter of Frechet distribution in Eq. (18)
parameter of wave height distribution in Eq. (3)
parameter of wave height distribution in Eq. (3)
mean of y=log H

spectral width parameter defined by Eq. (5)
non-dimensional wave height (=H/~/mo)

constant, 3.14159---

parameter of JONSWAP spectrum of Egs. (30) and (31)
parameter of JONSWAP spectrum of Eq. (30)

standard deviation of y=log H _

non-dimensional wave period (=7/7T>)
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