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W& B UVEEREM T LY XA RRET S, BT — 2D multivelocity field technique %, MPM T X <
FAOWBHNEZFETH DD, ZOEIBTIal—aryET5RIEMTOLS RV ODDOREDND 5, (1) FH
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and its application to behavior of open-ended pile driven into the ground
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Synopsis

This study presents a new particle-to-surface frictional contact algorithm for the material point method
(MPM) to simulate the interaction between material points and rigid bodies. Although a grid-based mul-
tivelocity field technique is a common method that works well with MPM, there are several disadvantages
in developing such simulations: (1) The technique needs additional treatment to prevent early contact and
satisfy the impenetrability condition. (2) The method performs poorly in the contact detection of rigid bod-
ies, as it depends on the arrangement of their constituent material points. To overcome these problems, the
proposed algorithm uses the penalty method based on particle-to-surface contact. However, the possibility
of physical quantities being transferred from the particles to grid nodes located within the rigid bodies arises
since a particle can be very close to the surface. The weighted least squares approximation could effectively
handle this problem, without forfeiting the partition-of-unity property while constructing the shape func-
tion, and is thus incorporated into the MPM framework in this study. The proposed algorithm is validated
by comparing numerical simulations with analytical solutions and FEM results. The numerical results show
that the proposed algorithm produces reasonable results for frictional contact phenomena.

As an application of the proposed algorithm to the geotechnical problem, behavior of open-ended pile
driven into the ground is simulated. In the simulations, we compares the computed results with existing
experiments. As a consequence, the proposed algorithm can help to estimate the bearing capacity of piles

and elucidate the plugged effect.

F—J—F I MPM, frictional contact, weighted least squares, penalty method, open-ended pile, plugged
effect
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1 ELBHIC

X v ¥a7 V=R, BEETFEOBMERFESBITIZEL
FIHEATWS, ZhHOFEORERAAIL, FRESR
% (FEM) TIEXy>adBO &S Rld TRERL 2 >
S2L—FTEZZLTHS, NTFEORKRNWLFED—D
T»H 2% MPM (Material Point Method; Sulsky et al. [1994,
1995]) 1% PIC i% (Particle-in-Cell; Harlow, 1964) & #L5R 3
2 CHERBEEINIz, MPM Tk, HEifkt Ny 72779 F
Xy o (BHEET) NEeBEd 27 oltfub T 5, #ES
WSS E ORI, KFh oy 7759 R Xy v alljE
IRBEIEE W Tl &3 (particle-to-grid transfer), # o
®’, Nv 7oy Ry aTIHEFEADS@EIN, BT
Wi THEFINIEEIZEDONT FEM 2 RFRICA v > add
EHT 5, BEINZ, ZOX v ¥ a1 DBEBICEINTER TD
VHEENEHFINS (grid-to-particle transfer), ¥, K
ATy TORTIICE, BB LR v > 2 ZTLORBITR T 7
®», FEMOX51ZXyyadlEind iz, KEKETY
I2L—bABECH B, MPM & X 2L —3 a Y OREER, B
FAEFHEOYEE D% (particle-to-grid/grid-to-particle
transfer) IR ELKTFET 2720, TNETREZLOHRF
EPRBEINTE L, HlZIX, £V F 1D MPM (Sulsky
et al. [1994]) TIiE, BRI DM ANER TR\, K
FTHANY 277500 KRy 2 OBRMEEBENT 2 BIciE
MAET % (cell-crossing problem), Bardenhagen and Kober
[2004] {%, GIMP (Generalized Interpolation Material Point)
EEMFET S I TINEMIRL 7z, Steffen et al. [2008]
1%, Smooth Particle Hydrodynamics (SPH; [Monaghan and
Lattanzio, 1985]) FTIAK AN TV S —FLEKTDH
32 BATS74 VBB ERVWE MPM ¥ Ial—>ark
fTo7. GIMP D#iike LT, Sadeghirad et al. [2011] i&
Convected particle domain interpolation (CPDI) %#BH% L
2o TNBHDOFEREZ, NTFIEFRIOVHEDOEEDEE Y
M ExE 252, AEFHRIIKAL LTRES LW [Jiang
et al., 2015], T OREZ MRS 272012, Klar et al. [2016]
1% affine transfer[Jiang et al., 2015] Z#HAL, WoD> I 2
L—a %1757z, Huet al. [2018] 1, 512, EAD
= /N3l (WLS; weighted least squares) % FuW T,
£ D — D affine transfer 703V XL ZBFEL 72,
—77, Tran et al. [2019] i&, B8/ —3A{EL (MLS; moving
least squares) Z#A L, BREANTIIH Y ZAKEZ21TS FiEz
BAZE L 72,

PEIRHEAIIR GO, RRA R DM B W TREEIET 2
725, MPM IZBWT3, ZHETIIWL Dh ) EEERE Y
NIV XLHRRINT E 72, Bardenhagen et al. [2000] 12
& o TIRE XN TR — 2 @ multivelocity field technique
H#HRIZBVT, 2WkoEEZ Zh 27T TS ) &, 77—
v Y BEE TV DT BEER 2 KRB L 7 SBBR 2655 T
» %, Bardenhagen et al. [2000] lZZ D7) X AIKHER
A, HEAREE Y UCEMEES S MO 2 FE R L 7.

