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Synopsis

In this paper an attempt is made to estimate as accurately as possible the
effect of drift current on the wave speed. First, a modified logarithmic velocity
distribution is proposed, which applys well to the observed drift current profiles.
Then, by using the perturbation method the phase speed of small amplitude waves
for the proposed logarithmic profile is calculated to the second-order in the form

[ Ce
c=co| 1+e—+e2—|[, e=uo/co
Co Co

where u, is the surface velocity, ¢, the wave speed for no current.

From the numerical computations the second-order term is found to be very
small even when the parameter ¢ is relatively large. In this connection the
validity of the present perturbation method is discussed shortly. It is also found
that the modification of the velocity profile near the bottom for a return flow has
little effect on the wave speed, while the present logarithmic profile gives fairly
smaller wave speeds than the parabolic profile which was assumed previously.
This indicates that the form of the drift current profile close to the water surface
is very important in determining the wave speeds. In the calculation several
special functions appear and the behaviors of those are inquired into briefly.

% Chief of the Hydrodynamics Laboratory, Marine Hydrodynamics Division
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Calculation of the Wave Speed for a Logarithmic Drift Current

1. Introduction

It has been. found by many investigators that the phase velocity of wind-
generated waves is appreciably larger than the wave speed in the still water ¢
calculated from the linear wave theory. The difference is much larger than the
finite-amplitude effect and has mainly been attributed to the effect of drift current.

Lilly? presented a perturbation procedure for obtaining wave speed solutions
for drift-type flows with the surface velocity #, much smaller than the wave
speed c. Hidy & Plate (1966) used Lilly’s first-order solution for a laminar
parabolic profile with zero net transport for correcting the observed phase veloc-
ities of dominant waves. However, for an actual drift current in the laboratory
the ratio of surface velocity to wave speed wuofco is not very small and the velocity
profile is much different from the laminar parabolic profile. By using a pertur-
bation method similar to Lilly, Kato (1972) calculated the wave speed to the second
order for a different parabolic drift profile which exists only in near surface layer,
and showed that the second order solution is negligible even when the perturba-
tion parameter wuofco is relatively large. Since it was rather unexpected result,
the numerical values of wave speed from perturbation solutions were compared
with the numerical solutions obtained by the method of series expansion, and the
two agreed surprisingly well.

Recently it has been reported by both Shemdin (1972) and Dobroklonsky &
Lesnikov (1972) that the observed drift current profiles are logarithmic. Shemdin
also investigated the influence of wind on wave speeds by solving a boundary
value problem of the coupled shear flows in air and water, although his method
was not effective in obtaining a numerical solution for the experimental wave
condition in the wavelength range 12.9~126 cm.

The effects of adverse wind on the wave speed have been studied theoretical-
ly as well as experimentally by Mizuno & Mitsuyasu (1973a, b). The wave speeds
were calculated by considering both effects of drift current with the parabolic
profile which was identical with Kato (1972) and of wave-induced aerodynamic
pressure, and it was suggested that some discrepancy between theoretical and
experimental results might have been attributed to the rough approximation of
the assumed current profile. A logarithmic drift current profile has been con-
firmed also in our measurements (Kato & Tsuruya (1974)).

The phase .velocities of actually observed waves are influenced not only by
the drift current and aerodynamic effect but also by other factors such as di-
rectional spreading of waves, fluctuations of drift current, effect of harmonic
components, etc. Since, however, a drift current undoubtedly causes a major
effect on the wave speed, it would not be worthless to calculate only the effect
of drift current on the wave speed as accurately as possible.

In this report is described a calculation of the wave speed for the case where
linear waves propagate on a logarithmic drift current under no wind. Although
a second order solution was of little significance for the previous parabolic drift,
since the logarithmic profile is different from the former one and the values of
uofco which we expect are relatively large, the calculation is extended to the
second order again by using the perturbation method after Lilly".
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2. The profile of drift current

Concerning the drift current, measurements of the surface velocity #, have so
far been made by many investigators. It was found by Keulegan (1951) that the
surface velocity is not affected by the presence of the waves and that the ratio
of uo to the average wind velocity V tends to a constant value of about 0.033 at
high Reynolds numbers wu.dfv, where d is the liquid depth, v the kinematic vis-
cosity. Using the free stream (or maximum) wind velocity V., Keulegan’s limit-
ing value was equivalent to #/V.=0.030, and the ratio found by Plate et al (1969)
was #o/V.=0.026. Wu (1968) used small float of various sizes to determine the
drift current in near surface layer and obtained much higher surface velocity
than those reported elsewhere; u/V.=0.048 at V.=8.40m/sec. Wu claimed that
the difference was due to the superiority of his method. In our laboratory also
the measurements of drift current have been and are being made by means of
various methods, some of which are reported by Kato & Tsuruya (1974). The
ratios uo/ V.. so far obtained are always about 0.028 at sufficiently high Reynolds
numbers.

The measurement of the drift current profile is not easy and no complete
data had been reported except Baines & Knapp (1965) who made measurements
by inhibiting the formation of waves with detergent. Recently it was found by
Shemdin (1972) and Dobroklonsky & Lesnikov (1972) that the observed velocity
distributions of drift current are expressed in the form

U@=B1—Ai1lnz, 2.1)

where z is the depth from the water surface, and B; and A, are arbitrary con-
stants. Shemdin proposed a logarithmic profile of the form

uo—U(2)=A11n (2/20,), _ 2.2)

where 2z is a roughness height. The above relation, whether (2.1) or (2.2) fails
to be valid close to the surface z=0. Actually it is believed that a small viscous
layer exists immediately below the surface and the velocity gradient is constant
there. The drift current velocities down to the depth z=3.8 mm obtained by Wu
(1968) exhibit linear changes with depth. On the other hand, the drift profiles
obtained by Dobroklonsky & Lesnikov (1972), one of which (Case I) is shown in
Fig. 1, indicate that the thickness of the viscous layer, if any, is much smaller
than 1mm. According to Banner & Phillips (1973) the thickness of this layer
must be proportional to v(p/r0)!/, where p is the water density and z, the mean
tangential wind stress at the surface.

