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ANALYSIS OF CONSOLIDATION UNDER INCREASING
AND DECREASING LOAD

Tatsuro Okumura*
Kaji Moto**

Synopsis

In connection with the analysis of a ground subsidence problem, an analytic-
al solution of consolidation under increasing load and a numerical method for
decreasing load were developed. The analytical solution using the compression
strain as a variable was simply obtained by means of the theory of conduction
of heat and corresponded to the Terzaghi-Frohlich’s and Schiffman’s solutions.
A numerical analysis was carried out, in which the difference in values of mod-
ulus of volume compressibility and rebound, as well as, in values of coefficients
of consolidation and rebound were considered. The result of this numerical com-
putation was compared with some analytical approximations.

1. Introduction

One of engineering problems encountered in settlement analysis is how to
treat the time dependent load. Terzaghi and Frohlich (1936) have solved this
problem analytically in their early publication. Afterward Schiffman (1963) dealt
with the same subject and gave the tabulated results for computation of the ex-
cess pore water pressure at any point in a clay layer. In the Schiffman’s work the
stress increment within a clay layer is assumed to be constant with depth, so
the solution is not readily applicable for the case of well-point or ground sub-
sidence, where water heads at the upper and lower boundaries of a clay layer
are not necessarily equal.

The analytical solution of one dimensional consolidation with the linear stress
distribution is simply developed by means of the theory of conduction of heat
using compression strain as a variable. Tabulated forms for computing the com-
pression strain, the excess pore pressure, the degree of consolidation and the
settlement of a clay layer are given.

When the water head of subsiding stratum recovers or the surface loading
is partly removed during consolidation, it seems necessary to consider the com-
pound phenomenon of consolidation and rebound within a clay layer. Terzaghi
and Frohlich have solved approximately some simple cases assuming the coeffi-
cient of rebound as infinite. In general, however, these cases can not be solved
analytically. : .

The authors show a numerical method of analysis for such cases assuming
that a ratio of the coefficient of rebound to the coefficient of consolidation is
constant regardless of the magnitude of preconsolidation load and over consolida-
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tion ratio. A numerical example of the settlement analysis by this method is
worked out and is compared with results by some analytical approximations.

2. Consolidation under increasing load

According to the Mikasa's theory (1963), it is more convenient to analyze
consolidation in terms of strain, instead of the excess pore water pressure, since

the problem of pore pressure generation can be replaced by the problem of
boundary conditions.

If the change in the thickness of a clay layer and the influence of its own
weight are neglected, and the coefficient of consolidation c» is assumed constant,
the fundamental differential equation of one dimensional consolidation in terms
compression strain e is given as

s %
i) (1)

Putting the boundary and initial conditions of
£(0, H=1(D) 1
e(2H, ) =g(t) , (2)
&z, 0)=1(2) J

in which
2H: thickness of a clay layer

the solution of Eq. (1) is given, by the theory of conduction of heat (Carslow
and Jaeger, 1959), as follows

- LH é —entmipE? i D%H S(2) sin 21;
+ CE? Sf”v’“mwm {¢1(z>—(—1>"¢ﬂ®}d’1} (3)

Assuming that the stress distribution is linear with depth and also load in- .
creases at a constant rate up to time #, and remains constant thereafter, as
shown in Fig. 1, the boundary and initial conditions becomes

e prtfhy O=t=th)
g0, H= {
, w1 (t=1)
mopstlt,  (0OSt<h) '
e(2H, f)= { (4)
oy ({=th)
O=ish)
&z, 0)= {
E(Z, tl) (t; tl)

where the modulus of volume compressibility m., is assumed constant. Then we
have the following solutions,
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¥ig. 1 Loading condition (1)
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Pitps 16 2 1 o ey o P2
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+ 5 _22”713 (1—e ™ 1T/4) gin Ve (0=t<h) (5a)

o _ z | Pl‘i‘f)z 16 m —~n2 I3 ¢T—T 374
E= T]_ ‘:Tl{p1+(pﬂ pl) ZH-} 2 Hs e 135 ns {e 1

_ —nd I & nllz  pr— P _lg 5 1 IRIT-T 374
e }sin sg T o H“n%mn”{e_n 1
— gAY gin 1;]11;-} (f=h) (5b)

in which
T : time factor (T=ct/H?)
T:: time factor at time # (Ti=cuh/H?)