J=s9 =1
=N

KB

F7, fFEEr X MZHIRT 572912, local multimesh
contact method [Ma et al., 2010] R, L2 L,
Lemiale et al. [2010] 2632 X512, TOTALITV XA
[Bardenhagen et al., 2000] &, R & OYEEDIFE g+
HimICEE XNz L 22 2 DOWHED ML TW3 & HE X
N27:0, MEPERICHERMT 2 X hanicEmMzmL LTl
FO5MEND D, L, FICHEHRPALKEZVERDOEIK
B W2 G588 ICBmN e k2, ZOMELZMRRT 270
12, Lemiale et al. [2010] & Nairn [2013] IZM4FESEL & K7+
DA EZ I FHI R L, BMoEMHEEREELZH WS Z
ETHELEZ, —H, Maet al. [2014] 1%, RFLT 4 BHEE
BAFT2ZLT, HmboREZR -7,
IHNHDOFERBEMT LI X LORERE EXE 275,
JEE AL (impenetrability condition; 2 D DYIAIZE S
F—=N=F v FLR) BN 2R H 5, i, f
TOEEINY 7779 KXy v a2AVTRINICEI N
379, TOHIRTIEAZFEZHWLZLTWTD, FiFizo
WTHRU LS ICIFEASKEDRE SN LIFR SRV
TH %, Huang et al. [2011] 13 Z OREEE fRIRT 2 72012,
LD T 72T TR LR 7 v ZTRIBRIC Y £y &R
TR FICOVWTHIFEARMEZR L, £, AREITHL
FTREERFTEDO—DL LT, RFIVT 4 IEOBMADH 5,
RINVT 4 FBEFHEBIIEEARZS 2l S 70D, ik
& LTIEEnD, EEASHENTE S 5 £ THIKZIR Lt
3 ZEeNTE SRS, BN TOBEIDEINS MPM
CIIAEHMEA RV, Hamad et al. [2017) 1%, RFLT 4 HEEH
WT, CPDI[Sadeghirad et al., 2011] ic 81} 3 HAlHEE %
WELTzo RINT 4 IBREIHETH 27DE AL TY
20, FTEMRIERFI VT A RBOBERICKE SKET 2,
Z07D, YRS 275 Y 2l (Simo and Laursen [1992],
Chen et al. [2017]) REDOMD 7 TR —F BRI TV 3,
Eio MPM 0#fM7 L a0 X a0%, BRI E ST
MR EIhTwa, ZAUSHLT, 2 200WED S b—H% R
TRAELSHETHER T 2EM7 L) X6 bEIhTED,
ZhUE, S 2R Rk O EERAZS I 2
L—2ary33DIHELTWS, ZOX5% 7103V XLIE,
MPM-FEM (Lian et al. [2011]; Chen et al. [2015]; Cheon
and Kim [2018]) %, MPM-DEM]|Liu et al., 2018] DK >
Ialb—yaryFEICHHVWSLHNS, Huet al [2018] 1 MPM
CHIEDEEY I 2L —> a Y ETRo TV,
AWFZETIX, MPM L [il& o e o BEIZ il % # B Re 7
VINBFEERET S, ThETOT7 LIV XA (BRI,
Bardenhagen et al. [2000]) T, Nv 7770 Ry a
ERHWTHEMEZMRE L TWeD, RET D713V XLTR
K 2 MARE O M CEERF VT 4 HEx Hv TRz
175 (particle-to-surface contact algorithm), Z M7=, ¥
BHHEDORZVEROIRBEE T D o T b IEMEREEANR A3
AlREL 725, LoL, TOHETIE, MEEHIRT 2 5 Wk
MICHIE S 2 FHEIRICEZE SN TLE S AT H D, B
IREIEL @ Partition of Unity % #RE 3 21213 (R Z AR
B KT H HHIRANEIE T 27 DIT0E), Z0 X 572850
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Material points
(particles)

TR ACBRAN S 2 720 TR T E RV, 22T, K
75Tk, WLS (weighted least squares; EEAf] & /N5
%) SRl [Hu et al., 2018] & FWCTHRZRHEIRITH LTER
BB O BMERIT . RN ZIRFEE 2 Fl W7 JEARBIR D 1 2
i, element-free Galerkin methods (EFG; Belytschko et al.
[1994]) % reproducing kernel particle method (RKPM; Liu
et al. [1995]) BREDMD R v 27 Y —HETIE L AV SHT
W3, BRTFHER particle-to-surface 71TV X A I12HS W
TW37%, MPM-DEM % MPM-FEM D#if> I 21—
¥ a v e HBHEDPRV,
AFHSEHUTO XS iR EhTw5, # 2 TiE, MPM
FEOMIEICOWT, F 3 HiTld MPM 281 % WLS it
PloBATHEICOWT, # 4 HiTid MPM OBERULTIER
DOWT, 5 5 HiTI3H LW particle-to-surface 7LV X 4
DFFHICONT, 55 6 BiCI3IRE L 2 B AT L2 F W
7= WLS-MPM O BRI 72 TSROV THAT 5, H 7
T, IEBLERLE SEHOBMES I 21 —Ya v
Ko THEES %, 5 8 HiTIX, 1R L /BERZEMEN kD T
B AOBERAGINIOVTHNT 5, mEIZ, F 9 HTE,
fham e SROMELRNRDB, 1B, KRXDOHE 3-7 ONEIZ
DWTIX, Nakamura et al. [2021] IZIB#F XN TV 5,
KX THHSINTVWEIRAL LB RUTOED TH 5,
RKFERZ bV efTHERL, &5 [ BEHEST 25570
120N EERT BIRE, a-b = ab;, ¢ a = ¢jaj,
c-d=cydjp). FLH T BEEET 2IFTO 2 DOl 2 K
L (BlziE, A: B=A;;B;;, C: A= Cijdw), it5 .