Aside from the physical mechanism, for the use in calculating the wave speed
we assume the drift current profile in near surface layer of the form

U)=u—U, 1n<z"z—‘o?’> : @.3)
where y is measured upward from the water surface, uo, is the surface drift
velocity, U, and 2z, are arbitrary constants which are to be determined corres-
ponding to the actual drift profile.

Fig. 2 shows the drift profiles obtained by Kato & Tsuruya (1974) by means
of a hot-film anemometer and suppressing waves with detergent. It is seen from
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Fig. 1. Drift current profile (from Fig. 2. Drift current profile (from Kato
Dobroklonsky & Lesnikov?). . & Tsuruya?).

this figure that the measured profiles can be expressed to a good approximation
as (2.3) by putting roughly 2z=0.01cm, although more data are necessary for
determination of the most suitable value of zo. Dobroklonsky & Lesnikov (1972)
reported nothing about the surface drift velocity #,. But if we shift all the
measurement depths by 0.01cm in order to apply (2.3) to their data, the shifted
points are aligned on a straight line as shown with solid dots in Fig. 1. Then
we obtain the estimated value of #,=23cm/sec from a point on the line corres-
ponding to the surface (y=0). Since the free stream wind velocity for this case
seems to be about 8.5m/sec, we can estimate uo/V.=0.027 which is in agreement
with the results obtained so far. Even if the real value of u, differs somewhat
from 23 cm/sec, it will be possible to apply (2.3) to the data as well by adjusting
the value of z,. It thus appears that we may use (2.3) as an approximate equa-
tion for the real drift current profile near the water surface.

On the other hand, a return flow is usually induced in a wind-wave channel
and so a drift current_ profile deviates from the distribution (2.3) with increasing
depth. In such a case it might be possible to use the distribution

U(y) =~ U ln(z:?’ )—by, @.4)

in place of (2.3) on the assumption that the constant b is sufficiently small. Con-
sidering zero net transport in horizontal direction, the condition

— 9 —
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| vway=o, @.5)

must be satisfied.
In our experiments the distribution of return flow was found to be nearly

uniform.” If we add the condition

U(—d)=U(—%> : 2.6)
neglecting the bottom boundary layer, then U, and b are given by
. 20 d+z d+z
Ur—uo/{<1+7> ln< - >—ln<d/2+20 >-1} , @.7)
_2 d+2
b—dU,ln<d/2+20 ) @28

Two examples of the distribution (2.4) for d=50cm and u#,=28cm/sec which
satisfys the conditions (2.5) and (2.6) are shown together with those of (2.3) in
Fig. 3, and the corresponding values of 20, U,, b and bd are listed in Table 1.
Since the value of b is fairly small ds seen from Table 1 and the difference
between (2.3) and (2.4) at the depth y/d=-0.1 is 0.5 to 0.7cm/sec, we can
practically use the approximation (2.4). Actually it will be shown later that the
difference between the wave speeds calculated for (2.3) and (2.4) is very small.

U/ue
-04 -0.2 o8 1.0
0 L1 | | | 1
—02 —
-04 - /| A
y / I Eq. (2.3
a ; B 0.8x10¢ | -4 &3
o~ S a  8x10
/ 1 Eq. (2.4
o8 i b 0.8x10-* } a- (2.4)
<1 A/ B a b
-10b— .
Fig. 3. Logarithmic distributions of Eqs. (2.3) and (2.4).
Table 1 Data relevant to Fig. 3
(#0=28.0cm/sec, d=50cm)
20 U, b bd
Profile 2o/d (cm) (cm/;ec) (sec™t) (cm/sec)
A 8.0x 10+ 0.04 5.1423 0 0
B 8.0x107® 0.004 3.6170 0 0
a 8.0x10°* 0.04 5.1423 0.14241 7.121
b 8.0x 1073 0.004 3.6170 0.10027 5.014
c* 2.0x107* 0.01 4.1019 0.11370 5.684

(* Profile-c is not shown in Fig. 3)
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3. Calculation of wave speed for a logarithmic current profile

Although the velocity distribution which we originally aimed to deal with is
Eq. (2.3), for the calculation in this section we use Eq. (2.4), namely

Uy)=uo— U, In( 2=y )—by, 3.1)
so that we can apply the results immediately to the drift current with a return
flow as stated in the foregoing section. The solution for the case of profile (2.3)
will be obtained simply by putting =0 in the final results.

We shall consider small disturbances on a current whose velocity distribution
is given by (3.1), where ¥ is measured upward from the water surface as before.
The entire motion will be regarded as two-dimensional, the z-axis being taken
to coincide with the direction of the current. Let the z- and y-components of
velocity due to the wave motion be # and », respectively. If the turbulent
velocity fluctuations are neglected, then the linéarized equations of motion are

o, 0w U _ 1dp

ot TVt oy = o

3.2a, b
av av____l_ap_ (3.2a, b)
at oz pay U
du  ov
=== )
ax+ay 0, 3.3

where p is the disturbance pressure, g the acceleration of gravity, and p the
constant water density. The boundary conditions on the free surface y=y(x, f)
are

99 9 _ _
o +Uax =v, (at y=y9) 3.4)
2
p+oil=0, (aty=yp) 3.5)
ax
where ¢ is the surface tension. The bottom condition is
v=0. (at y=—d) 3.6)
The wave motion may be characterized by a stream function ¢(zx, y) such that
__9 _9
u= 2y and v= Py (3.7a, b)

which satisfy the continuity equation (3.3). Upon eliminating the pressure
between (3.2a) and (3.2b), the following equation is obtained

(240 L)rg-2U 2. 09
The solution of (3.8) may be assumed to have the form

g=g(y)ettee 3.9)
which represents a simple harmonic wave of permanent form

n=aea—c» (3.10)

— 11 —
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where ¢ is a constant wave speed and k the wavenumber.
Eq. (3.8), the following equation for ¢ is found

(U_C)(¢ll_k2¢)_ U”¢=O s

where the primes indicate differentiation with respect to .
pression for p such that

p=p[(U—c)¢' —gU'Je**= —pgy , (3.12)

then, the surface boundary condition for ¢ is obtained, from (3.4) and (3.5) in
the form .