The above infinite series have been calculated with digital computer TOSBAC-
3400 by the six figures. The results are shown Table 1 and Fig. 2, as a func-
tion of the time factor and relative depth z/2H. Eq. (5) may then be rewritten
in the following form,

- [T{ it (i pl)%l— PAR R (T, e+ PSR, z/2H)}

2
O=t=t)  (6a)

= | Do+ (a9 5|~ PGP BCT, a2H)= (T~ o, 2D
Ds—P1
T3

(FAT, 2/2H)—F{(T—T, z/ZH)}] (=1 (6b)

in which F(T, z/2H) is referred to the coefficient of strain and expressed in the
forms
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6 = 1 . nll

F(T, 2f2H)=—pr 3} —r(l—em)sin 21; (7a)
16 & 1 . nllz

Fy(T, zj2H =2 (1—e"32T/4) gin 2H (7b)

If f: is equal to pi, i.e. in the case of uniform stress distribution, Eq. (6) be

comes
m”pl{T Fu(T, z/2H)} o 0<t<h) (8a)
;| | e=—”}"—f1[ \—{F(T, z/2H)—F(T—T, z2H))]  (t=t) (8b)

Relationship between the strain ¢ and the excess pore water pressure # is
E= mu(p—u)
o [ifpw(pz—p;)i}—u} 0<t<t)
ol 2H ==
| _ = - (9)
‘ mu{p1+(pa-p1)2—zﬁ;—u} (t2t)

where p is total pressure at a depth in consideration. The solution in terms of
the excess pore pressure is then written as

Dt

U= T1{ 5 ——F(T, z/2H)— Fz(T z/2H)} 0=i=t) (10a)

2

u=%[%{mm 2/2H)—F(T — T, z/2H)}

— PP BT, oo )~ FAT— T, of2H )}] (£zh) (10b)

These correspond to the Tarzaghi-Frohlich’s solution (1936). And the condition
of p1=ps gives

| y =%F1( T, 2/2H) O<t<h) (11a)

u=EFA(T, 22 H)~ (T~ T, 212} (tzt) (11b)

These correspond to the Schiffman’s solution (1963).
Denoting the degree of consolidation U as the ratio of the mean effective

| pressure p to the mean total pressure, the expression for the degree of consolida-
i tion is

— 10 —.




_1/1 32 &5 1 —nmzr/i) i
1 T ( 3 m n§3,5 nt € O=i=h) (
= (12)
RN T g
1 Tl T noTh s n; {e 1 e } (t=t1)
and U is independent of magnitude of pressures p: and ps.
If we write
= __i l.__?’g_ - i_ -—'rﬂHﬁT/t)
U(T)=1 T(3 o 2 e 13)
Eq. (12) becomes:
U(T) (0=i=h) ?
U= | (19)

tll[tUo(T)—(t-—h)Uo(T— ] (i=t) J

Us(T) shall be called the coefficient of degree of consolidation. Values of
U(T) computed by TOSBAC-3400 are shown in Table 2 and Fig. 3. Using the
coefficient of degree of consolidation, the expression for settlement becomes

2H
S= S edz
0
2Hm,,-ﬁ~2’-2“—- ti UK T) 0<1<t)
1
= (15)
2y T EL tll[tUo(T)—(z—n) UT—TY] ° (E=h)
T » g, T/HE
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P
0.2 '\\\\ o2
0.3 ‘ \ i 03
- N [*
04 - \ 0.4
UoQ(T) ) \\ :

Q. : \ A 0.3

5 \\‘
07 - — \\ il 07

Lrtvlutlcolusdbal ,
0.8 \ 0.8
\\
o9 \‘ 0.9
. | NN .
o | l l B — .
G001 ool Ql ] 10 100

Fig. 3 Coefficient of degree of consolidation Uy(7)
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It may be said that the settlement in this particular case is expressed as the
product of the thickness of clay layer, the modulus of volume compressibility,
the mean total pressure at that time and the degree of consolidation.