(i) Particle-to-grid transfer

(iii) Grid-to-particle transfer
1: MPM DO#HEXI

(ii) Deform grid

e oo °
o of © P
o O o H
o 0 o ©

(iv) Reset grid

By yaftiz®Rks (BIZE, a®b=ab;)

2 MPM (Material Point Method) &i&

MPM RN FED—DTHEH, FEMDEI5RK Ay a
N2 770Xy va) VS, KFeNv 7o
VY RRAy Y2 OWMEMT ELYHBLEELDHS LT
HEZITOID, Nv 7779y FRy v 3EH XL R
7o OYEE O —RHRIFIGATNICHE /070, Bt idh
FCHERbEh, EHERISH R EOYHED N TFIZREFESN
%, BEERNLEFIEOMBREZR 1 12RT, Kich s X512,
25, BERIENREOYMED, NifroNvy s r7ovy
FX vy 2 TR ZE VT X5 (particle-to-grid
transfer)s ZDH, Ny 7759 R X vy 2T, EET
BRA@E» N, MPEHRTERSNEHEICESWT FEM
CRIBRIZR v & 2 3BT 5, BENIZ, TOXy P 20%
FBRESWTENTOYMEENEHR SN S (grid-to-particle
transfer), 728, FKHEX 7 v 7O TR, BB LX Y
S aBITDIRREIZR T 720, FEM DX SIZX v ¥ abiEh?
ek, REWETS I 2L — MA[EETH B,

BN I aL—2arofle LT, /KO Dam break &
W~KTOBEHETY I 2L —yarEZEnzhi 2, 311
3. Kz 3 K50, BB G6h-0F A% 25
ZABIELT, MARBRRZY I 2L —+T22LNTES,
FRHZ, @HE D FEM TiZX v ¥ 2 OENIC & o TEHEH K HE
REHTH-> THBEAIETDH 2 8D ZONTFIEOF R D—
DTH2, —HT, RUTHRELREMEMRTFETIERL, W
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(a) ¢ =0 kPa, ¢ = 30°

| h_l&m

) ¢ =20 kPa, ¢ = 10°

aOARl

) ¢ =100 kPa, ¢ = 0°

Xl 3: Drucker—Prager €7V % W=~k O HHEHE N>

Salb—Yav

BRI CINE 28 THIUT, BHD FEM 2 W=7
PEERFHEEEOWHHE B W THATH 2,

3 MPMICEITBERTE &N FEM

AHTIX, Hu et al. [2018] IZ &k » TIRE X117z WLS
(weighted least squares; E A X H/N_FIE) ZH Wz
MPM (oW CHAT 3, ZOFHiE Hu et al. [2018] 13
MLS-MPM (moving least squares material point method)
AT TWIeD, ZIERXDOEEH MLS O & 5 RERDOKT
L, BRI TRES Z D5, KifFETIE WLS-
MPM ¢ FER, MPM 282 WLS #li, LT k51

LN NI

KE B

(1) WLS ZHwW7mAnafl (local approximation) &, (2)

Partition-of-unity 7% Shepard [1968] 12%-0 < ALl %24
AEDE 2L (global approximation) ® 2 D DHE
Waltend,

3.1 EHftERN_FEMZAVIBRMEL (Lo-

cal approximation)

HHT 2R QICBVT, B, B SRTH 5% 5
TelED D235k, WLSIEBTIE, Bfud x, HEDR
it RO & 5 1AM TE 3,

m

(@) =Y cj(ay)p; (@
j
ZZT, pRZHEAODEE, c 3BREXRZ FLTH B,
1, 3XLTiE, MBEOZHKIIRD XS 1IcREN 3,

p'(z) = (2)

N7 Mveld, UTO X5k 2 /EEOMEZRIMELT S Z
L ThRLN 5,

o) =Y wi(z,)le(x,)

ZZT, wi(ep) =w(zy —x;) FEABE, w, 3FY IV
z;, WBU 28w OETH 2, EABEBE, = 5 x, £
TOHBENRKEL R B1EE/NE L BRIUTE L, B-spline BI#
DES L AN EET 5 LM TES, TIT,
w;(x,) # 0 Zifi/ TRAMER Q, ZERT 2 (—fic MPM
TWEARTH Z), ZOHMHEEIL, Element-free Galerkin
(EFG; Belytschko et al. [1994]) #% SPH % [Monaghan
and Lattanzio, 1985] 1281} 2K FDOXELHER E AxF &
BTED, M 41RF &5, MFHERIIEBICEE S
P TNRAL Vb x; DB RS
R B)D J, zwMLgzzeT c(:cp) BELN D,

(1)

—xp) =c(xp) - plx —xp)

Bz

[17m7y72}’ m:4

ple — ) —w)? (3)

c(zp) = Z wiw;i (Tp)qi(Tp)

i

(4)

Z T,

qi(xp) = Mﬁl(mp) “p(x; — xp) (5)

%72, 175 M (moment matrix) 1,
M(z,)

= Z w(xy —;)p(x; — zp) @ plx; — ) (6)

Ths, K@) 2R (1) ATz, UTOoRBMESN,
x) = Z di(x)u (7)
TIT, ¢i(®) BT O X5 7% WLS 12 & 2 HRBISTH 2.,
¢i(®) = wi(w,)qi(xp) - pl@ —xp) (8)

Z DZEAEL ¢; 13,

ox

op(xz — ;)

Voi(x) = 9z

(9)

= wi(wp)Qi(mp) :
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problem domain (2
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(a) Quadratic B-spline weight function
L8 %,

Z D WLS Il EREZ HiE, §is o, ZHEBICEE S
P INVRE LTRAINGELICHER T 2 THob, Zh
WKED, DXy > a7V =KD &S IR T HRROBE
P b, FHHEIX IBKRIBICHBENS, 2512, &
Berae TR o KKEFETZZT, X (1) Dple—w,)
DB HAFT 2 222z, AL Ve, (x) ORI HH
ftxhsd, EBE, 1 XoZHEK (2) 2K (1) KEHT2 &,
% (9) 1KBY 3 Vep(x — x,) IE—FICKR D, SHUCED,
HABRBOHI Vow;(x,) 2t BT 2 0ENR 725 [Hu
et al., 2018],

—fic WLS iU, Kronecker delta property u(x;) # u;
RS (HRTORRBEEOMED 1 TIERRDE) 2o, 5
REMOP DRI 725, L L, REXICBITF S WLS