Substituting (3.9) in

(3.11)

If we use the ex-

ok?
U=-0lU-cp—pU1=(g+72)¢. (v=0) (3.19
The bottom condition (3.6) becomes
$=0. (y=—ad) (3.14)

The wave speed ¢ will be obtained by solving Eq. (3.11) with the conditions
(3.13) and (3.14). We use the perturbation method after Lilly? in which uo/co is
taken as a parameter, seeking the solution to the second order. Hence, we put

d=¢o+ep1+elda+ -, (3.15)
c=cteci+elct- -, (3.16)
where e=uofco is assumed to be a small parameter. Substituting (3.15) and (3.16)

in (3.11) and equating terms of the same power of ¢, by considering U/u. to be
of the order of ¢, the following equations are obtained:

¢6/—k2¢0=0 »

¢ —kipr=— <%>¢o )

(3.17a, b, ¢)
UII U C1 U/I
/e Telpy— — [ —— —_———— | —
¢2 i ¢2 < Uo >¢0< Uo Co ) Uo ¢1.
The boundary condition (3.13) at y=0 is similarly reduced to
i—(grlct)po=0, (y=0)
: oYU _a)\, U -
H=rlep=2( =) fh=y B, (=)
’ A} S _...[_J__ b ’ g; (3.183, b, C)
R
a (U a\), U/U a _
—{an +<uu cu>}¢°+uo(uo o >¢°' (¥=0)
where
k2
gr=g+ op . 3.19)
The bottom condition (3.14) becomes
po=r=pr=---=0. (y=—d) (3.20)
The zeroth-order solution for (3.17a), (3.18a) and (3.20) leads to
¢o=A sinh k(y+d), (3.21)
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ci=(gr/k) tanh kd, (3.22)

where A is an arbitrary constant. The first- and second-order solutions ¢ and
¢: may be written in the integral forms

$r= _kLS" U""(€)¢o(€) sinh k(y—&)de, 3.23)
Uo J-a
b=\ U@ p©— e L) Jsin kty—erce (3.24)

As a matter of course, Eqgs. (3.23) and (3.24) are just the same as the forms of
¢1 and ¢; found by Kato (1972) in a somewhat different way following Hunt (1955).
However, calculations of (3.23) and (3.24) for the present logarithmic profile (3.1)
are much more complicated than the previous parabolic profile, because U’’(y)=*
const. for (3.1).

Upon substitution of (3.1) and (3.21) into (3.23) and evaluation of the integrals,
¢1 is obtained as follows:

AU
f(y)=—5 ok [L(y)— Ty, (3.25)
where
_ (v coshk(y+d) ,._ [ 11 ]
Il(y)_g_d (@—£) dé=cosh k(y+d) oy ztd |’ (3.26)
_( cosh k(26+d—vy)
Ig(y) - g—d (20 —5)8 a
=cosh k(2z0-+d—y)- Li(y)+sinh k(2z+d—y)- Liy), (3.27a)
_ cosh 2k(y—z0) _cosh ys . _ .
hdy)=2k | -G ZHE) LML i {21y — 20} + Shi (v9) |
_ _ sinh 2k(y—z) | sinh ys . AN R ]
Izs(?/)—Zk[ 2 (y—20) s +Chi {2k(y —20)}—Chi (v3) |,
(3.27b, ¢)
and further
x8 x° x’
Shi(@)=z++ v+ oy +5 7+
3.3t " 5.5t 7.7 (3.28)
(2)=1 +x”+x‘+x‘+.“
Chi@=log|zl+5 5+ 3 47 6.61 '
n1=2kz , }
3.29
y1=2k(d+z0), ¢ )

91 appears in the next equation. Substituting above results in (3.18b) gives

C1 _ Ur Q 5
P (Zk sinh 2kd ~ 2kz 2P kd> ’ (3-30)
where
Q=2k[M‘——i+sinh +{Chi (y1)—Chi (g2)}
mn Ys
. . d
+ cosh %:{Shi (ys)—Shi (yl)}] —z—o(d-l-—zo) , (3.31)
Zob

5—1———U¢ . 3.32)
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Hence, the wave speed to the first-order approximation is given by

C=Co+£Cl=Co[1+€z_l] . 3.33)
0
In the evaluation of the second-order solution (3.24), we write
p=1—"1, (3.34)
Co
and
ﬂ1=ﬁ+£1n 2. (3.35)
Uo

Using (3.34), the surface condition (3.18c) is rewritten in the form

b= (G Jo=2— i~ (2248 ) it L, (w=0) (3.36)

¢

Since the terms on the right hand side of Eq. (3.36) are already known except
csfco, the expression of cifco will be obtained if only the left hand side of (3.36)
is evaluated. Some process of the evaluation will be shown in Appendix, and
the final form becomes

¢;(0)—<—‘C’3L>¢2(0)=— L [ gy "f (Ga+Gu+Gu)+%%’-Gm] . (3.37)
where '
Gui=1—cosh 2kd—(y: sinh y3;+cosh y2)(Chi y1—Chi v3)
+4(y1 cosh ys+sinh y3)(Shi y1—Shi y2)+log (y1/ys) . (3.38)
(Ga+Go+Gn)=H\— H;+ Hs+ H+ H;s , (3.39)

Hi=sinh yi{—log ¥:-CSY (y1)+Fch (y1)}+cosh ys{log y1-SCY (y:)—Fsh (y1)}

-—yﬂ+lo—§i—m cosh y:-SCY (y1)+m sinh 4:-CSY (y1),
1 1 .