The law of superposition holds in this case, then more complicated cases
can be analyzed. For example, under the loading condition shown in Fig. 4,
the excess pore pressure is represented as follows

in which

u=u1+us _ (0=1=ty)
w=ur+us+uy’ (B=t=t)
u=tr+us+us+us (W=t
u=u1+ur+ust s (i=15)

2u1 =(ps+p)Go(T, 2/2H)—(ps— p )G T, 2/2H)

sz=%a{(pv+ps>F1(T, 2f2H)—(ps— p)Fo( T, 2/2H))}

21 ="71~_5[(P7+P8){F1(T’ 8f2H)—F(T — Ty, 2/2H)}
—(po—p{FAT, /2H)~F{(T ~ T, 2/2H)}]

2y = H po LB }Fl(T T, 2/2H)
{ Laltl) Ps}Fn(T— T, z/ZH)]
2 = Hp-}-pl‘;(t‘ ts)}{F(T T, 2/2H)~ F(T —Ts, 2/2H)}
{plﬁ*_ - )—p}{Fz(T Ty, 2f2H)— Fy(T— T;,z/ZH)}]
s =P (R — T, 2]2H)~ F(T— T, 2/2HD)

2us =P (T — Ty, 2f2H)— F(T — Ts, 2/2H)— P T T, 2/2H)

+F(T—Ts, z/2H)}

(16)

17

In the above equations, T3, T:, T: are the time factor corresponding to time i,
iy, &5 respectively. And GuT, z/2H) and Go(T, z/2H) are given as

GT, 22 H)=—= ) ommmps gjp M2 ]

II n=1,3,5 7 2H
4 2 1 amry o Pz [
Gu(T, z/2H )= Hﬂ_%‘,“ne sin ¥

(18)

The solution #: in Eq. (17) for the instantaneous loading is derived by Eq. (3)
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Table—4 and corresponds to the Terzaghi-Frohlich’s solution. In-
Degree of consolidation  finite series G T, z/2H) and G« T, z/2H) have been com-
U(T) puted by TOSBAC-3400 and shown in Table 3 and Fig. 5.
T |\ UAT) The settlement of layer under the loading condition
shown in Fig. 4 is
0.0010 0.035682

0.0015 | 0.043702 — : <<
0.0020 | 0.050463 S=2Hmis1+s1') O=t=h)

0.0030 0.061304

0.0040 | 0.071365 S=2Hmu(s1+s3+$4") (b=t<ty)
0.0050 | 0.079788 (19)
0.0060 | 0.087404 S=2Hm(s1s+s:+ss+s) (L=iZh)

0.0070 0.094407
0.0080 0.100925

0.0100 | 0.112838 ) .

0.0150 | 0.138198 in which

0.0200 | 0.159577

0.0300 | 0.195441 2s1 =(ps+pa)Un(T)

0.0400 | 0.225676

0000 | 0oneet3 t

. .276395 D5y’ — ~UAT

0.0700 | 0.298541 o=t p0) 3 UT)

0.0800 | 0.319154

o | D 1

. 0 . 5 3 232 = 7 — tU T - t_ts U T_T
0.1500 | 0.436950 (pr+ 1) ts{ A7)~ =il 0
0.2000 | 0.504088

0.3000 | 0.613236 D D10

0.4000 | 0.697882 253’ = (—+—)(t—ts) Ul(T—T3)
0.5000 | 0.763950 Li—ts * bi—1

0.6000 | 0.815565

0:5000 | 0597403 280 =Lt P\ () U T T @
. 0.887403 Y G L i S VA _
0.9000 | 0.912023 5 (t4—f3+l‘s—ts >{( DU "
15000 | 057006 ~(t—t) U T~ T}
ggggg gggéwg Dro{t—11)
. -99950 _
4.0000 | 0.999958 254'=—1; —t4 UlT—Ty)
5.0000 0.999996 y—u
6.0000 | 1.000000
: 280 =—EY (4 t)\U(T—To)
Is—1s
—(t—t)U(T — T5)}
U(T)=1-— 57 L pmneay, (21)
7 n=1,3,5 ¥4

Ui(T) is so-called degree of consolidation in the Terzaghi’s theory of consolida-
tion, values of which are tabulated in Table 4..