ERTE, ROEk5Rh7 Fu—FTZOREICHLTE 3,
BlZ1E, 1 XTCD n ROZHEADEERZE Z 58, ANTOD
JRIFTEE Q, 1%, WLSEBD7=91ch72K &b n+ 1 {HOH
RORETH D, £hEENIC, RToERECiET S,
TR Q, NOFIRED n+1 THHE, n ROZIEGEM
DB RIEFEICHII S 2 2 2ick 2729, IREBOMEIX
BRECHEL TV TFICKELENS, R LT, K5
RS & 912, R ETiE Kronecker delta property %3 &
T3 Hhb, 2DES5I1Z, WLS-MPM i, flio X v > a
7 ) = (Bl 21F Mukherjee and Mukherjee [1997]) ® X 5
WA TR 2 R Er 23, 1YY F 1o MPM 2[H
BRI 2D Z e A TE S,



R K - A

3.2 Partition of unity Z AW 2FE4EL (Global
approximation)

SHT, Q, BT B RIREL G, (x) B4 - 7725, FC,
u DRFGELE SR EGhE, HRSRTOEMEMHET 2,
RAGELLIER D EoTE D, —BINCHWCHEK L TV
Wiz, HYIRFIEE S > TOREEDLEIZXLEND S, &K
HFETlE, BEAMNEFEIC L Y FAHLE RFEEICHNIRT %
% Shepard % [Shepard, 1968] Zf\% (X 6), Shepard ®
PHERIE o), ZEFET 22, 2UELIERD X5 1cRE N5,

i(x) = Z%)(m)ap(w) = Z¢p($)c(wp) p(x—x,) (10)
zzT,
w(z, — )

> w(my — @)

Bl z1Z, Sulsky et al. [1994] & Hu et al. [2018] I%, AR
ELTHTOHERIC K > THAMNIT 2 LBEEHVTWL 2,

Pp(e) = (11)

w(xy —x)my

Zq w(Ty — x)mg

Pp(w) = (12)
WLS-MPM & A4 U ¥ FLD MPM DK & 7E WX, WLS-
MPM T, BIBOBRRIC u, T127% <, BB () %
FIW5C L ThB, DD, +UUFL MPM T, a(z) =
> Up(@)uy ZHWVT, 3 (12) ZEML TV 5,

4 MPM B#E{LDBIE

AHITIX, MPM OBESL DRI % fEICHAT %2, AF
B AU IF D MPM & DEWE, WLS 12 X 2 KRB
PERMUICEH L2 L DATH B,

41 FZEAER

IR QIZBWT, EZEEBRTHOODEVRIFKRD LS
Ezohd,

pv =V .o+ pb (13)

ZIZT, p 3EE, b IRMNEED D OFRES, o lda—
S —bh, B LD O IXWERRMD 2R T, BREMHE,

THh, LB Lo DREZ6NLERETOMERT, n i3,
BRRME _EQBAERN Y L TH B,
HDOOHHEWROFFHERIUAT 272 5,

/77~pi)dV:/Vn:adV+/n-pde+/ n-tdA
Q Q Q oM

(16)
ZIT,nMEEORY MVEDORITHEETH 3, B, MPM
TIHHERRE BN/ 23 [Sulsky et al., 1994],

- 10 -

B - 7K

>

N

Pl

ot

4.2 ZERBERNE
X (16) 55, EFEKOBEBIZRIER Q, CHE SN,

Z/ n~p1}dV:Z/ Vn:odV
o o/,
+Z/ n«pde+Z/
p 7 p 70

n-tdA
Qup
(17)

WLS 3Efic & b, HislE v L HAFITESE n 25, Zh
ZAUEEE v LEATRI y 2L, MUTO LS CRT b

v =0p(x) = Z¢z($)’l’z (18)

n=1My(x) = Z éi(x)m; (19)

L7eh3oC, R Q, T3 25K (17) 1I3RD L 51272 5,

dSomiey {/ pidjpdV
i PR Rt

= Zm-

vj

bitdA
Iem

/ Vo -odV + ¢ipbdV +
Q, ,

(20)
N MMERDHEER DB 205 XX%18 2,
> migo; = f 4 £ (21)
7
zzwT,

miy =3 /Q G5V = S () by () (22)
P P P

fint — Z/Q Vo -odV = Z VpoVoi(xp) - o, (23)
D P p

=3 U (Z)ipde—l—/ b tdA
- Qp 004

= Z bi(@p)mpby + fi
P

(24)

TH 3, m; 3BEHE~ U 7 R (consistent mass matrix)
LI 5, MPM T, itHORMbD-», BEHES T
)27 20RO D ICEFER~ MY 27 2 (lamped mass matrix)
AT 5, BHEES MY 7 RAEINATHITHD, WA
FORERIBEEES MY 7 ZADOMNET 21TOMTH 2,

my — ; /Q GipaV = ;mpsm(xp)

(25)

4.3 BRERERIL

. (21) IATES 4 7 — iR A CIRRRERIL L, R (25)
DR } Y 2 2% AOEAREE S,

int t
Fin + 155

Vintl = Vin + At
M n

(26)



MPM-Fl{As I 2L —3 a Do DE/N

local approximation ()

Ug

TR AT R AL T L T X L DBSE & BRI O M O B AN D

local domain €2,

6: RIFTIEELA & FERESE L 7 sl

ZIT, BMAFnERHERAT Yy 7ERL, At=t,01—t, &
%5,

5 #E7ILIUXL

AT, MPM-A{AERS I 21— a3 >yDEHDR
FAT A BEZEDSCHLWEMT L) L2 RET 5, R
FT 4 FIIEECIEE AL (impenetrability condition;
2O0DYEREBEVICA—N=F v FTLRWV) FkS RV
B, TOEEI» SBEFREICAIGHAIATY S, 15
FTE57VAY) XRLDFFEIUATOEDTH S, (1) ®HC,
particle-to-surface #Efilt 7 L 2V X 2 I2fE - T, EHEGAD
gy foror R FCHEL, Z201%, ZONEBTHEHiAI
WX T 5, ZOFEE, MBELETFRX—2D7 13V XL (fl
Z13 Bardenhagen et al. [2000]) & LT, KiZEROE
KRB AT 258101, £ D IEMREMMILSPEETH
%, LHL, ZoHE, MFISRIGEERRICMmD T £ T#%
WF 3720, YEESKT 2 O IR B 2 i s ik
XNBAREMD D 2, T ORIFEICH L Tix, FEIREIEE MR
T B, HHANOHEIRZRNL, EAN &R RETE
RBIBZz BREEE S 2 Z L TRILY 5, RATEER Q, T WLS
SELZ1T 21X, Partition of Unity (3R X 2728, K-
BTHEOYBEBEORELEYNATS 2L TES, (2) ER
TS L 3B D, 7 —a VBRI B i R
il 2 W7 7 D1z, HHRRITIRRST fO0 M T Hi R TEE
FET 2, (3) X (26) BT AHIAHEOERL, FTRIA
E fE = 00+ O BV TE HICBIET 265
MDD, P ORI RO TIT S,