H;=sinh y:{—log y1-CSY (y2)+Fch (y1)}+ cosh y:{log y2-SCY (y:)—Fsh (y2)} 8

—yﬂ-l——lggﬁ——m cosh y2-SCY (y32)+m sinh y3-SCY (73),
2 3

Ha=yi{sinh va (Shi ya—Shi y1)—cosh ys (Chi ya—Chi )},
1

H4=yi{sinh ¥1 (Shi y1—Shi y3)—cosh 4, (Chi y1—Chi y1)},
1

H;=Chi y1-Shi y1—2-CKS (1)+ Shi 91+ Chi 31 —Chi a-Shi g
+2-CKS (y2)—Chi y3-Shi ys .

(3.40)
m=1In (2k) , (.41
SCY (z)=Shi (z)— B2

* (3.42)

CSY (z)=Chi (x)-% ,
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2 x® x7

Fsh (z)= Ssm(x)d =Pt Tee T T .43
Feh (z)= SChl G (logzlxl)’ _I_Z:?;! + 4;!:‘;! + 6:-;66! . .
CKS (z)= S: fﬁ@%’lm , (3.44)
=o+(5rtgar) 5+ (artar Tartee) st
+{ (n—ll)! + (n—ls)! x 3-13z + (n—15)! x 5-15! te
+21—vx (n—2)-1(n—2)! + n-In! }%n (3.45)

Some remarks will be made later concerning the functions Fsh(x), Fch(x),
CKS(x).
By using (3.37), cs/co is obtained from (3.36) in the form

i—z=E1+Es+Es+E4 , (3.46)
where

SBIQ+S$(G(1,+GD+GH)+ gl?r, Gm] »

Ei= smh 2kd [

_ __Bs[dtanhkd 1 . ]
Ey= 5 [ w(ztd) +cosh d {G1cosh k(2z0+d)+ Gssinh k(220+d)} |,

(3.47)
s d 1 .
E3_4k"zo [20(20+d)— cosh kd{Gl sinh k(2z0+d)+G: cosh k(22 +d)}:| ,
__S9B 1
E= 2z tanh kd 2ﬂ ,
and further
U
S= %o y (3.48)
G1=2k[CSY (y1)—CSY (y3)], } (3.49)
Gi=2k[SCY (y3)—SCY (y1)] - ’

After all, the wave speed to the second-order approximation is given by
Ci Cs
c=cotec1+elcs=co [1 +s—'—+e’—‘] , (3.50)
Co Co

where e=uo/co. In order to express effect of surface velocity #, on the wave
speed, we introduce a parameter G; such as

c=co+uiGi, (3.51)
that is, from (3.50)

Gi= e, (3.52)
Co Co

— 15 —
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4. Numerical results and discussions

The numerical computations of ¢i/ce and csfco are carried out mainly by using
the values of the above-mentioned functions, such as Shi(x), Chi(x), Fsh(z), Fch(x)
and CKS(x), for y: and ys in Eq. (3.29). In Appendix A, some functional values
of those functions are listed in Table A-1

and their behaviors for small values of x are Table 2 Values of y: and %2

shown in Fig. A-1. The values of y: and ys (for 2r=2.0x10"%)
for zz=2.0x10"* (say, z0=0.01 cm for d=50cm) Lid " v
are shown in Table 2. As seen from this

table the functional values for fairly large 0.1 0.02513 125.69
values of 7: are needed for the numerical 0.2 0.012566 62.844
computations. From this origin arise the 0.3 0.008378 41.896
troubles of reduction of significant figures in 0.4 0.006283 31.422
the course of the machine computations. In 0.6 0.004189 20.948
order to avoid the serious errors due to the 0.8 0.003142 15.711
figure-dropping for large values of y: the 1.0 0.002513 12.569
following approximations were seeked and 1.2 0.002094 10.474
used. ) 1.6 0.001571 7.8556
(a) If we write . 2.0 0.001257 6.2844

SMC ()=Shi (z)—Chi(z), (4.1)
then, as x — :
SMC (x) — 1(=0.57721566490) 4.2)

where 7 is called Euler’s constant. Practicaliy (4.2) gives the accuracy more
than 10 figures for x=18.

(b) Let
FDh (x)=Fsh (x)—Fch (x), 4.3)
then
FDh (x) — 7y log.x+0.989055995 4.4
(4.4) gives the accuracy more than 9 figures for £=15.0.
(c) Let
DIF (x)=2-CKS (x)—Shi (x)-Chi (x) . (4.5)
then for large values of x
DIF (x) — y Shi(x), or yChi(x) (4.6)

The approximation (4.6) gives the accuracy more than 8 figures for £x=25.0,
and more than 6 figures for x=18.0. -

So far we have used dimensional quantities. If, however, we use a non-
dimensional parameter z, (=z/d) in place of 20, then ci/co and cifco can be eval-
uated as functions of only kd and do not depend on the magnitude of wuo, (This
never denys the correlation between 20 and u,). The evaluated values of ci/co and
c3fco for a typical value of z,=2.0x10~* are shown at the second and third columns
in Table 3, and those values for the several cases with different values of z are
shown in Table A-2 in Appendix A together with the values of ¢, which is given
by

¢ =co/(gd)'? 4.7
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Fig. 4. Curves of G.