3. Consolidation under decreasing load

When a load decreases before a corresponding consolidation of a clay layer
is completed, the following situation may occur: the effective pressure in a part
of the layer continues to increase, whereas it decreases in the other part, hence
the latter part of soil tends to swell or rebound. In such a case the compound
phenomenon of consolidation and rebound should be considered.

The modulus of volume expansibility .’ of the clay will be small by about
one figure compared with the modulus of volume compressibility, and it will be
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dependent on the magnitude of pre-consolidation load and the over consolidation
ratio. As far as the authors are aware, however, no established relationship be-
tween the above factors has been reported. Similarly much ambiguity exists in
the coefficient of rebound ¢/, which is a counterpart of the coefficient of con-
solidation ¢,. If the coefficient of permeability does not change, however, the
coefficient of rebound will become nz/m,’ times the coefficient of consolidation.
Then in this section it will be assumed,

wy' =mfl
(22)
= le

where [ is a constant for particular soil.

In the consolidation phenomenon including rebound, the strain depends upon
the stress history, so the choice of the strain as the dependent variable may not
be relevant. The fundamental differential equation of consolidation including re-
bound, under an assumption of linear stress distribution, is given as a function
of excess pore water pressure,

o )t P
—={za,}a?+ﬁ (23)

The choice of the coefficient depends on the rate of change in effective pressure,
and may be written as follows,

3p . 9*u
" —==0 i.e. P —=0 -
(24)
ap . o'
o <0 e 2 >0 -« Iow

Under the loading condition shown in Fig. 6, the fundamental equation, the
boundary conditions and the initial condition are represented respectively as fol-

lows
LN R .

P

p,-P, ( lower end)

D -p, (Upper end)

N
Y
~N
RN

-1, o) 1 t

Fig. 6 Loading condition (3)
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({0, H=0

} (25b)
W2 H, =0
iz, 0= { DADs pogy, o= PP *”1 i 25 Y0 z/zﬂ)} (25¢)

Since the above equation can not be solved analytically, a numerical method will
be used. The whole layer of clay is to be divided into « slices as shown in Fig.
7. Eq. (25a) can then be written in the form of a finite difference equation as

ﬂ% u; 1—|—u~,+1 2“'{1
lc,,

1 i
e ——t;{}f’ﬁ' (Pi—PS);} (26)

The value of {cv, leu}dt/42%, from which 4t is to be decided, should not be larger

than 0.5, but an appropriate value in practice is about 0.25 (Mikasa, 1963). In
practice it can not be acceptable to
take different values of 4¢ for each
slice, to which ¢ or l&w is applied.
Also it is inconvenient that the values
of 4 are different each other, when
the settlement of several layers is
computed. Then it may be advised
that the value of 4¢ shall be so decid-
ed that lc.di/4z* is about 0.25 and the
common multiple of 4¢ for each layer
becomes an appropriate value.

The excess pore pressure at time
(t+4f) can then be computed by the

2H =4 a7

e =% following equation, using the excess
Fig. 7 Key sketch to numerical analysis pore pressures at time £,
uf“=u€+{ﬁé }(uz 1+u,+1—2u,,)—~—{pa+(p4~p3)—} 27)
in which
B=lcodt]d20=0.25 (28)

¢: grid number in z-axis, from 1 to (a—1)
j: grid number in f-axis, from 0§ to f/d4¢

wy=ul=0
(29)
w== { DD o Ty ifa)— bh Fg(Tl,z/a)}
From Eq. (24) the choice of g/l or § becomes
F=<0 --- gl
F>0 B } G0

in which
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F=uf-1+u{+1—2u£ . (31)

In some cases, however, it will be possible for the effective stress in any
slices to Increase after having decreased. Such situations may be encountered
when the rate of loading changes after a period of time, as shown in Fig. 6. In
this case Eq. (30) alone is not sufficient. Assuming that the consolidation pro-
perties for reconsolidation are the same to those for rebound as far as the effec-
tive pressure does not exceed the pre-consolidation load, the choice may be ex-
tended approximately as =0 and