5.1 #fih L TLWBRFORIKBEH £ Daid

BIPICEE L T BRI, KT ORI Q, ¥ Bk E
K57, TARBS Y 7 DA% NI 5 B BH D 5.
B 7R & 502, BANORTE IS (nactive),
FThbBARE (L (8) ¥ (9), 73k (37) & (38) O
WA T 2 BESDH 3, 2721, KTOBE%EEY)

- 11 -

WRBT 272012, Hlske UL 2R+ % B kT8
WOWTIE, BAHERICH > THEIME (active) T3,

5.2 EEAROEMD CAEDERE

R M OEMNE, KT p & IR O M ORI D
WTEHES NS, it d, (K 8) 2T, iR/ d 22X
DESWTRDZ e HTES,

d=d, — do, (27)

TIT, do BEMAEECBIAMMETHZ (d=d,—dy <0
DG, HEMSREET ), ZOBIMER, 20, BN TFEE T
22,1, THE22ZeMTEB, 1 XL TIE, HlZIE N,
DORFH h ODEFOFOEICHATWBRIGE, MR
20, = h/N, £ 725, BEIE, KT A4 JFBIEORTH 4
R TRFINUER ST, T, MTOBRBERETIERVE W
ZIE, 2L TREAE), SHREOLS T, S, T Z TR
ORFREMAL, HREONTFERV 3, 2B, hEMIHE
fill L T BRIF R B0 31213, RFTER Q, NIcE
NTWBHIEONTFET 2T OA%, R (27) #AVTF = v
7 FHUERW,

ERA T OEMZ, BAR dIESHTRD X5 IZFE
N3,

foer = (25)

22T kM E, MEORIMICIRET 2 RFALT 4 BETH
2, fi7T1TORMES I 21— a Y THREINTVSE LS
FTEAERIE R F LT 4 BT TR E RTE T B, Y]
BRFNT 4 BEEE BT, RFAT 4 KIES oS
I FRICRENTE N TDH 5,

BRI, ML TWRR T2, RO £
Y BIR DR v 8 LT O & 5 Ik sz,

Z¢Z mp fc ,nor
Z Wil

nor
—k""dn,,,

2,

C nor

rlgld I‘lgld
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Pl
ot

=
oy

o o]
] [¢]
o ©° ° = active nodal point z; € Q,,
o 4
[e] d
a E L .
I B 7o o inactive nodal point
o o . &\
° 8 ® 1<<<< [ e contacted material point x,
9 <
o 9 :646 o material point
[e]
of o f I
o ST T f— .
o zé |~ local domain (2,
° TR

rigid surface

7: JRFTHIE Q128 BIIRBB O MEDBICERIL S BT HI R,

particle

8: Particle-to-surface #EANEDOMMEN, d, —dp <0 D&
e HESIN S,

5.3 #iRAM (BRICHS) DM

FT Wl BICEER WS, SRR
(fO™ =0) THhad, /—Fi B2 fo 13,
FoNT e knd, —H, BEIC X 2EMEE ZTGEE, HR
HEDREIE 7 — 0 v EEICHE S WM T 3, £3°, kT
DIEE & RO HREH—H T 2 KEIRE (stick condition)
DER ZFHET 5, FF L AR OMHEMHEEIX, UTD
koI,

’ﬁi = v; — ’U;igid (31)
207D, HEHRTEEBUAT R,
'l};an = '131 — (ﬁ7 . m)nl (32)

22T = TH B RIS, BERAMOT
F5Hk BT & 5 IR a5,

miﬁfan

stick __
fz - At

J—nrBEETERT DL, RO XSRS (BEN) »
Hhrh s,

(33)

fstick
2

TR

B, LOMBRIEOBEDIN, WkOESHHIEEH, 52
LRTWVW3 Z & ZRHRICEHE E N TV (one-way coupling),

£ = min (s £, 15554

- 12 -

L7zh3 5T, MPM ¥ Rk R T5 18 O EEMRT 21T 5 7212
&, OB EYITH 5, BIZIR, BB LTS,
Folick = _ptenglan Ap pSE R BB, TIT, K0 ZEERY
HORFVT 4 FEERT, X hFFMRERERICOVWTIE, F
%13 Wang and Chan [2014] 235E 12k %,

6 EBEEICLZ3EMZEREL WLS-MPM
DETEFIE
Z DHETTIE, B X AR E R L7z WLS-MPM D&
MZFTEFIEEHNT %0
6.1 WIKEEE FDLE

HAREH w ItV TIE, RFFRTIEIRD B-ATSF54 ¥
BAECR(EH T %,

o= (v () (5)

ZZThIEBFRERET N IZATO XS ICERINS,

3P —6lEP+4 0< ¢ <1
1 3
61 @-1Eh 1< <2.
0 2 < g
(i @, 2B 2 IREE (8) & 2 DML (9) &, Zhz
ARD XS 1cESN,

N(¢) (36)

Gi(Tp,n) = wi(XTp,n) i (Tp,n) - Po
v¢i($p.,n) = wi(wp,n)Qi(mp,n) -Vpo
ZZTpo=pE—2xpn)le=e,, TH5b, Huet al. [2018] T
HiEf I T2 X512, WLS-MPM TiZ, EIRBEE D2/
AL Vo, ZFtE T 282, EABRBOZEBAN Vw,(x) TE
HIT2MER VD, FHHIX N ZHET 22 e TE S,