For a particular case it is found that the smaller L/d are, the larger ci/co are and
the smaller cs/co contrarily. As mentioned earlier, for the drift current which
we encounter in the laboratory the parameter ¢(=uofco) is not so small as usually
used in the perturbation method. Since ¢ is largest for waves with the smallest
length, there is an inverse trend between the magnitudes of c¢s/ci and . Let us
inspect the convergence of the wave speeds given by (3.50). For that purpose
the evaluated values ecifco, €cs/co, ¢ and G: for the cases of #,=15.0 and 28.0
cm/sec with 20=0.01cm and d=50cm (z=2x10"*) are also shown in Table 3. As
a matter of course the convergence is better for #,=15.0cm/sec than %,=28.0
cm/sec. However, even in the latter case where ¢ is considerablly large for short
waves, the second-order contribution ¢¥csfco to the wave speed is much smaller
than the first-order one ecifco for the shown wavelength range. This fact pre-
sumably suggests that the parameter ¢ may
have been overestimated, because, as seen
from Fig. 3, the velocity scale representative
of the drift current of this type may be not
the surface velocity uo but much smaller
one.

The fact that the second-order term is
very small was also found by Kato (1972)
for the case of parabolic current profile,
which is shown in Fig. 5. In that case the
wave speeds were also calculated by using
the method of expanding the solutions ¢ £
into power series (cf. Appendix C), verify- Fig. 5. Parabolic profile (from Kato®).
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ing the results from the perturbation method. The results newly obtained for
the parabolic drift current with di/d=0.10 (d=50cm), #=15.0 and 28.0cm/sec
are shown in Table 5 and 6. Assuming that the difference between c¢: and
¢p is attributed to the error in the perturbation method, we write

cs=co[1+e(—c’—) +eﬂ(—“—) +a] , (4.8)
Co P Co P

a=(cs—Cp)fCo . 4.9

that is,

Then the evaluated values of a are found to be much smaller than &Xcs/co)y,
especially for short waves, as shown at the last columns in both tables. From
this fact the validity of the present perturbation method would be assured.

Based upon these considerations, the obtained wave speeds to the second-
order approximation for the present logarithmic profile may be regarded as being
accurate sufficiently. It might further be possible to neglect the second-order
term in (3.50) for most practical use.

The results for the profile (2.3), which are obtained simply by putting 5=0
in the final equations relevant to Eq. (3.50), in the same cases as those in Table
3 are shown in Table 4. By comparing contents of the two tables it can be seen
that the difference of the wave speeds for the two profiles is unexpectedly small,
especially for the waves of small length. The evaluated values of ¢ifco and cafco
for the profile (2.3) are also shown in Table A-3 in Appendix A.

In Fig. 4 are shown the curves of G, obtained from (3.52) for three different
profiles (2.4) with #,=28.0cm/sec and also corresponding curves of G, for two
parabolic profiles (cf. Fig. 5). It is found from this figure that the parabolic
profile for di/d=0.16, which was selected as a representative one in the previous
paper®, gives fairly larger wave speeds, especially for short waves, than the present
logarithmic profile with z, of about 2x10-*.

5. Summary and conclusions

In this paper an attempt has been made towards a better expression for the
effect of drift current on the wave speeds. Main results and findings are as
follows:

(1) A proposed logarithmic distribution (2.3) or (2.4) is well applicable to
the observed drift current profiles.

(2) Using the perturbation method, the wave speed solution for the proposed
drift current profile has been obtained to the second-order in the form of (3.50)
where cifco and csfco can be evaluated independently of the surface velocity uo.

(3) The second-order contributions to the wave speeds were found to be
very small even when the perturbation parameter ¢ (=uofco) is relatively large.

(4) The modification of the velocity profile near the bottom for a return
flow has little effect on the wave speed. On the other hand, the present loga-
rithmic profile gives fairly smaller wave speeds than the parabolic profile which
was assumed previously. This indicates that the form of the drift current profile
close to the water surface is very important in determining the wave speeds.

(5) Great care was needed against the reduction of significant figures in the
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course of machine computations, and asymptotic forms of the special functlons
which appear in the calculation were seeked and used.

The numerical computations have been carried out by the use of a digital
computer TOSBAC-3400 at the Computer Center of the Port and Harbour Research
Institute.
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List of Symbols

wave amplitude
arbitrary constant for ¢o
arbitrary constants, cf. Eq. (2.1)
coefficient of the linear term in Eq. (2.4)
phase velocity for no current
phase velocity of the waves in a current
first- and second-order wave speeds, cf. Eq. (3.16)
non-dimensional wave speed, =cf(gd)"/?
wave speed obtained from the perturbation method for the parabolic
drift
wave speed obtained from the series expansion method for the para-
bolic drift
depth of water
depth of the parabolic drift, cf. Fig. 5
terms in the expression for cifco, cf. Egs. (3.46) and (3.47)
acceleration of gravity
g+(ak’/p)
cf. Eq. (3.49)
terms appearing in the calculation of the left hand side of Eq. (3.
36) cf. Eqs. (3.37) and (3.39)
term similar to Gas, G and Gy, but originating from the linear term
in Eq. (2.4), cf. Egs. (3.37) and (3.38)
(c—co){uo for.logarithmic drift
(cp—co)/uo for parabolic drift
(cs—co)fuo for parabolic drift
terms in the expression for (Ga+Gs+Gy), cf. Eq. (3.39)
wavenumber (=2r/L)
wavelength
In (2k)
pressure in water
cf. Eq. (3.31)
Ur/uo
surface drift current velocity, =U/(0)
drift current velocity
arbitrary constant in the logarithmic distribution, Egs. (2.3) or (2.4)
z- and y-components of velocity due to the wave motion
average wind velocity
free stream wind velocity
horizontal axis in the direction of the current
vertical axis measured upward from the water surface
ZkZo
2k(d+ z0)
depth from the water surface
arbitrary constant in the logarithmic distribution, Egs. (2.3) or (2.4)
roughness height, cf. Eq. (2.2)
non-dimensional quantity for zo (=2zo/d)
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(cs—cp)lco, cf. Eq. (4.8)