30l — Pl = 2Pimax o BIL . (32a)
3Pl =Pl < 2pimax 0 B (32h)
F>0 cee B (32¢)

in which the effective pressure, p{, can be calculated by the following equation :

pl=pl—ui
=p1——2§£-j+ Pz—PL—At"(Pq—ps)fl—z'—u{ (33)
i1 23 |«

and pim.x is the maximum value of ! in ¢=<4¥j—1). .
Applying the trapezoid formula, the settlement of the layer S! is represented
as follows

. a-1
sz-;—(eﬂ—i-eﬂ)dz-#- Steldz (34)
i=1
in which the strain, ¢! should be different corresponding to the three states of
slice, i.e. rebound, reconsolidation and normal consolidation, as follows

el=mupl  {in the slice obeying Eq. (32a)} (352)

el =m,,§m—-’i}"-(ﬁ max— P1) (35b)
{in the slice obeying Egs. (32b) and (32c)}

Since the strain, ¢ and &, for the upper and lower boundary faces of the layer
are always in the over-consolidated state, Eq. (34) may then be written as

bl
o a—1
S'=mydz Dt —ﬂ(Pa*i—Pé)‘i'E — p!
2 T2 = (1 l)p LB
e l 1 max l

(36)

The third term of the right hand side of the above equation should be
S p -+« for condition of Eq. (32a)

il{(l_%)ﬁimux'i‘%} -+« for condition of Egs. (32b) and (32c)

1 37)
|
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The deg'ree of consolidation, defined in the same way to that under increas-
ing load, is represented by the trapezoid formula as follows

2 S
alpr+ pr—(ps+ D07 At} =5 (38)

When the negative pore pressure is prevalent within the layer, the degree of
consolidation may become more than 1004.

After the load has become constant as shown in Fig. 6, the differential equa-
tion of consolidation including rebound is represented

=1-—

' M

du Co | O'u
ot {lcu ) 822 (39)
And the fundamental equation for numerical analysis becomes
BIn
wit=ui+ 8 S(M" i —2ud) (40)

in which
i: from 1 to (a—1)
7 from (#/4%) to infinity
wW=ul=0
w?": by Eq. (27)

The effective pressure, the settlement and the degree of consolidation of the
layer become

Io{:pl—ps+(pz~p1—pi+ps)—2—u{ (41)
Pl
+ oz
S'=mudz 2 2152 — P3-2|-lp4 + :g.l ( _1_)_ _?_i (42)
- p:’.mu.x‘i‘
{ !
i1 2 z u! (43)

a(pr+ pr— pa— i) i

Selection of term in { } in Egs. (40) and (42) should be made after Egs. (32) and
(37).

The above method may be applied to the problem of more complicated con-
dition. _

4. Example

An example of the foregoing methods of analysis will be shown. Soil pro-
perties and loading conditions are assumed as follows,

2H=40m 1=26.4 t/m? ps=15.4 t/m?
mv=8x 10" m¥/t Pe=44.0 t/m? $+=30.8 t/m?
cv=1.44x10"? m?¥/day 4 =3100 day }=1460 day

Q)
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' ¢ : Note
Case A myf10 I 10¢cy numerical method
Case B Myf50 50cy "
Case C "y Cy for the whole layer, analytical approximation
Case D myf10 10cy " , p
Case A’ My Cv for increasing load, analytical method

Case A and B correspond to the foregoing numerical method and are com-
puted by TOSBAC-3400.

Cases C and D are sort of analytical approximations for decreasing load., In
Case C it is assumed that the soil properties are not affected by the mode of
change in loading. The calculation formula for the settlement in this case is re-

presented

S=2Hmu(51—8") (h=t=h+1)

(43)
S=2Hm(51—sz) ({=th+h)
in which
251 =(p1+ Dn)?ll‘{tUn( M—(t—t)U(T—T1)}
I—H
253" =(p3+ 1) i U(T—T) . (44)

252 =(]Ds+pa)tl2{(t— WU(T—T)—(t—t— 1) U(T —T1i— T3)}

In Case D it is assumed that m’ and ¢’ under decreasing load are #2,/10 and
10cv, respectively, for the whole layer, and the calculation formula of the settle-
ment becomes

S=2Hms [p‘—?’“—-*l%;[{nﬂ(t— U T+ 1T — T}
W= UU(T ~ T+ — L U T3]
Dt P _ {(i—1)