6.2 RFHNSERFAOYEBEDEH:X (Particle-to-
grid transfer)

K (26) B eDIE, HES MY 2 2 m;, WHRZ b
N fint BN RV fet 2z ERR (25), (23), (24)



MPM-Fl{As I 2L —3 a Do DE/N

THETIREDDH S, R (26) DD DIH v, , F M0
L (global approximation) 12 &> CiiidT 2 Z &N TE 3
(§i 3.2 ZH),

Vin = Op(;) — Tpn) (39)

E:wpmz o - P(T
ZZTCppEdxmOFEBE~ VIR THS (d IO
K)o

K2R & B L T 2358, ZAUSHIE T 2 BT 1A
DR T L Mk v7E 8 zhenK (29) &
ABO)Et=t, DEEDHEEHVTHET I2RLEND 5,

6.3 HIREEDEH

i ECHRE v; 1%, 3% (26) ZRIVTEH SN, R
SNGE, TR BIERITIA O HE FICR S
Ba, R (26) TEHSNLEEEECESNT, 7-nrE
F G (34) BI) THEEAM (ER) ol £ 2
B2 0EDD 2, HEOEMNE fE = £ + 0™ ¢
LTRDZZEDNTE D, WRIC, HEZRRAD K 5 ITEH
T3,

¢

Vint1 & Vi1 + Al (40)

mimn

6.4 BFHLOEHRMFADOYIEE DE X (Grid-to-

particle transfer)

2 (40) & IV THIS OMIE & 55 Lith, KT oWz
T3, 2T, HEUTH C 3RO & 5 CEHTE 2,

Cp,n+1 = Z'Ui,n—H ® wi(wp,n)Qi(wp,n) (41)

ChzHWTERSNNTFOEEZRZUTO LS 2BEs6N 2,

Vpn+1 = Upnt1(Tpn)

p,n+1° Po

= Z Vi n+10i (Tp,n)
i

F7, ZOEMALIIRNE LB,

vvp.,n-',—l = Vﬁp,n-‘rl (mp,n)

p,n+1 " VpO
- Z vi,n+1 ® v¢z(xp,n) (43)
B SN HROEE 2 viux, BT > Y VEMTO
ko wcEHRIN D,

Fp.’"+1 = (I + AtV’l)p,nJrl) . Fpﬂn (44)

FBUCTEEIC Jaumann IE/#EE 2 BN L 72356, 167113
RD XS IZHITE S,

Opnt1 =0pn+T : Adp+ (Awy, -0 — Op - Awy,) (45)

- 13 -

TR AN R AR T L ) X 2 DBSE & BRI O M O BB D

ZZTC, TI3HBRRIOERGRR T >INV TH D, d & wid®

NENERHET VIV LAY T Y IYALTHD, RDXS
WRIN 3,
1
&%zgw%wH+W%w@th (46)
1
Aw,, = 5 {V'Up,nJrl — (V'Upm+1)-ri| At (47)
BRI, FTOMBEIFIRD XS ICEHTE 3,
Tpntl = Tpn + AtUp i1 (48)

6.5 BEXTYTDRDE

ISR & 2 RS CRE LR 2155 - 9i2id, CFL
(Courant-Friedrichs-Levy condition) [Courant et al., 1967
EERTLREND D, ZORMBIEIRDESTE5ZS

Nns,
h

Aty = —————
= max(e, + [o,])

(49)
22T, h AT, ¢ & v, BZTREHKT p OEEY
HEEZRT, BHRIIRD XS ICHETE %,

|K + 3G
p

22T, K AMAEEER, GIl3BAREMNR, p3BEEE
¢0%7Tﬁ?ﬁ@y\nv ¥ arTiE At = 0.5At, &
AwnwTtwnz,

c= (50)

6.6 MPM, WLS-MPM, & T Hu et al. [2018] I
L BFEDEL
FEDERIX, 1 ROZEX L, MTFOEBRTEANITE
B R (12) 318) ZHWT, Hu et al. [2018] i & -
TEINTWVWS, Lo T, RFPERICH B S
LTWiWEEIE, BB L2EAEIE Hu et al. [2018] @
bORMAIND, AMFROERIL, HFEMFPHIAL DEE
BEEMMEI S 7200 7T Y X4 [Hu et al., 2018] O—i1k
&, MPM [Sulsky et al., 1994] £ WLS-MPM &1t
OlEER LICEL D3,

7 BHE> IS alL—Savic&k3@ERFE
DZ LM DR

AHETE, BELEEM7ZALITY XL Z2RFAT 22D,
SEEHOBMHEY I 2L —>arviifok, BRHIOY I 2L —
T a rTIE, RFT 4 RO AR F DIRGE DO E LM
AEF 272912, R4 FRy 7AWk, 220HDOY I a2
L—a r T, HEBMERNE L 2ES 28R BT %,
Z OB, EEEM T LY XA BRET 372024
CHWHRTWS [Bardenhagen et al., 2000, 2001, Huang
et al., 2011, Hamad et al., 2017, 3 2HIX, R LAL71a
VXL TREEROSFEERZRE, ARERS I 21—
Yare iRy 3,
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J=s9 =1
=N

KB

# 1: MPM & WLS-MPM 283 2 X tDiEW

MPM WLS-MPM
Shape function, ¢;p w; (xp) w;(p)g; (xp) - Po
Shape function gradient, Vo;, Vw; (xp w;(xp)gqi(xp) - Vo
Grid mass,mg Y, bpmy «
Grid internal force, fint >0 VoVoip - oy *
Grid external force, f&** >, Gipmpbyp *
Gridvelocity, vi - Xp¥e®)y 2 ¥n(@)Cp - p@i - 2p)
Particle velocity, vp nt1 Vpn + ALY, %qﬁm > i Vin+1Pip
Gradient of the particle velocity, Vvp nt1 2, Vint1 ® Vd); *