1—((21/60)

cf. Eq. (3.35)

Euler’s constant (=0.57721566490- - -)

correction factor due to the linear term in Eq. (2.4), cf. Eq. (3.32)

perturbation parameter (=u/co)

water surface displacement

kinematic viscosity

integration variable

water density

surface tension
: mean tangential wind stress at the water surface
: function of y only (y-dependent factor of stream function)
@0, ¢, ¢a:  zeroth-, first- and second-order solutions of ¢, cf. Eq. (3.15)
r : stream function, =g¢(y)etkz—o0
IL(y) : term in the expression for ¢i(y), cf. Eqgs. (3.25) and (3.26)
Ii(y) : term in the expression for ¢i(y), cf. Eqs. (3.25) and (3.27a)
L(y), Iis(y): terms in the expression for Ii(y), cf. Egs. (3.27a, b, c)
CKS(z) : special function defined by Egs. (3.44) and (3.45)
Fsh(x), Fch(x): special functions defined by Eq. (3.43)
Shiz, Chiz: hyperbolic sine integral and cosine integral, cf. Eq. (3.28)
SCY(x) : Shix—(cosh x/x)
CSY(x) : Chix—(sinhx/x)
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Appendix A
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Calculation of the Wave Speed for a Logarithmic Drift Current

Table A-2 Evaluated values of ¢i/co and cz/co for profile (2.4)

2,=8.0x10* 2y=2.0x10"* z,=8.0x10"3 z,=2.0x10"%
Lld c
Cl/Co Ce/Co cifco Cz/Co Cx/Co Cz/Co cifco Cz/Co
0.1 | 0.13327 | 0.63281 | 0.01518 | 0.53121 | 0.01439 | 0.47523 | 0.01295 | 0.40680 | 0.01057
0.2 | 0.18098 | 0.52842 | 0.02074 | 0.43772 | 0.01776 | 0.38995 | 0.01549 | 0.33285 | 0.01246
0.3 [ 0.21991 | 0.46446 | 0.02493 | 0.38242 | 0.02056 | 0.34006 | 0.01780 | 0.28993 | 0.01436
0.4 ]0.25323 | 0.41838 | 0.02867 | 0.34323 | 0.02324 | 0.30490 | 0.02010 | 0.25977 | 0.01630
0.5 |0.28275 | 0.38248 | 0.03224 | 0.31301 | 0.02590 | 0.27786 | 0.02241 | 0.23662 | 0.01828
0.6 | 0.30951 | 0.35317 | 0.03573 | 0.28851 | 0.02858 | 0.25598 | 0.02477 | 0.21792 | 0.02030
0.7 |0.33418 | 0.32849 | 0.03921 | 0.26779 | 0.03128 | 0.23768 | 0.02715 | 0.20230 | 0.02236
0.8 | 0.35715 | 0.30725 { 0.04269 | 0.25039 | 0.03402 | 0.22202 | 0.02960 | 0.18901 | 0.02453
0.9 | 0.37874 | 0.28864 | 0.04618 | 0.23501 | 0.03677 | 0.20831 | 0.03203 | 0.17723 | 0.02654
1.0 | 0.39917 | 0.27214 | 0.04969 | 0.22141 | 0.03956 | 0.19621 | 0.03451 | 0.16692 | 0.02869
1.1 | 0.41861 | 0.25735 | 0.05322 | 0.20924 | 0.04238 { 0.18540 | 0.03701 | 0.15771 | 0.03084
1.2 | 0.43718 | 0.24398 | 0.05678 | 0.19827 | 0.04523 | 0.17565 | 0.03953 | 0.14940 | 0.03301
1.3 | 0.45499 | 0.23181 | 0.06036 | 0.18829 | 0.04809 | 0.16679 | 0.04208 | 0.14185 | 0.03520
1.4 | 0.47211 | 0.22067 | 0.06396 | 0.17916 | 0.05098 | 0.15869 | 0.04464 | 0.13495 | 0.03741
1.5 | 0.48862 | 0.21041 | 0.06758 | 0.17077 | 0.05388 | 0.15124 | 0.04722 | 0.12861 | 0.03962
1.6 | 0.50455 | 0.20092 | 0.07122 | 0.16302 | 0.05681 | 0.14436 | 0.04982 | 0.12276 | 0.04185
1.7 | 0.51994 | 0.19212 | 0.07488 | 0.15583 | 0.05974 | 0.13799 | 0.05242 | 0.11733 | 0.04408
1.8 | 0.53484 | 0.18392 | 0.07855 | 0.14914 | 0.06268 | 0.13205 | 0.05503 | 0.11228 | 0.04632
1.9 |0.54926 | 0.17625 | 0.08222 | 0.14289 | 0.06563 | 0.12652 | 0.05764 | 0.10756 | 0.04856
2.0 | 0.56322 ] 0.16908 | 0.08590 | 0.13705 | 0.06857 | 0.12133 | 0.06026 | 0.10315 | 0.05078
Ur[tt0=0.18365 Uy[140=0.14650 Uy[1up=0.12918 Uy[uo=0.10957
b/1e=0.00509 bl1o=0.00405 blue=0.00358 b/ue=0.00304
Table A-3 Evaluated values of ¢,/co and c2/co for profile (2.3)
_ 2,=8.0x10"* 2r=2.0x10* 2,=8.0x107°% 2;,=2.0%x1073
Ljd c
¢ifco csfco cifco csfco ¢ifco cz/co ci/co cz/co
0.1 |0.13327 | 0.63078 | 0.01398 | 0.52960 | 0.01309 | 0.47380 | 0.01163 | 0.40559 | 0.00926
0.2 |0.18098 | 0.52437 | 0.01756 | 0.43449 | 0.01457 | 0.38710 { 0.01237 | 0.33044 | 0.00950
0.3 | 0.21991 | 0.45839 | 0.01940 | 0.37757 | 0.01524 | 0.33579 | 0.01269 | 0.28630 | 0.00959
0.4 |0.25323 | 0.41028 | 0.02057 | 0.33677 | 0.01564 | 0.29920 | 0.01287 | 0.25493 | 0.00965
0.5 | 0.28275 | 0.37236 | 0.02139 | 0.30494 | 0.01591 | 0.27073 | 0.01300 | 0.23058 | 0.00968
0.6 | 0.30951 | 0.34103 | 0.02201 | 0.27882 | 0.01611 | 0.24743 | 0.01308 | 0.21067 | 0.00971
0.7 | 0.33418 | 0.31433 | 0.02250 | 0.25668 | 0.01626 | 0.22770 | 0.01315 | 0.19384 | 0.00974
0.8 | 0.35715 | 0.29106 | 0.02290 | 0.23746 | 0.01639 | 0.21062 | 0.01323 | 0.17934 | 0.00983
0.9 | 0.37874 | 0.27043 | 0.02323 | 0.22046 | 0.01647 | 0.19549 | 0.01325 | 0.16636 | 0.00974
1.0 | 0.39917 | 0.25190 | 0.02350 | 0.20525 | 0.01655 | 0.18197 | 0.01329 | 0.15483 | 0.00977
1.1 | 0.41861 | 0.23509 | 0.02374 | 0.19147 | 0.01663 | 0.16973 | 0.01331 | 0.14441 | 0.00977
1.2 | 0.43718 | 0.21970 | 0.02396 | 0.17888 | 0.01669 | 0.15855 | 0.01334 | 0.13489 | 0.00978
1.3 | 0.45499 | 0.20551 | 0.02414 | 0.16729 | 0.01674 | 0.14827 | 0.01336 | 0.12614 | 0.00979
1.4 | 0.47211 | 0.19234 | 0.02432 | 0.15655 | 0.01680 | 0.13875 | 0.01339 | 0.11803 | 0.00980
1.5 | 0.48862 | 0.18007 | 0.02448 | 0.14655 | 0.01684 | 0.12988 | 0.01341 | 0.11049 | 0.00981
1.6 | 0.50455 | 0.16857 | 0.02463 | 0.13719 | 0.01689 | 0.12158 | 0.01344 | 0.10343 | 0.00982
1.7 | 0.51994 | 0.15776 | 0.02477 | 0.12840 | 0.01695 | 0.11379 | 0.01346 | 0.09681 | 0.00984
1.8 | 0.53484 | 0.14756 | 0.02492 } 0.12011 | 0.01700 | 0.10645 | 0.01350 | 0.09056 | 0.00986
1.9 | 0.54926 | 0.13791 | 0.02507 | 0.11228 | 0.01706 | 0.09951 | 0.01353 | 0.08466 | 0.00988
2.0 |0.56322 | 0.12875 | 0.02522 | 0.10485 | 0.01712 ; 0.09294 | 0.01357 | 0.07907 | 0.00930
U, /1y=0.18365 Uy[10=0.14650 U [10=0.12918 Uy [20=0.10957
b/uo=0.00509 b/ue=0.00406 b[1=0.00358 bfue=0.00304
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Hajime KATO

