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Two DimensioIlalhLlueTLCe Chart of Stresses  

in a Semi－Infinite Elastic Body  

MASATOSHISAWAGUCHl＊  

SYⅣOPSIS  

This report states that the vertical stress due to an embarkment of any shape of 

cross－SeCtion on tlle grOund assumed to be elastic could beobtainedapproximatelybut  

veryeasilybyusinga twodimensionalinfluencechart．And，in appendix，it was  

describedthat，Withinfluencechartswith respecttohorizontaland shearing stresses，  

this couldbe applied toobtaintheinitialpore・Water PreSSurerelated totheconsolida－  

tion．This possibilitywas developed byrelaxationmethodoftwodimensionalconsoli－  

dation and，aS One eXamPle，WaSillustrated by the case of alineload application，  

and，furthermOre，the possibility of superposingthe stresses due to such manyline  

loads was alsoinvestigated geometrically．  

§1．IntrodllCtion  

In suchconstruCtionworks asroads，riversorharbors，there aremanycases that  

whatmagnitudeof stresswi11be occuredin thefoundation undersuch struCtureS aS  

havethesamecross・SeCtionalongalmostinfinitelengthmustbeinvestigated．But，aSit  

israther difficulttoobtain thesolution basedupntheelastictheory，anapPrOXimate  

a71SWeris sometimes urgent．  

Upto thistlme，in orderto obtainthestress occuredinthe ground undersuch a  

struCture Of finitelength，influencechartshave beenusedwidely．However，incase  

of aninfinitestriploadof whichthecross－SeCtioDis not uniform，for example，an  

embankment．it seems easierand more accurate to obtain the stress by using a two  

dimensiomalinfluence chart whichwi11be statedin thisreportbecausestresscondition  

in such a caseis plain strain．Therefore，tlle tWO dimensionalinfluence chartis re・  

commended to be applied to any shape of load section to obtain a relatively accurate 

answera＄regards plainstrain problem．  

Then，in order to check tlle aCCuraCyOfthisinfluence chart，this dlart WaS app・  

1iedtoan examplewhich was givenbyOsterbergin his report．And，furthermOre，  

howmuch ratio oflength towidthof aload areawithuniformWeightcan becon－  

sidered astwodimensionalproblemwithin a range of negligible error，eVenifit has  

＊ Chief Researcher，Soiland StruCture Division，  

－15一   
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totlle PrOblem ofsettlement．Tlleequation王orverticalstressin semi－infinite elastic  

mass under a pointload verticaltotlleboundaryaregiven by both Boussinesq and  

Westergaardrespecti）elyin different expression as follows；  

Boussin鮎q  ♂g＝  、ト  
（r2＋z2）5／2  

Westergaard  ql＝告   （2）  

whereq．is verticalstress，Q a pointload，Zthe depth，rthehori2；Ontaldistanseand  

トご．り  

2－2／‘  
ワ＝  

In】〕oussinesq’s equation，itisassumedthatthemassisisotropicand homogeneous，  

andin Westergaard’sequation，itisassumedthat thestrain paral1eltothe boundary  

surfaceis zero．   

WllenSuClla COmPlicated・distributedload asan acturalstruCtureis construCted  

ontheground，tlleSe equationscan besuperposed byintegrating the stress under a  

POintload，because the principle of superpositionis validin elastic theory．   

In the case that a structure hasa site of almostitl董initelengthin comparision  

withitswidth，theverticalstresscan becalculated by Boussinesq’s equation as fol－  

lows；the vertica15treSSunder auniformheload of unitlength of weight，♪，Can  

begivenbyintegrating eq．（1）as  

・；′ご  

〔1・（そ）2〕2  

（3）  

Supposing thatthislineloadis distributed betweenx▲and x2，Whicharetlledistance  

alongaxisin the direction perpendicular to thelineload，eq．（3）becomes  

♂g＝一  

C＝（2♂z＋sin2β∂－（2β1＋sin2β1）  

塑ユ＝tanOl   透」＝tane2  
Z  Z  

（4）  

Fromtheequationsabove we can obtainverticalstressat anydepthunderaninfinite  

stripload of uniformweigllt，b，Whichisdistributed betweenxland x宅．Ⅰ董 scaleis  

establi血edalongxaxis so that6，mayllaVe aCOnStant Value－We Cannameitfor  

influence valuelike Newmark，s－－thatis，Chas a constant value，the vertical stress  

at any depthunderthe origin of thescale dueto aninfinite stripload of unifom  

weight distributed oneveryeachscalel㌍COmeSCOnStant・   

Accordingly，thestressdueto anyshapeofloadsectionca71beestimatedbysumm－  

ingupthe number of theareasoccupied onthatscalebythetraceofloadsection．In  

－17－   
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as the maximumloadi5q，the cross－SeCtionis traced so that this maximum corTe－  