Particle position, &, p+1
Coefficient matrix for WLS, Cp 11

wp,n + At Zz 'Ui,n+1 ¢i1)

Tp,n + Atvp,’n,+1

Zi Vin+1 & wi(mp,n)qi (wp,n)

* The equation is the same as that of the MPM

71 RSARKRYIR

9IEATA RRY 72T Ial—ayDETLERL
TED, ¥ 70301 mx 0.1 mDEAETHS, FOW
VEEERRED p OFWIRT, MORIZIE S ke Lz, &~
2=y ar T, RIS ERPEE v, THEDENME
LNBETTRL, 2%, THRIHRE v, THZ LS1TK-
TW3, SRR ZMZ 2720, FRO#EEZ 0.1
BTO025 0.5mm/s FTEMBVICHBEL, 0.8 HT—EICL
7%, 0.1 TSR, FMRIC, TRIEZKM 10 1RT X5
12, 025 0.5mm/s ¥T 0.1 BHEERNCHIEEH, —EK
iz, B F &, TRERLS TR TORORED W
EOTHD s, BESAON F, ZAWT F, = uF,
LLTRDZZeNTED, BEAMDIE, H¥ TAPE
R LTIRZES e IRELTEE L,

BLTFI2iE, YO 27% E=10% kPa, R7 Y vt nu = 0.3,
=103 kg/m3 OMEHMEEEZEH L2, £72, TROE
ERBUE Y mu = 0.3 & Lz RILT 4 FREEHE ORI
7V v FOREIKET 2720, 3 2DXRFAT 4 R
kot =1 x 10%,2 x 10%,3 x 103 kN/m ¥, 2 FEEDMRIRE
h =0.02m, h = 0.005 m THIEMERZ LI U7z, WIHKE
CBWT, 1 EEHD DR TH N, 14 L L,

X114, BRICIERT2|EN L EBIOREX2RL
TW3, TO5DNEEHRER) ff ofMfle LTEERE L,
X 1la &b, k™" =1 x 10° T, HHRME LD DEHEL,
k2or = 3 x 103 kN/m TIIAZ L BoTWa, ok b HEL
RN, ko = 3% 10% kN/m OIS ohiz, £/, K 11b
IR X2, iV v azZHWE I THREEDA L
ERZZeNTES, ZOHEGE, EORFILT 4 FREOEIC
MNLUTDH, e ORIFLE—BDBHONE, Z0L5C, B
WHEE DR 22720121, T2y 2z v
Bh, TS X o TRFI AT 4 BE kror () 7l % 53
RT2RBEND 2, 5%, X DEYRIERAROE/IOH
HER, RFILT 4 BBk 2 ABIICHE T 3 HiEE K
HTREND B,
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7.2 EREZEHNSME

M 122> alb—ayOikERT, SHEIZKFEARM
WAL TAE O TERILTED, ZoERTAIZ =AY
D 1A LTREIN S, MEPHICOSE, @A 0 2 &
BRE p OMAEDEICE D, FMBIENDEL 256 H
DD ZGBEDMRINIEERD D Z P TE 3,

ze(t) =
xf + 3gt%(sinf — pcosh), tanf >3u (slip) (51)
zf + Sgt?sing, tanf < 3u  (stick)

ZZT, ol R o 2EODOMETH B,

Ial—yaryTiE, FER=005mOMEE Y
R E=10%kPa, K7V vltv =023, %E p=103 kg/m>
DEHMEAR Y LTEHRLTVWS, ¥Ial—Yavid, 3
O T h = 0.4R,0.2R,0.1R TfT o7z, %7z, M
DIGE DB RN 12012, BFD 1 BEDH-D ORF
BN, 22X 87, ERAE, 0 =30° 2 Lk, BRI
¥ p =0 (slip) & p = 0.3 (stick) & Uzo RFIT 4 BB
kT =2 x 10% kN/m TH %,

X 1312, slip 7 —RAOHEIMIE z. HRRENTWVW S,
X 13a Tid, X v > 2% L2HE (h=04R) THEN
REIEFICI S —HLTVEY, Xy vakfihlTaIL
TELIHEELZ PR Zebh b, 52, 1 BEDHRD
DR FHZHEPT Z e THEERERREEENS (M 13b),
1413, stick 7 —ROHBFOUE ¢, Z7RLTW5, slip
r—ZADLGELIFERRD, stick 7 —2DHAER, HW R v
T2 TIRREEMEWA (X 14a), MWV v > 2 TIREN
fRe XI{—HLTWBZedbhd, £z, 14b IT" 3 &
0T, RFBZHP T LTy Ial—yaryORBENHA L
T2,

P Eo &5z, RIFENFITE, REINEM7 LY X
LMD EMAERBERLS I 2L - TER I bhotz,
—7, BEEEMREA LGS, T OMRIIZEMOBEE I
RELMETET 2, Hl2IE, K 14a DREEOERNEERIZ, M
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background grid
Y
rigid body
P PO P P P p=0.3
—_—
x Vg

K9: RF54 FRYyZA¥Ial—ard
DOELEE, WA v 2 (h=0.02m) DFELRILTH 3,

10 \
z
:
— 5
2
i3]
e
=

0 | | |

0 0.5 1 1.5 2
Time t (s)

K10: 2594 FRYy 7RSI al—a iZBlF3 ETolR
@EEO

DZEMARRENBE N (0D, FAESTIIEILTWVWS)
THEIHNEHETHRTLES OPBHTH S, RV v 7D
BEE, T4 RZPFHELETHEZ @S5 RW) 729,
DX RBENIE Z Shn, BET 27 LY X LTI,
BT & MIAZRTE O R CEHEEMHIERIT S 729, KT OB
PG TN — 2 Dl 7 1 2V X 2 [Bardenhagen et al.,
2000, 2001] & b B EHERRICHEL 52 2N D 5,