Appendix B Reduction of Eq. (3.37)

¢3(y) can be written, from (3.24) and (3.1), in the form

$0)=B B o )= 10— D) B.1)
where

@)=\ U @p@sinh ky—ox, (B.2)

()= VO n o= sinh k(y—erde, (B.9

)=\ U@ sinh k(y—exie. (B.4)

Hence, the left hand side of Eq. (3.36) becomes

HO—(L) 0= BHO)~ Bk RBO = 4(0)— kR O]

+— [¢2u(0) kR¢3u(O)] + [¢2m(0) kR¢?m(0)] (B 5)

where
R=coth kd .

The first term on the right hand side of (B.5) becomes

B O~ BERAO =5 200 (8.6)

The three bracketed terms on the right hand side are calculated in the follow-
ing ways. The first bracketed terms are

AkAU2
#1(0)— k Reps,(0)= u—;nh_kd(Ga‘*'Gb)y B.7
where
_ sinh kd [(° I(§) cosh k¢ ¢ (&) sinh k&
Ga=—20 Lg_d o d€+Rg_d-—-——(ZO_e)ﬂ ds:l, (B.8)
__sinh kd[(° L&) cosh k& 0 Iy(&) sinh k¢
Go=""5 [S_d (—8)" d“RS_d (@—&)° df] (B-9)

The function CKS(x), given by (3.44), comes out from the calculation of Go.
The second bracketed terms are

AkrU;

#iu(0)— k Res,(0)= m(}n, (B.10)
where
_ 1 ¢ In(@—$& . .,
Gu= 2k8_d———(zo_ o Sinhl(E-+d)de (B.11)
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Calculation of the Wave Speed for a Logarithmic Drift Current

The functions Fsh(x) and Fch(z), given by (3.43), come out from G,,. The third
bracketed terms are

$un(0)— k Repny(0)= ﬁl—bﬁ%cﬂ, : (B.12)
where
o ¢sinh®k(é+d)
—d (20—8)

Eq. (B.5) with (B.6), (B.7), (B.10) and (B.12) gives Eq. (3.37) in the text. Egs.
(3.38)~(3.40) are obtained from (B.13), (B.8), (B.9) and (B.11).