5POnds totheunitonthe ordinate・Thus，thenumberofspalesincludingthe frac．  

tionsofscalewhichare occupied bythetraced areabecomes34．55forin王Iuencevalue，  

0．025，and2．15foT O．0025．  

AccordiDgly，the verticalstress at the FOintin question，0・．，is  

（0．025×34．55＋0．0025×2．15）＝0．869  

Ifitis demandedto takemore accuratelytheiractionsin the part of scales which  

areoccupied bythe straight slopeline，Whatfo1lowsisrecommended．Supposing the  

distance of the scalelines which are cut by the slope to be zl，l2，l3 andl4Which  

correspondto the scaleon the ordinate asshQWninFig．3，the totalfractioninthat  

partis obtained asfollows；  

（柾2′2＋2′8＋ん）  （6）  

The triangularin the most remote part o王 scale  

cannot be estimatedwithout by inspection．ComT  

ParingthisresultwiththevaluegivenbyOsterberg，  

thereisonlyaboutl％ o王errorin this value as  

shownin Tab．1，butits accuracy seems to be  

goodenoughfor practicalpurpose．  

Next，1et’s considerthein王1uence chart based  

Fig 3．  

upon Westergaard’sequation．This  

CaSealso beginswith theintegration to alineload justlike Boussinesq’s case．As  

Westergaard’sequationisgivenineq．（2），theverticalstressunderalineloadisobtained  

Tab．1  

Wes†er！lqq「d  

Os†e「be「g  80USSinesq  〟；0   〟≡0．25  〟き0．33   

屯   0．875q．   0，869q．   0．695q  0730q．  0．774q   

byintegTadngthisequation with respect toxwithininfinite range，thatis，  

・√．∴  （7）  

か（芝）乞   

FurthermOre，SuPPOSinga uniformStriploaddistributesbetweenxland x2，thevertical  

StreSSata given pointis given byintegrating this equation with respect to x as  

follows，  
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Tab．2  

Bousslnesq  WesIe「卯8 
；。   

¶y10「   0．1計qq   0．180q   

8UIhe「   0．1訃q q   0．185 q．  

Therefore，thisinfluence chartisvalidenoughfor practicalpurposesevenincase  

of astructure whoseratioofthelengthtoitswidthisconsiderablylarge．  

§4．Con¢11柑ion  

While theinfluence chart which wasmade out by Newmarkis valid to obtain  

the verticalstressin the ground under a structure of alimited site，the two dimen－  

sionalinfluence chart which was made out by the autherisvalidincaseofaninfinite  

or almostinfinite stripload，Whatever the cross・SeCtion of theload may be．For  

exa皿Ple，thevalidityofthischart wi11be demonstratedinaproblemsuchasinsettleT  

ment of an embanknentincluding the weight due to otherstructures，for example，  

a breakwater or pavement．   

InmanycaseoftwodimensionalstressprobleTIWheremoreaccuracyisdemanded・  

theanalyticalprocedur？Shouldbeused，butthisinfluencechart，justlikewiseasother  

influence charts，is usefulto obtain an approximate value very quickly．  
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′＝ 
〝。‡（〟1＋的・的＋硯）  （11）   