-
-

7.3 RIE-EBOLZIFHREE

AEITIX, Boh@EEHAY 7 b v =7 PLAXIS #H
WEEREHY Il —YaryOe T s T, #%
L7 A3 X LD RITo 72, £F, TOEIZMHAL
T von Mises €7V 2 H A LR IREZAWT, MPM
YFEM DY Ial—YaYOli&ziiis3, 22T,
ZOREOMNEE LTELH SN TV Prandtl g% W
%, IBZ, TOHEEREZEEL, BEEND D EM L VR
DT, MPM Of#% FEM Oy ties %, Z ORI
BHFREATEE LRV, FEM OREREZBITRYE A7,
15 KRZEFOZHAMEDE T e BREMER T,
Ky Ialb—yary@BEGRMTDH 5720, ElEo sy
DHETIal—FLTVW3,
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HEEF L, THREZBROVWETRTORICBWTERIZYa LTW5, RIZBIF 20T

731 HBEOHEZERLISSOEROIZRN
Prandtl 12 & D 5 2 5N 7S5 DRI T TH %,

qu = (2+m)cB (52)

22T, ctoMES, BIIEMRECTHZ, MPM B &
CFEMI2X3>IalL—3aryTld, Mg AL W
von Mises EF /%A L TW3, von Mises &5 LD IR

ESpLEs
F (o) =+/3J2(0) —0oy =0

ZZT Jo RREISHDHE 2 A ER, oy > 0 1R RIEHZ
KIMBERTDH 5, FHOTAEHTIE, BRG] oy 13,
Mohr—Coulomb OHHERAEICEBIT 2R5E T c L RD & 512
HooNnd,

(53)

O’Y:\/gc

WO AOREINCE, BEFAENE HWz,

FHETIX, AR EMZ 272012, 16 IR &5
2, 0.1MTO025 0.5mm/s £ CTEMINCHITEL, MWLM
0.6mm 242 FT—EIRFEDE I L, ZOMEX, KT
DONMEEPEHATEZIFENILBRDLEIRPEINTVD
DT, AT, SHRINTHS 2 WHEHE OB A LT
W2, MRS X -2, Y% E =10°% kPa, &
7Y vty =03, BE p=10° kg/m?, ¥i&H c=10 kPa
¥ L7, MPM, FEM &t &2, FEf# Y Hif o B
Bk, BB, BHEIRWES, EEOEEIC XS T
HERCMEE 2%, _FLT 4 R k™" = 2 x 10° kN/m
e L7,

X171, LTOHEREELLGEONEBOLF L%
RLTW3, MPM & FEM Oi# 2B WT, Prandtl fig &
DHRPRHEOEHERLTWVWS, ZOMROKEEL LT3/
DI, K 17T D L& DMLV v & 22V EHBED
» % [Fatemizaddeh et al., 2015], %7z, R0 FADH
(X 18) 1%, Prandtl B OWE X H = X LA TTFEINZIE DR
E—HLTW3,

(54)
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0 0.5 1 15 5
2 8 T T T T
\&/ L fnor — 1 x 103 1
& O[|--- kT =2x10° y
g || kr=3x10° 1
S 4 analytical solution N
- |
=
S
g
&

Time ¢ (s)

(a) Rough mesh (h = 0.02)

EZVNER /N I

K HEE
—~ 8
Z .
=
LLT’ 6 T R |
gl ]
Lfé B .
£ 2t 7
= | | |

0 0.5 1 1.5 2
o8
& Emor =1 x 10° R
e 6] [--- kmr =2x 107 3
§ M| —— kBmor — 3 % 103 i
S 4 analytical solution b
£
8
g
=

O | \
Time ¢ (s)

(b) Fine mesh (h = 0.005)

11: THISERTS 2 80187 & B DFEHE,

background grid

rigid body

X
12: EAE LOMHBOENRD S I a L —Y g VICBIT5E
HET N, KIZBI2NTOREX, h=02RDAXv>ad
BELREILTH 5,

732 HBOBEEZEZERLBESOEROIZFN

MPM ¥ FEM ¥ 2 2L — 2 Y Dfi& A Prandt] f@ & B
W—HERLERD (K 17), R, BRI N MPM O
B L TY X 0% FEM ¥ alb—Ya vy e L TR
FEY %, FHEETNCEASMEIN 15 LU, ToER
PERLT, #AANIC Drucker-Prager £ 7L % @A L 72 4
WEI2 %, Drucker—Prager & 7LD BERBEIHIX

Fo)=+Jo(o)+ali(oc)— k=0

ZIZThH BISHOE—FRERETH S, a & k 1T Mohr-
Coulomb €T /VICEB T 2ME S ¢ & NEBEEA ¢ ICHER

(55)
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22 eNTEBIMEARIX—XT, FHOTADIKET
&, RDX5127%%,

t 3
_tamd 3¢ 5
V9 4+ 12tan? ¢ V9 + 12tan? ¢

BHEOFTAOFREINCZ, BHEENAANE Fuvwiz,

ZOHE DR, FHETORIIREIZMZ 272912, K 19
ORT & 502, EROMEE 0.1 HTO025 0.5mm/s ETHE
MRENCHIE L, BN dmm IR 2 FT—BIRHES XS
L7z, HIEOME RS X — &%, ¥ 2% E =106 kPa, &
7Y vt v =0.3, % p =103 kg/m3, Ki#&H ¢ = 10 kPa,
WEREEIRA ¢ = 30° ¥ LTz ¥/, BENN o LIKFIES
or DFFHEIZLIT D & S IZEE LT,

14

oy =pgH, o0,= YT, (57)

ZZC, H ZHIRM D & OE X, g IZENIEECTH %, FEM
TlE, 7—F 7 e MmO EREMAL L, KEHFRO
HTRIE, B e ik e of2NiE & 2 REMFTIEER, Huas
HTIREREE LTW3, —f, MPM T, BRI u=0
ZIEODLIRIRET, 1 =0.6 ZHWIRETHEHL, IV
7 4 FREUE kT = 2 x 10° kN/m ¥ L7z,

2012, BRI R T, HEL R oMb, H
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