Gm=—28 d&, (B.13)

Appendix C Method of series expansion for the parabolic drift
The method of series expansion used in the calculation for the parabolic

drift is as follows:
The velocity distribution of Fig. 5 is

U(y)=§—‘;<y+doﬂ, (I: 02y=—d))

(C.1)
U(y)=0. (II: —dizy=-d)
The equation for ¢ is
(U=o)(¢"—k*¢)—U"¢=0. (C€.2)

We need two separate solutions ¢ and ¢, for the depth range I and II, respec-
tively, and the two solutions must give the equal values of p and v at the boundary
y=—d;. Concerning the waves satisfying c>uo, the equation (C.2) has no singular
point for 0=y=—d;. Therefore a power series solution exists in the neighbor-
hood of an arbitrary point y=v: in the range I. Here we seek such two solutions
¢a and ¢, for the depth %:1=0 and y1=—d1. ¢a and ¢, are combined at the depth
y=—d/2 with two conditions for p and v, and ¢ is also combined with ¢y
similarly at the depth y=—d,. Then the surface condiaion (3.13) applied to ¢a
leads to the equation from which c¢ is obtained.
¢« and ¢» are put in the forms

pa=artary+asy’+asy’+---, €.3)
do=bo+b:1(y+dr)+bs(y+dr)* +bs(y+di)*+- - -. (C.9)
Substitution of (C.1) in (C.2) leads to
(y*'+2dy+ D)’ — k*y*¢—2d1k*y$—(Dk*+2)p=0, (C.5)
where
di
D=di——c=dipo, (C.6)
%o
¢
Bo= (1— uo)' .7

Upon substituting (C.3) into (C.5) a- are obtained successively, and ¢ takes the
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Hajime KATO

following form:

pa=ai(1+ Pyy*+ Py’ + Piy'+ - - )+ an(y + QP+ Quy* + @5y +--+), (C.8)

where
Pa——(Dk2+2),
P
Q3=——(Dk2+2) (C.9 3
Pi= 2411)“[(Dk2+2)2 %]’
0m-1 .

If we put P.=Q:=0 and @;=1 the coefficients P., Q. for n=5 can be obtained
numerically from the following relations:

P‘n=7(;il)—l) [—2(n—1)(n—2)d Pr1—(n—2)(n—3) P

+(Dlk?+2)Pr-s+2d1k* Pr—s+ k*Pn-d] , (C-10)
Q,,:——-—n(ni D [—2(n—1)(n—2)d1Qn—1—(n—2) (1 —3)Qn—s
+(Dk*+2)Qn-1+2d1 k* Qn—s + £ Qn—s) . (C-11)

If we show, for reference, P, and Q. up to =7

1 2dk 2d_ s
P 5(_3 D T3 DS_D*)’
1/k 2k 4 @
Q5_20<6+3 D 3D2+8D8> .
1/k K 21 14k __d . d
P“so( sTip 3D T3 D 12D4+32D5>
1 die 4 &
Q‘_30<_ o s 16D‘>
1 3 dkt 16 dk' 44 &k 12d 192 & &
P’*42< 10D "5 p 5 D 5 D7 5 D 64D>
1/k 1 kK 1k 26dk 61 9 d . d
Q"42<12 %D 3pt1s p T5 5 DT )
(C.12)
Similarly ¢, takes the form
do=boll+ Ha(y+dr) + Hi(y +dn)+ - - -]
+bi[(y+d)+ H(y +a)}+ H(y +dr)’ + - - -1, (C.13)

where
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Calculation of the Wave Speed for a Logarithmic Drift Current

=L s
Hi=5(kS~2),

1 (C.19
Hs=g(k33—2),
da; .
S=—rc=di1-8). (C.15)
o
By putting Ho=H,=1, H, for n=4 can be obtained from
Y _ _ _ 18 i
Ho= s S —DHnst (0= (0 =D Hus— K Hund], (C.16)
" If we show H, up to n=7
=2 (k3S—4)
=248 ’
1
Hs=—~(k'S*—4k*S—8),
1iosk2 (€.17)
— (L4 _ (LS
Hi= 720 S (k*S*—6k?S—16),
__I-L 6QS _GLiQ 1Q__
H,= 5040 S° (kS —6k*S*—40k3S—144).

The ratio bi/bo is determined from the conditions for p and v at y=—d;:
R=-2—F coth k(d—dy). (C.18)
0

The ratio aifas (=F3) is obtained in the form

a Xy (Ws+RWo)—Xs(Wi1+RW,)

B = T X Wt RWo)— X Wi RWy) ’

(C.19)

where, by putting di/2=e,

Xi=1+4 Pye?— Pse’+ Pie' — Pse* + - - -
Xi=—e— Qs+ Que' — Qse’ + - - -
Xs=—2Pye+3Pse*—4PieS+5Pset—- - -
Xi=1+3Q:*—4Q.e’+5Qs¢* — - - -
Wi=1+Hse®+ Hie* + Hee* + - - -
Wi=e+ Hsé*+ Hie* + Hie' + - - -
Ws=2Hse+4H,e*+6Hee’+ - - -
Wi=1+3He®+5H:¢' +TH:eb+ - - -

(C.20)

(C.21)

Substituting (C.7), (C.8) and (C.19) into Eq. (3.13) in the text leads to the final
equation for Bo:

Bo (ﬂaFa—dz—l) =4 (C.22)

ug
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since F; is the function of & and B, Eq. (C.22) determines f: proper to the
problem and ¢ is obtained from (C.7), that is,

C=uo(1—ﬁo) . (C.23)

For the present problem a negative root (8:<0) is what we seek, since ¢>uo>0.
Although the convergence of the series in (C.19) is very slow for the waves of
small length, complete convergence could be obtained by raising the power # as
high as needed by means of (C.10), (C.11) and (C.16). However, it was found in
the present computations shown in Table 6 that the convergence is greatly im-
proved by combining ¢s and ¢» at the depth y=—d;/3 instead of y=—d,/2.
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