U{l(T— T1)}j| (h=t=h-+1)

2 Pt
3=2Hm.,[f’1—?2—-- Til—[{H(l—l)ta}Uo{T-i—(l—l)Tz} (45)

—{i—t+( -Vt UA{T -1+ -1 T3} +( ~Dh U T1)]

— P "xﬂlTa[{z—'m(t—’I)ts}'Ua{T— T+(-DTs

. —(t—f1—t2)Un(T—-T1~—Tz)]jl (t=ti+16)

-

The results of computation are shown in Fig. 8. As shown in the figure,
the settlements estimated by the analytical approximation are found to be less
than those by the numerical method.
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6.

Summary

The results of the study described above may be summarised as follows;
An analytical sclution of the consolidation under increasing load with the
linear stress distribution within a clay layver was developed and the tabulated
forms for computation of the compression strain, the excess pore water pres-
sure, the degree of consolidation and the settlement were given, which will
reduce much of labour in practical computation.

A numerical method of analysis of the consolidation under decreasing load
was shown, assuming that the ratio of the coefficient of rebound fo the co-
efficient of consolidation was constant regardless of the magnitude of pre-
consolidation load and over consolidation ratio. Numerical examples showed
that the analytical approximations assuming consolidation properties as con-

stant within the whole layer of soil, gave smaller settlement than those by
the numerical method.
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List of Symbols

¢ : coefficient of consolidation

¢’ : coefficient of rebound

f(2): function of depth z

F=u§_1-l-uf+1—2u{

F(T,z2H). coefficient of strain (See Fig. 2 and Table 1)

Fu(T, z/2H)_— S _1—(1 gmamnzysy gin 22
R=1,3,5 2H

_— = L — pmmBIAT N of nllz

(T, Z/QH)_H“,,, T 3(1 e ) sin oH

G(T, z/2H ). coefficient of pore pressure (See Fig. 5 and Table 3)

__i - 1 —n3drs4 n_]]'z_

Gi(T, zf2H)= 227 —e sin Y
i - _1_ e~ MIiTI of nilz

Go(T, 2/2H )= ; - sin 7

2H : thickness of the clay layer
i : grid number in z-axis
grid number in #-axis
I : ratio of m» to my’ and of & to o
m» : modulus of volume compressibility

2

my’ ;. modulus of volume expansibility
P : total pressure at a depth
p . effective pressure at a depth

p! . total pressure at the grid point (£, §)

pi : effective pressure at the grid point (%, j)

DPimax: maximum value of p in t=ZAt(i—1)

P : increasing pressure at the upper end of the layer (See Fig. 1)
P2 : increasing pressure at the lower end of the layer (See Fig. 1)
ps : decreasing pressure at the upper end of the layer (See Fig. 6)
ps : decreasing pressure at the lower end of the layer (See Fig. 6)

bs, Ds, D1, Ds, Do, Pz (See Fig. 4)
S1, So’, Su, Sa’, S3, 5+, sa: (See Egs. (19), (20), (43) and (44))

S . settlement

Sy : settlement at time j4¢
i . time

4t : time increment




li : period of load increasing (See Fig. 1)

3 : period of load decreasing (See Fig. 6)
ts, L, &: (See Fig. 4)

T . time factor (T=c.t/H?)

Ty . time factor at time & (Ti=cvt1/H?)

Ta, T3, Ty, Ts5: time factor at time #, #, b, &
# . excess pore water pressure

du : pore pressure increment

u! : pore pressure at the grid point (4, )

#1 : pore pressure for an instantaneous loading
1e’, wa, uy', us, ud, s (See Egs. (16) and (17))
U : degree of consolidation

U? : degree of consolidation at time jAt

Ul(T): coefficient of consolidation (See Fig. 3 and Table 2)

1/1 32 = 1
_1_T(

— e—ﬂ.ﬁﬂﬂ.’l"/i)
3 H4 n=1,3,5 n4

Ui(T): degree of consolidation for an instantaneous loading (See Table 4)

31_%11::‘51%23-“2112774
z : depth
4z : depth increment
a : divided number of the layer
B=lecvdt|{ 42
¢ : compression strain
el : compression strain at the grid point (%, )

¢(f) : function of time ¢
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