Thissimple calculationmay be begun at anarbitrary grid．After one cycle of  

calculationended，thesefigures show the pore・Water PreSSure after thelapse，At・  

Repeatingthisprocedure．thepore－WaterPreSSureinthegroundafterthelapseofany  

timecan txobtained．Fig．9shows oneexample of alineload application on the  

ground，InthiseXamPle，the principlestressescanbeexpressedlaS  

加1＝＿j旦。。Sβ  
汀r   

If the magnit11de of alineloadis可2A，  

加1＝cosβ  

and then  

』祝事＝ユ。。Sβ  
r  

加8＝0  

（12）  

The90mPutationofthe approximationwasrepeatedeigllttimes，themeshsize being  

unity；andthe values ofth占pore・Wat占r pressur占☆占iewritt6五downLineach sq血rt．  

Weふillcalltemporarilythesevalues〃pore－WaterPreSSureValue”．   

Now，1et11gaPPlythis pore－Water PreSSure Value to the practicalcase．＃the  

magnitude of an appliedload and the mesh sizein－Situ如eJsupposed to be P andH，  

the pore－Water PreSSurein－Situ，Au，is written by  

血＝（誉）孟吾』〟ホ  
（13）  

Where Au＊isthe pore－WaterPreSSure Val11e atthe gridco汀eSpOndingto the position  

requiredforpore－WaterPreSSurein・Situ・The 

T，Can beobtained fromthe pore－Water PreSSurevaluesatN cycle of computation．  

N is determined from 

・、●‥  
（14）  

拒  

wherethe dimensions are asfollows；  

－23一   

（15）   
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P（t／m） H（m） C．（m／day）   

Let usobtainthe pore－Water PreSSure atthe position，尺in Fig．10．  

Here  X＝10m Y＝20m P＝10t／m T＝100days  

G＝1．0×10‾2m2／day   

Supposing A＝1／3，from eq．（14）andeq．（15），  

2 ＝100days  JJ＝  
4×10‾   

Xフ10m   

Ⅳ＝＝1  

Therefore，WeCanuSethe poreTWaterPreSSure  

value at one cycle of computation．Taking，for  

example，H＝10m，from the valuein the figure，  

血㌔＝0．391   

Inaresult，fromeq．（13），  

2×0．33×10  ×0．391＝0．082t／m2   」JJ＝   

3．14×10  

The case of an arbitrary cross・SeCtion of an  

embankmentload willbe demonstratedlater．  Fig．10   

（B）SllperpOSitioI10f白tre舶eS  

If some stressstateis combinedwithanOthefStreSSState，themagnitudeandthe  

direction o董 the conbined principalstresseswi11differ from the previous state．  

Supposing thatthe pore－Water PreSSure Can be detemined by the magnitude of the  

Principalstresses，Wehave firsttoknowthe magnitudeof principalstressesin order  

toobtainthe pore－Water PreSSureinthe ground．For this purpose，the auther has  

made out the method of combining more than two stress states．Now，1et usconsider  

themostsimple caseof combining twostressstates．Suppsingthattheformerstress  

Stateissignedas（A）andthe superposedst工eSSStateis（B），indthat the directions  

Ofthe both principalstressesintersecteachotherbytheangle，α，andsupposingthat  

thedirection of thecombinedprincipalstress rotatesfromthedirectionoftheprincipal  

StreSSinthestressstate（A）bytheangle，e，thestresseso壬thestates（A）and（B）  

tothatdirectionbecomerespectively，  

－25－   
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passing throughthe point，M，  

Aβ＝Aβ＋β出 eos2β＋  ♂1／－♂E／  eos（2β－2α）  

Thislengthis equalto the difference between  
♂1＋♂2⊥♂1′＋♂2′  ♂JJand りプレ2＋  Now，1et us consider  
2     2  

the stressesto a givendirection．Taking2e as  

the angle between the directionrequiredandthe  

direction of the principalstress state（A），the  

stresses to the direction requiredcanbeobtained  

as follows；thatis，drawing alineintersecting  

withtheline，AM，by the angle，2e，PaSSing  

throughthe point，A，and drawing a perpendi・  

Cular，BE，tOthatlinepassingthroughthepoint，  

凰as shownin Fig．12，  

♂1′＋♂2／   ♂′′＝A茸＋＋  Fig．12  

TIJ＝jヲE  

Thiscanbe verified as follows．Writing a perpendicular，  

MG，tO theline，AE，PaSSingthroughthepoint，M，  

＝ ♂1／－♂2／  AG＝cos2β  

〟G＝sin2β  

EG   COS（2♂－2α）  

β′舵雪害sin（2β－2α）  and   

Therefore，  

♂1／＋♂2′  ♂1／－♂2／  ♂′′＝＋   ＋cos2β＋  COS（2β一2α）  

♂1／－♂2／  丁′′＝旦sin2β＋  Sin（2♂一2α）  

This means that any point on the circle whose 

diameteristhelength，AB，is to express the  

combined stress state，and the magnitude ofthe  

stresses can he shown by the distance between 

the－point，M．andthe point，AorB，andfurther，  

thatthe combinedstressstate can be expressed  

by aMohr’scircle．   

Next，1etusconsiderwhatisthe magnitude  

ofthe principalstresses，OW andで”，and which  

isthe directionofthe principalstressat failure  

－27－  

Fig．13   
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